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In order to analyze the lubrication characteristics of harmonic gears and lay the foundation for the 

study of its gear tooth failure performance and dynamic characteristics, based on the tooth contact 

geometry of harmonic gear, the integrated curvature radius, tooth load, and entrainment velocity at the 

meshing point of the gear teeth in the harmonic gear transmission are analyzed. A finite-length linear 

contact elastohydrodynamic lubrication (EHL) model for harmonic gears is established. The numerical 

calculation method is used to solve the oil film thickness and pressure distribution in the lubricating area, 

and the effects of rotational speed and temperature on the contacting load ratio and film thickness ratio of 

the meshing area are studied, as well as the change of oil film stiffness under different working conditions. 

The results show that along the meshing direction, the pressure is small at the end and reaches a peak at 

the center, and the film thickness is the largest in the entrance area and is evenly distributed in the center 

contact area. As the speed increases, the gear tooth contact load ratio decreases, the oil film thickness ratio 

increases, the stiffness of the oil film decreases significantly, and the lubrication effect is improved; but the 

temperature has the opposite effect. Proper increase of rotation speed and decrease of oil temperature can 

effectively improve the lubrication characteristics of the system. 

Key words: harmonic gear transmission; elastohydrodynamic lubrication; meshing area; 

lubrication characteristics 

 

Highlights: 

• The integrated curvature radius, the entrainment velocity and the load at the meshing point of harmonic gear 

are analyzed and extracted for the harmonic gear lubrication. 

• A finite line contact elastohydrodynamic lubrication model for harmonic gears is established. 

• The complex iterative method is used to solve the lubrication equation to obtain high precision. 

• The lubrication characteristics and the change of oil film stiffness under different working conditions are 

explored. 

 

0 INTRODUCTION 

 

Harmonic gear transmission is a new type 
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of transmission mode， which is different from 

traditional gear transmission. It mainly transfers 

power through the deformation of flexible gears, 

with small volume, high precision, large 

transmission ratio and other excellent performance. 

Therefore, it is widely used in the field of high-

precision machinery such as industrial robots, 

aerospace equipment and so on [1-2]. However, 

there are nonlinear stiffness, hysteresis and friction 

nonlinear factors in harmonic gear drive, which 

restrict the improvement of the accuracy and 

efficiency of harmonic gear drive. And the 

interaction between lubrication oil and gears will 

affect the power loss of gears and transmission 

accuracy [3-4]. So it is necessary to study the 

lubrication performance of gear system for 

improving its efficiency and accuracy. Therefore, 

the analysis of the geometry and motion 

parameters of harmonic gear teeth and the research 

of harmonic gear lubrication control can promote 

the analysis of the friction and failure mechanism 

of harmonic gear transmission and improve the 

nonlinear behavior of the system. 

Gorla et al. [5-6]used an improved CFD 

simulation method to predicting the power loss 

caused by the interaction between gears and 

lubricant, simulated the wind resistance, agitation 

and cavitation by a comprehensive time-saving 

numerical simulation method, and compared the 

experimental data with the numerical simulation 

results in terms of power loss and lubricant 

distribution with good agreement.  

In the study of elastohydrodynamic 

lubrication, at the beginning, various numerical 

solutions were mainly aimed at infinite line contact 

and point contact problems, but in fact, in 

engineering practice, most lubrication problems 

are finite line contact problems.  In the static 

contact elasticity theory [7], the contact pressure 

distribution of the finite line contact pair with 

straight generatrix profile is different from that of 

the classical Hertz infinite line contact theory, and 

there will be "edge effect" at the end part. And the 

contact width of the gear is limited, so the infinite 

line contact model cannot simulate the actual 

situation of the end part well. Scholars have carried 

out some researches on the problem of finite-line 

wire contact elastohydrodynamic lubrication. 

Wymer [8] studied the elastohydrodynamic 

lubrication of tapered roller by means of optical 

interference method, and obvious edge effect was 

observed at the end. Park [9] established the 

elastohydrodynamic lubrication model of finite 

length line contact, and found that in the middle of 

the roller, the pressure distribution is almost the 

same as that of the infinite line contact. However, 

near the end part, the results of EHL are quite 

different from that of infinite solution, where the 

pressure reaches its peak. Zhu et al. [10] 

established a finite length EHL model for helical 

gears and found that the second pressure peak 

occurred at the end part.  

Wei et al. [11] established a mixed 

lubrication model for cycloidal pinwheels, and 

discussed the effects of contact load and radius of 

curvature on lubrication conditions. Liu et al. [12] 

developed a line contact model of thermoelastic 

hydrodynamic lubrication under the condition of 

ultrathin film, and studied the influence of speed 

and dynamic load on the lubrication performance 

of a spur gear pair. Ouyang et al. [13] established 

an integrated friction dynamic lubrication model of 

spur gear pairs considering dynamic load and 

elastohydrodynamic lubrication, and analyzed the 

relationship between the dynamic model and the 

elastohydrodynamic lubrication model through an 

iterative algorithm. Xiao et al. [14] discussed the 

distribution of central pressure and film thickness 
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in the lubrication area before and after considering 

the thermal effect, and analyzed the influence of 

heat on the film damping, and the influence of 

contact force, speed and number of teeth on the 

film damping. Sikorski [15] et al. added graphite 

and molybdenum disulfide into the lubricant, and 

through the experimental verification of the two 

kinds of ball bearings, measured the power of the 

internal friction of the ball bearings under the 

action of both at low temperature with the change 

of temperature, and found that the two additives 

can effectively improve the lubrication 

performance. Scaraggi et al. [16] analyzed the 

lubrication of pin-pulley interface in CVT of gear 

chain industrial chain, and found that the 

lubrication mode at the interface was determined 

by a series of hydrodynamic and hybrid lubrication 

stages. Ciulli et al. [17] presents a model for 

predicting scuffing considering various lubrication 

states during the operation of the machine, and the 

effectiveness of the model is verified through 

experiments. Li et al. [18] used the 

elastohydrodynamic lubrication (EHL) method to 

calculate oil film thickness and pressure 

distribution in predicting roller bearings' skidding 

for obtaining more accurate oil film resistance. Li 

et al. [19] carried out a life test on the space 

harmonic reducer, finding that the flexspline and 

bearings would wear under the condition of 

separate grease lubrication, and analyzed the 

effects of different factors such as load and 

temperature on lubrication. Li et al. [20] aimed at 

the calculation of the stiffness of the 

elastohydrodynamic oil film in the point contact 

area, established an oil film stiffness calculation 

model, and verified the accuracy of the model 

through experiments. 

However, at present, few scholars have 

quantitatively analyzed the influence of working 

conditions on the lubrication characteristics and oil 

film stiffness of gear meshing areas based on tooth 

contact geometry. Therefore, the entrainment 

velocity, the integrated curvature radius and the 

load distribution in the meshing area of harmonic 

gears are analyzed. Then, the elastohydrodynamic 

lubrication model of harmonic gear transmission 

based on the finite line contact is established. And 

the numerical method is used to solve the 

lubrication area. The lubrication characteristics 

and the oil film stiffness in meshing area are 

quantitatively analyzed with the change of 

rotational speed and oil temperature.  

 

1 METHODS 

 

The elastic deformation equation, lubricant 

viscosity equation and density equation are 

functions of pressure, which are solved by the 

compound iterative method after being combined 

with the Reynolds equation. The specific steps are 

as follows:  

Firstly, the basic parameters, initial pressure 

and initial geometric film thickness are input, and 

the initial elastic deformation is obtained by 

integral solution, and the initial film thickness is 

obtained by substituting the obtained results into 

the film thickness formula. Secondly, the initial 

film thickness is substituted into Reynolds 

equation, and all the nodal pressures can be 

obtained. Then, the elastic deformation and film 

thickness are recalculated by the obtained pressure, 

and the iterative process is repeated using the 

above calculation results as the input of the next 

iteration until the convergence solution with 

accuracy better than 10-4 is obtained. 

 

2 EXPERIMENTAL 
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2.1 Principle of harmonic gear transmission 

As shown in Fig. 1, the harmonic gear 

transmission system is mainly composed of a wave 

generator, a flexspline and a circular spline. Before 

assembly, the original profile of the flexspline is 

circular, and the circular pitch of the flexspline is 

the same as that of the circular spline, but the 

number of teeth of the flexspline is slightly less 

than that of the circular spline, while the maximum 

diameter of the wave generator is slightly larger 

than that of the inner circle of the flexspline. When 

the wave generator is installed in the flexspline, the 

deformation of the flexspline is forced, and the 

initial deformation force is generated. So the power 

is transmitted through the meshing in and out of 

deformation of the flexspline as a flexible 

component. And the lubrication characteristics of 

flexspline and circular spline in the conjugate 

meshing area the main research target in the next 

step. 

 

Fig. 1 Schematic diagram of harmonic gear drive 

 

The basic parameters of harmonic gear 

transmission are shown in Table 1. 

 

Table 1. Basic parameters of harmonic gear 

transmission 

Parameters Value 

Number of flexspline 200 

Number of circular spline z 202 

Modulus [mm] 0.5 

Tooth width [mm] 12 

Transmission ratio 100 

Pressure angle 20° 

Rated speed of wave generator 

[rpm] 
3000 

Output torque [N·m] 400 

Circular spline material density 

[kg/m3] 
7.84×103 

Elastic modulus of circular spline 

E2 [Pa] 

2.06×101

1 

Poisson's ratio of circular spline 

material v2 
0.3 

Material density [kg/m3] 7.83×103 

Elastic modulus of flexspline E1 

[Pa] 

2.01×101

1 

Poisson's ratio of flexspline 

material v1 
0.3 

Surface roughness of flexspline 

[μm] 
0.34 

Surface roughness of circular 

spline [μm] 
0.35 

 

2.2 Establishment of Elastohydrodynamic 

Lubrication Model 

 

2.2.1 Geometric and kinematic analysis 

For the convenience of discussion of 

lubrication characteristics between flexspline and 

circular spline in the conjugate meshing area, as 

shown in Fig. 2, in the harmonic gear transmission, 

the meshing of the flexible and the circular spline 

be approximated as two finite-length cylindrical 

rollers contacting each other, where x is the 

direction of motion, and Rk1、Rk2 are the curvature 

radii of meshing point of the flexspline and the 

circular spline, respectively. 
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Fig. 2 Finite-length line contact model 

 

The following Fig. 3 shows the 

transmission relationship during meshing. R and 

G  are the tooth curves of the flexspline and the 

circular spline, k is the meshing point, Ob1 and Ob2 

are the corresponding base circle centers of the 

flexspline and the circular spline, respectively, rb1 

and rb2 are the the base circle radii of the meshing 

point k on the flexspline and the circular spline, and 

T is the common normal line of the two base circles, 

and the meshing point k is on the common normal 

line T. 

 

 

Fig. 3 Schematic diagram of the transmission 

relationship of the meshing point 

According to the above transmission 

relationship diagram, it can be concluded that 

when the gear teeth of the harmonic reducer mesh, 

the curvature radii of the meshing points of the 

flexspline and the circular spline are shown as 

follows: 

2 2 2 2

1 1 1 2 2k b k k bR R r R r= − = −，   (1) 

where, 1R  is the distance from the center of the 

flexspline base circle to the meshing point, and 

k is the polar radius of the meshing point k. 

Then the comprehensive curvature radius R 

at the meshing point required for the lubrication 

calculation is obtained by the following Eq. (2): 

 1 2

2 1

k k

k k

R R
R

R R


=

−
 

(2) 

Fig. 4 is a schematic diagram of the velocity 

at the meshing point k during the movement of the 

teeth of the flexspline. Where, ω represents the 

angular velocity; C represents the intersection of 

the line between the coordinate origin and the 

meshing point and the neutral line of the flexspline. 

Vek、Vrk、Vtk are the velocity of the involved motion, 

the radial and circumferential elastic deformation, 

respectively. 

 

 

Fig. 4 Schematic diagram of meshing point speed 

 

Given that the angular velocity of the wave 

generator is ωH and the angular velocity of the 

flexspline is ωr. The relative motion velocity of the 

k-point is the combined velocity of the implication 

velocity (Vek) and elastic deformation velocity (Vrk, 

Vtk), which can be shown by the following Eq. (3): 

K ek rk tkV V V V= + +     (3) 

Then the required meshing point 

entrainment velocity u in the lubrication equation 

is the component of the resultant velocity along the 

tangential direction of the tooth profile. 

In the meshing direction, the variation of 
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comprehensive curvature radius R and the 

entrainment speed u at each meshing position are 

shown in Figure 5 below: 

 

Fig. 5 The variation of comprehensive curvature radius 

R and entrainment speed u 

Different from ordinary gear load 

distribution, the load distribution between the teeth 

of harmonic gear drive is complex in theoretical 

calculation, especially when considering the effect 

of lubricating oil film. Therefore, on the basis of 

summarizing experimental data results when there 

is no lubrication, it is found that the distribution 

law is similar to the cosine distribution shown in 

the figure below.  

 

Fig. 6 Simplified curve of load distribution 

Therefore, the tooth load F can be 

expressed by 

( )
0

0

cos
m

F F
  



−
=    (4-1) 

where, F0 is the maximum load,   is the position 

of meshing point, m   is the position of the 

maximum load, 0   is the size of the actual 

meshing area. Generally, =0m   and 0 = /4   . 

The above formula is simplified to 

0 cos4F F =     (4-2) 

The maximum load F0 can be obtained from 

the applied external load, that is, the torque Tin as 

follows: 

0

2

8
cos

in

N

b

i N

T
F

r i
z



=−

=
 

  
 


   (4-3) 

where, z is the number of the circular spline teeth, 

and N is the parameter of the number of meshing 

teeth (N=[z/10]). 

 

2.2.2 Establishment of lubrication model 

Using Newtonian fluid as lubricant, the 

Reynolds equation of lubrication control in the 

meshing area of harmonic gear transmission is 

shown as follows: 

( ) ( )h hp p
h h u

x x y y x t

  

 

 
      

+ = +  
          

 

(5-1) 

where, p is the oil film pressure; h is the oil film 

thickness; u is the entrainment velocity,   is the 

lubricant density,    is the lubricant viscosity, 

respectively. 

The boundary conditions of Reynolds 

equation are: 

( ) ( ) ( )

( )

, , ( ,0) , 0

, / 0

in out l

out

p x y p x y p x p x y

p x y x

 = = = =

  =  

(5-2) 

where xin and xout are the boundary of 

calculation area and yl is the position of gear end 

face. 
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The composition of the oil film thickness is 

shown in Fig. 7 and is composed of the central film 

thickness h0, the geometric film thickness x2/2R, 

the surface roughness ( , )x y  , and the 

comprehensive elastic deformation ( , )x y . 

 

 

Fig. 7 Schematic diagram of film thickness 

 

According to the above Fig. 7, the film 

thickness formula can be obtained as: 

2

0 ( , ) ( , )
2

x
h h x y x y

R
 = + + +   (5-3) 

Where the comprehensive elastic 

deformation ( , )x y  can be expressed as: 

2 2

2 ( , )
d d

(
(

)
)

)
,

(

p s t
s t

E
x

x s y
y

t


 

=
− + −

  (5-4) 

where E is the comprehensive elastic modulus and 

  is the calculation domain.  

The equivalent elastic modulus is 

calculated by the following Eq. (5-5): 

2 2

1 1 2 2

2
(1 )/ 1 /v E v E

E
= − + −（ ）   (5-5) 

where, E1, E2, v1, v2 are the elastic moduli and 

Poisson's ratios of the flexspline and the circular 

spline materials, respectively.  

The viscosity and density equations are 

expressed as: 

( )( )-9 1
0 0

0

138
= exp ln 9.67 1 5.1 10 1

138

s
z T

p
T

  

−  −
 + +  − 

−   

(5-6) 

( )
9

3
0 1 09

0.6 10
1 0.7 10

1 1.7 10

p
T T

p
 

−
−

−

 
= + −  −  +  

 

(5-7) 

where, T1 is the lubricant temperature, T0 is the 

ambient temperature, 0   is environmental 

viscosity, 0   is the environmental density, 

( )9

05.1 10 ln 9.67
z



−
=

 +
 ,

( )0

0

138

ln 9.67

T
s





−
=

+
 ,   

is the viscosity pressure coefficient and   is the 

viscosity temperature coefficient, respectively. 

The basic initial parameters of the lubricant 

are shown in Table 2 below: 

Table 2 Lubricant parameters 

Parameters Value 

Ambient temperature T0 [K] 313 

Ambient viscosity 0  [Pa·s] 0.04 

Ambient density 0  [kg/m3] 870 

Viscosity pressure coefficient 

[m2/N] 

2.2×10-8 

Viscosity temperature coefficient 

  

[K-1] 

0.0476 

The equilibrium equation of the contact 

area pressure and external load is: 

( ), d dF p x y x y



=      (6) 

2.2.3 Oil film stiffness 

For the oil film stiffness, this paper uses the 

average film thickness method to calculate, as 

shown in formula (7). 

oil

f
k

h


=


    (7) 

where, f  is the load increase of the oil film, and 

h   is the average oil film thickness increase 

from the entrance area to the exit area. 

2 2

2 1 2 11 1

( ) ( )
=

( ) ( )

n n

i i

i n i n

h f h f f
h

n n n n
= =

+
 −

− −
    (8) 
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where, n1 and n2 are the nodes where the pressure 

in the inlet area is generated and the pressure in the 

outlet area disappears. And the number of nodes in 

x and y directions is 129 × 129.  

 

3. RESULTS  

 

According to the elastohydrodynamic 

lubrication control equation, the pressure 

distribution and oil film thickness in the meshing 

area of harmonic gear are obtained by numerical 

calculation method, and the influence of rotation 

speed and oil temperature conditions on the 

lubrication performance parameters such as 

contact load ratio, film thickness ratio and oil film 

stiffness of harmonic gear is analyzed. 

 

3.1 Pressure and oil film distribution 

First, the numerical method is used to 

calculate the numerical solution of the 

elastohydrodynamic lubrication of the harmonic 

gear transmission. The oil film thickness and 

pressure distribution between the contact 

interfaces are shown in Fig. 8 below.

 

 

a)           b)  

Fig. 8 Numerical solution of pressure and film thickness in the meshing area; (a) pressure distribution, and (b)oil film 

thickness distribution 

 

It can be seen that the pressure at both ends 

in the axial Y direction is significantly higher than 

that in the middle, resulting in an end leakage effect. 

While in the X direction, the pressure is greater as 

it approaches the center of the meshing point and 

the pressure peaks at X = 0, indicating that the 

pressure along the meshing line is the largest at the 

center of meshing. The oil film thickness reaches 

its peak in the entrance area in the X direction, and 
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the distribution is flat in the contact area. The oil 

film at both ends in the Y direction is smaller than 

the middle part, producing an end effect. This is 

because the main difference between the finite line 

contact and the infinite line contact is the end 

leakage effect, which makes the pressure at both 

ends higher than the middle part, while the film 

thickness trend is the opposite. The relevant 

research results have been introduced in another 

paper of the author [10], and similar phenomena 

have been found in other scholars' literature [8-9]. 

3.2 Influence of working condition on lubrication 

characteristics of contact area 

In order to study the actual meshing 

situation of the gear tooth meshing area, 

considering the surface roughness, two points A 

(conjugate tooth root meshing point) and B 

(conjugate tooth top circle meshing point) are 

selected, and the analysis of contact load ratio W 

(roughness peak bearing load as a percentage of 

total load) and oil film thickness ratio λ (ratio of 

average oil film thickness to surface roughness) are 

performed under different working conditions. The 

analysis results shown in Fig. 9 and 10 were 

obtained. Fig. 9 shows the change curve of the 

contact load ratio and film thickness ratio of the 

points A and B with the rotation speed. 

 

Fig. 9 Effect of rotation speed on lubrication 

 

As can be seen from Fig. 9, when the 

rotation speed is less than 100 rpm, the load ratio 

W at each point is larger (more than 80%). When 

the speeds of points A and B are 300 rpm and 2500 

rpm, respectively, the film thickness ratio λ is close 

to 1, and at this time, if the rotation speed continues 

to decrease, λ will be less than 1, and the 

lubrication effect will be poor. When the rotation 

speed increases, the contact load ratio W decrease, 

the film thickness ratio λ becomes larger, and the 

lubrication condition in the meshing area is 

improved. However, when the rotation speed is too 

large, the effect will gradually become smaller. At 

low speed, the film thickness is relatively small, 

and the rough peak contact between the contact 

surfaces increases. When the speed is too low, the 

film thickness ratio is less than 1, and the 

lubrication will turn to boundary lubrication, 

which will accelerate gear wear. Therefore, the 

harmonic reducer should appropriately increase 

the rotation speed to prevent poor lubrication. 

In order to study the effect of temperature 

on the lubrication characteristics, without changing 

the speed and other factors, by changing the 

lubricant temperature, the analysis results are 

shown in Fig. 10. 

 

Fig. 10 Effect of oil temperature on lubrication 

 

It can be seen from Fig. 8 that as the 

temperature increases, the contact load ratio 
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gradually increases and the film thickness ratio 

gradually decreases. This shows that the increase 

in temperature reduces the thickness of the 

lubricant film and increases the roughness peak 

load. And when the temperature at point A is 

greater than 60oC and the temperature at point B is 

greater than 30oC, the film thickness ratio will be 

less than 1, the oil film thickness will decrease, the 

lubrication will change from mixed lubrication to 

boundary lubrication, the rough peak contact 

between the contact surfaces will increase, and the 

lubrication effect will deteriorate. Therefore, 

avoiding long-term high temperature operation is 

conducive to improving the lubrication of 

harmonic gears and increasing gears life. 

 

3.3 Effect of working conditions on the change of oil 

film stiffness 

In order to further analyze the influence of 

working conditions on the oil film stiffness, the 

changes in oil film stiffness in the meshing area of 

the gear teeth along the direction of the meshing 

line under different rotation speed and oil 

temperature were calculated, as shown in Fig. 11. 

 

a) 

 

b) 

Fig. 11 Effect of working conditions on oil film stiffness; 

a) effect of speed on oil film stiffness, and b) effect of 

temperature on oil film stiffness 

 

It can be seen that the single-tooth meshing 

area of the oil film in the entrance area is relatively 

thin due to the large film thickness. However, the 

stiffness of the multi-tooth meshing region is 

greater due to the larger pressure peak, and sudden 

variation occurs at the alternate points of single-

tooth and multi-teeth. As the speed increases, the 

stiffness of the oil film decreases significantly, and 

the sudden variation in stiffness gradually decrease. 

While the effect of temperature on stiffness is just 

the opposite: as the temperature increases, the oil 

film stiffness increases significantly, and the 

sudden variation in stiffness also becomes apparent. 

This shows that properly increasing the rotation 

speed and lowering the oil temperature can 

effectively reduce the oil film stiffness, thereby 

improving the overall stiffness of the gear teeth and 

reducing the system vibration. 

 

4 Conclusion 

For harmonic gear transmission, the 

parameters such as the integrated curvature radius, 

the entrainment velocity and the load at the 

meshing point of harmonic gear are analyzed and 

extracted, and the mathematical analysis model of 
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EHL of harmonic gear transmission based on the 

finite length line contact is established. Using the 

numerical calculation method to solve the model, 

the pressure and film thickness distribution in the 

lubrication area are obtained. The lubrication 

characteristic parameters such as the contact load 

ratio and film thickness ratio of the meshing points 

of the harmonic gear transmission under different 

rotational speeds and oil temperature conditions 

were analyzed, as well as the changes of the oil 

film stiffness. The results show that the pressure 

along the meshing direction reaches a peak at the 

center meshing point, the film thickness is larger in 

the entrance area, and it is evenly distributed in the 

center meshing area. Both the rotational speed and 

oil temperature have significant effect on the 

lubrication characteristics. Proper increase of the 

rotational speed can increase the film thickness 

ratio of meshing points and reduce the contact load 

ratio, which is beneficial to improving the 

lubrication characteristics of the meshing area and 

reducing the oil film stiffness. The influence of oil 

temperature on it is just the opposite. Increasing the 

temperature will reduce the film thickness ratio of 

the meshing point and reduce the contact load ratio, 

which will make the lubrication performance 

worse. Therefore, appropriately increasing the 

rotational speed and reducing the lubricant 

temperature can effectively improve the 

lubrication characteristics of the harmonic gear 

transmission system. The research results can 

provide a reference for the subsequent tooth wear 

failure mechanism of harmonic gear transmission 

and the development of nonlinear dynamic 

analysis. 
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6 NOMENCLATURES 

 

C the intersection of the line 

between the coordinate origin 

and the meshing point and the 

neutral line of the flexspline 

E [Pa]  equivalent modulus of  

elasticity 

E1, E2 [Pa]  the elastic moduli of the  

flexspline and the circular  

spline materials, respectively  

F  [N]  load between the flexspline  

and the circular spline 

F0  [N]  the maximum load 

f   [Pa]  the load increase of the oil  

film 

h  [m]  the oil film thickness  

h0  [m]  the central film thickness  

h   [m]  the average oil film thickness  

increase from the entrance 

area to the exit area  

k    the meshing point 

oilk   [N/m] the oil film stiffness 

N    the parameter of the number  

of meshing teeth 

n1, n2   the node numbers where the 

pressure  

in the inlet area is generated 

and the pressure in the outlet 

area disappears 

Ob1, Ob2   the corresponding base circle  
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centers of the flexspline and 

the circular spline, 

respectively 

p  [Pa]  the oil film pressure 

rb1, rb2  [m]  the base circle radii of the  

meshing point k on the 

flexspline and the circular 

spline, respectively 

R  [m]  the comprehensive curvature  

radius at the meshing point 

R1  [m]  the distance from the center  

of the flexspline base circle to 

the meshing point 

Rk1, Rk2 [m]  the curvature radii of  

meshing point of the  

flexspline and the circular 

spline, respectively 

R , G    the tooth curves of the  

flexspline and the circular  

spline, respectively 

T    the common normal line of  

the two base circles 

T0  [K]  the ambient temperature 

T1  [K]  the lubricant temperature 

Tin  [N·m] Torque 

u  [ms-1] the entrainment velocity 

VK  [ms-1] the relative motion velocity  

of the k-point 

Vek  [ms-1] the velocity of the involved  

motion 

Vrk  [ms-1] the velocity of the radial  

elastic deformation 

Vtk  [ms-1] the velocity of the  

circumferential elastic 

deformation 

W    the contact load ratio 

v1, v2    the Poisson's ratios of the  

flexspline and the circular 

spline materials, respectively  

ω  [rad/s] the angular velocity 

ωH  [rad/s] the angular velocity of the  

wave generator 

ωR  [rad/s] the angular velocity of the  

flexspline 

x    the direction of motion 

y    the direction perpendicular  

to x 

z     the number of the circular  

spline teeth 

     the viscosity pressure  

coefficient 

     the viscosity temperature 

    coefficient 

λ    oil film thickness ratio  

   [kg/m3] the lubricant density 

0   [kg/m3] the environmental density 

k   [m]  the polar radius of the  

meshing point k 

   [Ns/m2] the lubricant viscosity 

0   [Ns/m2] environmental viscosity 

( , )x y  [μm]  the surface roughness  

( , )x y    the comprehensive elastic  

deformation  

     the calculation domain 

     the position of meshing point 

m     the position of the maximum  

load  

0     the size of the actual  

meshing area 
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