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The continuously variable transmission (CVT) system represents one of the best solutions to minimize the fuel consumption for vehicles that
are driven by an internal combustion engine or an electrical motor. Hence, the theoretical analysis of a chain CVT is crucial in the optimization
of the design and control strategy. This paper is concerned with the transient dynamics of a chain CVT with a speed ratio controller adopted
from the Carbone-Mangialardi-Mantriota model and its experimental verification. To this end, a theoretical model is developed with a PI speed
ratio controller, considering the momentary solution of a first order differential equation governing the shifting speed, which represents the
whole dynamics of the CVT. To verify the developed model, the experiments are carried out on a chain CVT test rig. It is observed that the
numerical and experimental results are in good agreement, which implies that the developed model embedded in a speed ratio controller is
appropriate to predict the shifting dynamics of the chain CVT. Afterwards, the developed model is used to design the appropriate PI gains by
numerical experiments in order to obtain the same slope of the time response of speed ratio for different input angular velocities. Therefore,
the same shifting speed can be secured for the different working conditions in this manner. This paper contains very important results for
manufacturers about the control parameter and gain effect on the shifting dynamics of chain CVT, and the developed model can be used for
different control algorithms in automotive applications.
Keywords: chain CVT, speed ratio control, PID, shifting dynamics
Highlights
• Obtaining a lookup table of the clamping force ratio under the steady-state condition from the theoretical model with
experimental verification.
• Implementing this lookup table in the first order differential equation and feedbacking the speed ratio with a PI controller.
• Comparison of the theoretical and experimental results of the time response of chain CVT with a controller.
• Design a PI gain schedule to ensure the same shifting speed by numerical experiment method.

0 INTRODUCTION
The environmental problems caused by harmful gas
emissions of the vehicles remain significant issues
requiring further investigation. To minimize this
pollution, research on the efficiency of the vehicle
in terms of the engine and transmission systems is
increasingly common.
The continuously variable transmission (CVT),
shown in Fig. 1, is one of the best solutions to reduce
the fuel consumption for vehicles that are driven by
internal combustion engines [1], electric motors [2],
and hybrid systems [3]. This is a result of the CVT
systems providing smoothness in changing of speed
ratio, resulting in reduced fuel consumption for the
vehicles. Moreover, CVT systems are significant
and advantageous alternatives in the machinery
industry when continuous speed variation is required.
Mangialardi and Mantriota [4] analyse the dynamic
behaviour of a wind power system equipped with
automatically regulated, continuously variable
transmission. Yildiz and Kopmaz [5] propose a novel
mechanical press concept that consists of a half374

toroidal continuously variable transmission (CVT) to
obtain more speed flexibility than the classical one.
Yildiz et al. [6] analyse the dynamic behaviour of a
four-bar mechanism coupled with a CVT system.
Thus, the speed variability which is crucial for
obtaining different manufacturing and transportation
processes can be provided by mechanically.
To obtain better transmission performance,
the dynamics of the transmission must be fully
understood. Determining the dynamics of CVT is
crucial to obtaining and controlling the desired the
speed ratio accurately.
In this type of variator, the positions of the pulleys
are varied by a hydraulic system, which results in a
change in the contact radii of chain at the drive and
driven sides; thus, the desired value of the transmission
ratio is obtained. All these dynamic phenomena have
been studied for decades. In particular, the theoretical
analyses for both steady-state and transient cases have
been studied in depth by Carbone, Mangialardi and
Mantriota [7] and Yildiz et al. [8].
A theoretical model of the shifting dynamics
of a chain CVT during rapid ratio speed changes
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is developed by Carbone et al. [7]. The clamping
force ratio as a function of torque load and traction
coefficient is derived in detail.

Fig. 1. Chain CVT system

Carbone et al. [9] demonstrate that the pulley
bending has an important role in the dynamics of
the variator. The sliding angle that is one of the main
parameters in equilibrium equations varies if the pulley
deformation is considered. Therefore, it is proved that
neglecting the pulley bending causes errors. It is also
shown that the shifting speed of the variator increases
as the stiffness of the pulley decreases.
The dynamic behaviour of the CVT is investigated
at a steady state and in transient conditions by Carbone
et al. [10]. However, in their study, the shifting
dynamics are examined under no-load conditions. To
verify the proposed theoretical model, experimental
investigations are performed. Furthermore, the slip
of the variator that is one of the crucial issues of the
mechanical behaviour is analysed and controlled for
efficiency optimization in [11].
Controlling the speed ratio is one of the crucial
issues of the CVT systems, and there are several
methods to do so. The most common technique is the
proportional-integrate-derivative (PID) controller. The
controller design with PI(D) and their applications
are examined in [12] and [13]. Moreover, PI and PID
controllers tuning is investigated by Precup and Preitl
in [14] for integral-type servo-systems to ensure strong
stability and controller robustness.
Although extensive works have been performed
on the steady-state performance and the mechanical
behaviours of the variator, such as slip predictions,
traction capacities, the efficiency [15] to [17], only a
few studies focus on the shifting dynamics of the CVT
[18] and [19] and the speed ratio control in real time.
Furthermore, most researchers use semi-empirical

formulations in their model that can cause some errors
in different applications.
This paper differs from the previous works in that
the shifting dynamics of the CVT with a PI controller
is fully modelled based on the Carbone-MangialardiMantriota model, and its experimental verification
is carried out. From the theoretical model, a lookup
table of the clamping force ratios as a function of
speed ratio and traction coefficient is obtained for
fast implementation in the control algorithm. After
that, a PI feedback control algorithm is designed
considering the momentary solution of a first order
differential equation governing the shifting speed,
which represents the whole dynamics of the CVT.
To verify the developed model, several experiments
are performed by setting the clamping forces of
the drive pulleys with a feedback PI controller in a
real time Labview environment. The experimental
results show good agreement with the theoretical
ones obtained from the control-oriented model based
on the Carbone-Mangialardi-Mantriota approach.
After verifying the model, it is used to obtain the
appropriate PI gains via numerical experiments. A PI
gain schedule is proposed for the different angular
velocity of the drive pulley, which affects the shifting
dynamics sharply. This model may constitute the basis
of the different CVT control strategies, in particular,
the feedforward control algorithm.
1 MODELLING THE CHAIN CVT
In this part, the theoretical model of the speed ratio
control based on the Carbone-Mangialardi-Mantriota
model is presented. First, the main equations of this
model are presented. After that, a control algorithm
for the speed ratio control of the CVT is proposed.
As presented in [7], the basic kinematic quantities and
their relations are presented as follows.
The mass conservation law yields the following
relation as the longitudinal elongation of the chain is
neglected:
∂v
vr + θ = 0,
(1)
∂θ
where vr and vθ are radial and tangential sliding
velocity of the chain respectively.
The sliding angle ψ is defined as;
tanψ =

vθ
.
vr

(2)

The radial sliding velocity is calculated as:
(1 + cos β 0 )
vr = R + ∆ω R
sin(θ − θ c ),
sin 2 β 0
2

Control-Oriented Modelling with Experimental Verification and Design of the Appropriate Gains of a PI Speed Ratio Controller of Chain CVTs

(3)
375

Strojniški vestnik - Journal of Mechanical Engineering 63(2017)6, 374-382

where R is the pitch radius of the chain, β0 is the nondeformed half-groove angle of the pulley, θc is the
centre of wedge expansion, ω is the angular velocity
of the pulley, and Δ is the amplitude of the deformed
groove angle given in [15].
The deformed half groove angle is determined
as a function of local angular coordinate θ, which
considers a uniform deformation Г of the pulley, given
in [15]:

β − β 0 = Γ + 0.5∆ cos(θ − θ c ).

(4)

The centre of wedge expansion can be estimated
as follows:
α

tan θ c =

∫ p(θ )sin θ dθ

0
α

∫ p(θ ) cosθ dθ

,

(5)

0

where α is the contact arc extension and p is the force
per unit longitudinal chain length (linear pressure).

1
∂
( F − σ R2 ω 2 ) =
2 2
F − σ R ω ∂θ
µ cos β s sinψ
=
,
( sin β 0 − µ cos β s cosψ )
p=

F − σ R2 ω 2
,
2 R [sin β 0 − µ cos β s cosψ ]

(6)
(7)

where F is the tension of the chain, and σ is the mass
per unit length of the chain.
The angle βs satisfies the relation:
tan β S = tan β cosψ .

(8)

In the theoretical model, a friction coefficient
μ = 0.09 is implemented according to Coulomb
friction.
Once the local pressure and tension distributions
are known, the axial clamping force S and torque T
acting on each pulley are calculated as below:
α

S = ∫ (cos β + µ sin β S ) pRdθ ,

(9)

T = ( F1 − F2 ) R,

(10)

0

where F1 and F2 are the tensile belt forces at the entry
and exit points of the pulley groove. In Eq. (9), the
extension arc of the chain α can be calculated with the
following relations:
sin φ =

a)

R2 − R1
,
d

(11)

α1 = π − 2φ ,

(12)

α 2 = π + 2φ ,

(13)

where d is the distance of the pulleys’ centres.
The Carbone-Mangialardi-Mantriota model
shows that the whole dynamics of the CVT can be
represented as a first order non-linear differential
equation as follows:

b)
Fig. 2. The kinematic representation of a) chain CVT and b) the
forces acting on the chain

All forces acting on the chain are represented in
Fig. 2. The equilibrium equations in the radial and
tangential direction yield the following equations:
376

 ξ 
τ = ∆ DR kωDR g ln   ,
(14)
ξ 
 eq 
where k = (1 + cos 2 β 0 ) / sin ( 2 β 0 ) , ξ = S DR / S DN and
ξ eq is the clamping force ratio at the steady state
condition.
As can be seen from Eq. (14), the time derivative
of the speed ratio is a function of the input angular
velocity, the elastic displacement of the input pulley,
the non-deformed value of the groove angle, the actual
value of the transmission ratio through the function
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g(τ) and the logarithmic ratio of ξ and ξeq. The term
g(τ) is as follows:


g (τ ) = τ c 1 − τ





  1−τ
π + 2 arcsin  ρ 
  τ


  1−τ
π − 2 arcsin  ρ 
  τ


  
  
  
,
  

 
   

(15)

where ρ(τ) = R / d and c ≈ 0.81.
Since the SDR / SDN is a function of the traction
coefficient and speed ratio, it is necessary to yield the
traction coefficient μtr:

µtr =

cos β 0 T
.
2 RS

(16)

In order to calculate the clamping forces ratio,
the numerical steps are followed as shown in Fig. 3. A
clamping forces ratio matrix is obtained by the same
way for use in the control algorithm. This matrix is
a function of the traction coefficient and speed ratio.

2 SPEED RATIO CONTROLLER DESIGN
In order to control the speed ratio of the chain CVT,
a PI controller is used, and the transient dynamics
of the variator are investigated. In this controller,
the initial condition of the angular velocity and the
torque load of the drive pulley are given, and then the
initial value of the clamping force ratio calculated by
the theoretical model is implemented. For a constant
clamping force of the driven pulley, the speed ratio is
fed backed.
The program controls the speed ratio by changing
the clamping force of the drive pulley while the new
conditions calculated in CVT box spontaneously until
it reaches the desired value of the speed ratio. Since
the proportional pressure valves are much faster than
the variator in terms of the time constant, the dynamics
of the hydraulic system is neglected.

a)

b)

Fig. 4. a) PI controller for the speed ratio and b) lookup tables

The error value between the desired set-point
value τref and measured process variable of speed ratio
is:
e(t ) = τ ref − τ (t ).
(17)
The control variable, which is the voltage of the
servo valve:
u (t ) = K p e(t ) +
Fig. 3. Numerical flowchart for calculating the necessary
clamping force ratio

t

1
e(t )dt ,
Ti ∫0

(18)

where Kp and Ti are the proportional gain and integral
time gain, respectively.
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The lookup table of the clamping force ratio
{(SDR / SDN)eq = ξeq} shown in Fig. 4 is obtained
by the theoretical model, following the flowchart
given in Fig. 3 for different speed ratios and traction
coefficients in the range of 0.5 to 2 and 0.05 to 0.1,
respectively. Another lookup table (m) is obtained
from the relationship m(τ) = kg(τ) where k and g
given in Eq. (14) and (15). The pitch radius of the
chain {R(τ)} is also given as a lookup table, which
is calculated from Eqs. (11), to (13) and (24). The
amplitude of the deformed groove angle {Δ(τ, SDR)}
is obtained from finite element FE methods [15]. The
term Kv shown in Fig. 4 is the gain coefficient of the
valve and hydraulic system, which equals 13180.
The parameters of the PI controller are calculated
with numerical experiments to ensure the same time
response of the system. A gain scheduling approach
is proposed, by which the gains of a PI controller
are calculated through numerical experiments. These
results are given in Section 4. The parameters of PI
controller is selected in the experiments as Kp = 1 and
Ti = 0.1 for avoiding aggressive speed ratio changing
that may damage the test rig equipment.
3 CHAIN CVT TEST RIG AND EXPERIMENTAL SETUPS
The test rig and its setups are described in this part.
The measurements are carried out on a chain CVT
mounted on the power loop test rig in Polytechnic of
Bari.

The chain CVT test bench is illustrated in Fig. 5,
where EM, EB, HE, LE, and TS represent electrical
motor, electromagnetic brake, heat exchanger, linear
encoder and torque sensor, respectively. As shown in
Fig. 5, a three-phase asynchronous four-pole, 30 kW
Siemens motor is located to ensure the input power of
CVT. The angular velocity of the motor is controlled
by a Berges inverter. To provide the resistant torque,
an electromagnetic brake connected to the output
pulley of CVT by a belt transmission is used. The
pressure, torque and displacement sensors are located
on the input and output pulley shafts.
The characteristic data of the chain used
for experiments are as follows: chain length
L = 649.49 mm, chain width b = 24 mm, the distance
of the input and output pulleys’ centres d = 155 mm,
the sheave angle β0 = 11 deg. The areas of the input
and secondary pulleys are ADR = 0.01979 m²,
ADN = 0.009719 m² respectively.
The clamping force of drive side is calculated as
follows:
2
S DR = PDR ADR + ωDR
f c , DR ,

(19)

where the coefficient fc,DR is:
f c , DR = π (

ρoil 4
4
)(rDR1 − rDR
2 ),
4

(20)

where ρoil = 870 kg/m³ at 20 ⁰C and rDR1 = 0.0825 m
and rDR2 = 0.0225 m. The driven clamping force is
calculated as follows:
2
S DN = PDN ADN + ωDN
f c , DN + Fspring ,

(21)

where Fspring is the spring force on the driven pulley
and the coefficient fc,DN is:
f c , DN = π (

378

(22)

where the quantities rDN1 = 0.06 m, rDN2 = 0.0225 m
and rDN3 = 0.0321 m.
The spring force is calculated using the following
equation:

a)

b)

ρoil
2
2
4
4
)(2rDN
1rDN 3 − rDN 2 − rDN 3 ),
4

Fspring = FS 0 + 2k s (rDN ,low − rDN ) tan( β 0 ),

Fig. 5. Chain CVT test bench; a) general view,
and b) schematic layout

(23)

where FS0 = 536 N, the stiffness of the spring
ks = 20 N/m, the pitch radius of the driven pulley at
minimum speed ratio rDN,low = 0.0741 m.
The axial position of the input pulley is measured
by a linear encoder as a function of time in the
experiments, as shown in Fig. 6. After that, the speed
ratio of variator τ is determined. In order to examine
the geometric speed ratio of variator τ, the pitch radius
Yildiz, A. – Kopmaz, O.
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RDR of the drive pulley is calculated with to following
equation:
L = 2d cos φ + R1α1 + R2α 2 .

initial conditions of the speed ratio, as indicated in
Fig. 8.

(24)

The following equation is used to calculate the
RDN:
RDN = RDN ,max −

a
,
2 tan β 0

(25)

where the RDN,max = 0.0741 m.

Fig. 7. Theoretical and experimental results of the clamping force
ratio as a function of traction coefficient at SDN = 10 kN and τ = 1

Fig. 6. Representation of the measurement of the axial position of
a moveable input pulley by a linear encoder

A control program is developed to perform
the measurements and save all data in real time in a
Labview environment. The measured data are the
speed ratio, the pressures of the input and output
pulleys, the resistant torque and the angular velocity.
In the experiments, firstly, the angular velocity of
the driven pulley is fixed, and then a torque load is
implemented. After that, the pressure of the drive side
is controlled and so the desired speed ratio is obtained
due to the PI controller. In order to investigate the
transient dynamics of CVT, a step of the set point of
the speed ratio is implemented.

For the further comparison, the maximum and
minimum speed ratios are implemented as an initial
condition of the experiments and simulations shown
in Fig. 9. It is observed from all these figures that
the theoretical and experimental results are in good
agreement. Thus, the developed model is verified, and
it can be used in different controllers in automotive
applications.

4 RESULTS AND DISCUSSION
In this section, the theoretical and experimental results
and their comparison are demonstrated. First, the
steady state results of the clamping forces ratios are
given in Fig. 7 for the speed ratio equal to 1. It can
be seen from this figure that the theoretical model is
valid in steady state conditions, since it has a very
good match with experimental results. Similar good
matches are obtained for different speed ratios,
which are not presented here. These steady state data
are recorded to be used as a lookup table during the
simulation.
The developed model for the speed ratio control
is verified using several experiments for the different

Fig. 8. Theoretical and experimental results of the transient
response of the speed ratio for different initial condition of
speed ratio at Kp = 1, Ti = 0.1, ωdr = 500 rpm, TDR = 50 Nm and
SDN = 20 kN

At the jumping point, there are some small errors
due to the neglected factors, such as hydraulic system
dynamics and the friction in the bearings of the test
bench; however, these are negligible when the overall
consistency of the numerical and experimental results
are considered.
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Since the CVT has a non-linear dynamic
characteristic, the shifting response will be different
for the different conditions especially for the different
input speeds. In other words, the input angular speed
is the most dominant term that affects the shifting
speed linearly. Thus, the PI coefficients handled in
Figs. 8 and 9 need to be tuned for the different angular
velocities.

is changed, and the settling time of speed ratio is
obtained in case of no over-jumping conditions. The
same procedure is followed for different integral time
gains. The obtained data are recorded in a matrix
considering the settling time of the speed ratio in case
of the absence of over-jumping conditions. Fig. 11
indicates the settling times of the speed ratios for three
different input angular velocities.
In Fig. 11, the minimum points of the surfaces
show the best PI coefficients in terms of the settling
time with no over jump. In this manner, a PI gains
schedule is obtained as given in Table 1. That the
difference between the desired and instant speed ratios
be less than 0.001 is used as the criterion to determine
the settling time seen in Fig. 11.

Fig. 9. Theoretical and experimental results of the transient
response of the speed ratio for testing maximum and minimum
range of speed ratio at Kp = 1, Ti = 0.1, ωDR = 500 rpm, TDR = 50
Nm and SDN = 20 kN

Fig. 11. Settling time of the speed ratio for the different input
angular velocities
Table 1. PI Gains for different initial angular speed of the CVT
Input angular velocity (ωDR)

Kp

Ti

500 rpm
750 rpm
1000 rpm
1250 rpm
1500 rpm
1750 rpm
2000 rpm

4.3
3.25
2.5
2.075
1.75
1.575
1.35

2.2
2.35
2.35
2.35
2.35
2.35
2.35

Fig. 10. Time response of the speed ratio for different angular
velocity at Kp = 1, Ti = 0.3, TDR = 50 Nm and SDN = 20 kN

Fig. 10 indicates the time responses of the speed
ratios for the different angular velocities of the input
pulley with the same PI coefficients. This figure is
evidence that PI gains of the speed ratio controller of
the chain CVT have to be set for the different angular
velocities.
To ensure the regular shifting response such as
the same slope of the time response, the gains are
scheduled by numerical experiments for different
input speeds. First, the Ti is kept constant and Kp
380

The time responses of the speed ratio are
simulated again for the visibility using the data given
in Table 1, and the results are given in Fig. 12. It can
be seen from this figure that all time responses have
the same slope and there is no overshooting. It should
be noted that the time constant of the speed ratio is
selected in the beginning and the gains are tuned
depending on the demand.
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[2]

[3]

[4]

Fig. 12. The transient response of the speed ratio for the different
input speed with the PI coefficients given in Table 1
(TDR = 50 Nm and SDN = 20 kN)

The theoretical and experimental results show
that the control-oriented modelling proposed in this
paper is highly accurate, thus; this simplified formula
can be used for different control design as a tool with
specified lookup tables.
5 CONCLUSIONS
In this study, the shifting dynamics of the chain
CVT is investigated to verify the theoretical model
in a control application. A speed ratio controller is
designed to provide a relative simple and easy-toimplement formulation as a look-up table and various
experiments are performed to validate this model. The
theoretical and experimental results indicate that the
control-oriented modelling of transient dynamics of
the variator is highly accurate. The verified model is
used to obtain appropriate PI gains for having regular
shifting speeds of the CVT under the different angular
velocities via numerical experiments. Finally, a gain
schedule is proposed for possible input speeds. These
results are vital for engineers to design different
control algorithms in automotive applications.
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