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This work is focused on the steady laminar mixed convection flow in a lid-driven square cavity filled with Al2O3 water-nanofluid using
computational fluid dynamics. The top lid of the cavity was kept at a higher temperature in comparison with the bottom wall and moving at a
constant speed while the left and right walls were kept insulated. Simulations were performed using Fluent ver. 6.3 where the water based
nanofluid was considered as a single phase. A parametric study was conducted, and the effects of the Richardson number (0.1 ≤ Ri ≤ 10), the
volume fraction of the nanoparticle (0 ≤ φ ≤ 0.04) on the fluid flow, and heat transfer inside the cavity were investigated. It was found that when
(1 ≤ Ri ≤ 10) the average Nusselt number increases accordingly for the whole range of solid volume fraction of the nanofluid. The simulation
results showed that the presence of nanoparticles in the base fluid increases the heat transfer rate. The variations of isotherm and streamline
patterns inside the cavity with different volume fractions of nanoparticle and Richardson number were discussed and demonstrated.
Keywords: mixed convection, nanofluid, square cavity, CFD, lid-driven
Highlights
• The research focused on steady laminar mixed convection flow in a lid-driven cavity.
• The cavity was filled with Al2O3 water nanofluid.
• The effect of the volume fraction of the nanoparticles was investigated.
• The heat transfer rate was enhanced by increasing the solid volume fraction.

0 INTRODUCTION
The combination of the mixed convection flow
and the heat transfer analysis in a lid-driven cavity
has recently received significant attention by many
researchers due to its significance in many practical
engineering and industrial applications. The flow
and heat transfer due to mixed (free and forced)
convection are a combination of the flow induced
by the shear forces resulting from the motion of the
upper lid and the bouncy forces due to the temperature
gradient. The practical flow situation is considered to
be a complex phenomenon because of the interaction
and coupling of these effects. In addition, there
are various combinations of imposed temperature
gradients and many cavity configurations of a liddriven cavity encountered in several engineering
applications. Cha and Jaluria [1] studied in detail the
impact of bounciness, velocities, and temperature
fields on the heat transfer enhancement inside storage
regions. Ghia et al. [2] investigated the driven flow in
a square cavity at a high-Re fine-mesh flow.
The solid particles are used as an additive
suspended in the base fluid to enhance the heat
transfer in a variety of applications, such as microelectromechanical systems (MEMS), oil extraction
and automobiles [3], electronic cooling, thermohydraulics of nuclear reactors, and solar ponds [4].

Kumar et al. [5] developed bactericidal coatings
by using synthesized metal-nanoparticle (MNP)embedded paint. They showed that the surfaces
coated with silver-nanoparticle paint have excellent
antimicrobial properties. Choi [6] proposed a new class
of engineering fluids with superior nanofluid thermal
conductivity by adding nanoparticles. Vajjha and Das
[7] studied how nanofluid thermophysical properties
varied with temperature and concentration. They
analysed their effects on the heat transfer coefficient,
the pumping power, and friction factor. They asserted
that enhancing the heat transfer rate by adding
solid materials reduces operation costs. Numerous
experimental and numerical investigations have been
conducted on the heat transfer enhancement using
nanofluid. Kaheld and Vafai [8] investigated the heat
transfer enhancement inside channels by commanding
thermal dispersion influences. They found that the
distribution of dispersive elements increases the heat
transfer. Torrance et al. [9] examined early the fluid
motion inside different aspect ratio cavities generated
by a moving wall under natural and mixed convection.
They revealed that when Grashof number increases
especially in cavities with high aspect ratio, the
buoyancy effect would be significant. The buoyancydriven heat transfer enhancement of nanofluid in a
two-dimensional enclosure has been analysed by
Khanafer et al. [10]. Furthermore, various studies of
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the thermophysical properties of nanofluid and energy
transport were carried out. Jung et al. [11], Kang et al.
[12], and Lee et al. [13] measured the effective thermal
conductivity for different types of nanofluid using the
transient hot wire method. Wang and Mujumdar [14]
outlined the recent research on fluid flow and heat
transfer characteristics of nanofluid in forced and free
convection flows.
Pak and Cho [15] showed experimentally that the
convection heat transfer coefficient for Al2O3-water
and TiO2-water nanofluid was enhanced by increasing
the volume fraction as well as the average velocity.
Xuan and Li [16] and [17] conducted an experimental
study to investigate the effect of copper nanoparticles
on the thermal conductivity of the nanofluid. Their
results demonstrated that the suspended nanoparticles
clearly enhanced the thermal conductivity of the base
liquid. Furthermore, increasing the volume fraction of
the nanoparticles leads to an increase of the thermal
conductivity of the nanofluid.
Abu-Nada and Oztop [18] carried out a numerical
investigation of a mixed convection in an inclined
square cavity of an aluminium-based nanofluid.
They concluded that convection heat transfer was
significantly enhanced by the existence of different
types of nanoparticles.
Tiwari and Das [19] confirmed that increasing
the volume fraction of nanoparticles significantly
enhances the convection heat transfer coefficient.
They inspected the flow and heat transfer in a square
enclosure utilizing the finite volume method by
considering that the top and the bottom were insulated
and the side walls remain at different constant
temperatures. It is evident from the literature that the
thermal conductivity of nanofluid highly depends
on the volume fraction, the thermal conductivity (of
both the base fluid and the nanoparticle material),
the surface area, and the shape of the nanoparticles
suspended in the base liquid.
There are few studies in the literature that
investigated the effect of a nanofluid in forced
convection. In contrast, a large number of studies were
devoted to the effect of nanoparticle in the natural
convection. The free convection in a rectangular
cavity was numerically studied by Jang and Choi
[19] and Jou and Tzeng [21]. They presented their
numerical results of the heat transfer enhancement of
nanofluid in a two-dimensional cavity. The influence
of gravity on sedimentation and the agglomeration
of nanoparticle on a natural convection heat transfer
was investigated by Jafari et al. [22]. They proposed
a single-phase approach and a mixture model. Ismail
et al. [23] studied the buoyancy forces as the driving
384

heat transfer of nanofluid, using FLUENT. The
effect of particle sizes and shapes on the heat transfer
characteristics and the pressure losses were studied
by Meriläinen [24]. They determined that the average
convective heat transfer coefficients of nanofluid
were improved up to 40 % compared to clear fluids.
The mixed convection flow and the heat transfer
analyses in a lid-driven inclined enclosure filled with
a nanofluid were conducted by Iwatsu et al. [25]. The
flow and the heat transfer in a square cavity with
insulated top and bottom walls, and differentiallyheated moving sidewalls were also investigated using
the finite volume approach by Mansour and Ahmed
[26]. They investigated the effects of the Richardson
number and the volume fraction of the nanoparticles
on the heat transfer. It was observed that when the
Richardson number equals unity, the average Nusselt
number increased substantially with the increase in
the volume fraction of the nanoparticles. The mixed
convection flow in a lid-driven enclosure filled with
a fluid-saturated porous medium was investigated
by Abu-Nada and Chamakha [27]. They reported the
effects of the Darcy and Richardson numbers on the
flow and the heat transfer characteristics. A numerical
study of laminar mixed convection in shallow driven
cavities with a hot moving lid on top and cooled from
the bottom has been carried out by Sharif [28]. It was
observed that the average convection heat transfer
increased slightly with the cavity inclination angle
for the forced convection while it increased more
significantly under natural convection.
Öztop et al. [29] investigated the heat transfer
and the fluid flow due to buoyancy forces in a
partially heated enclosure using different nanofluids.
Calculations were performed for different Rayleigh
numbers, heights of heater, locations of heater, aspect
ratios, and volume fractions of nanoparticles. They
found that the heat transfer increases with increases
of the Rayleigh number, the height of heater and the
volume fraction of nanoparticles. Furthermore, the
heat transfer enhancement was found to be dependent
on the type of nanofluid and more pronounced at
lower aspect ratios.
Polidori et al. [30] utilized the integral formalism
approach to investigate the natural convection
heat transfer of a Newtonian nanofluid in a laminar
external boundary-layer. They dealt with γ-Al2O3/
water nanofluid whose Newtonian behaviour was
experimentally confirmed for particle volume fractions
less than 0.04. They concluded that generalized
conclusions about the heat transfer enhancement with
the use of a nanofluid needs to be carefully drawn. In
addition, they found that the natural convection heat
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transfer is not solely characterized by the nanofluid’s
effective thermal conductivity. Moreover, they
concluded that the sensitivity to the used viscosity
model cannot be ignored as it plays a key role in the
heat transfer behaviour.
Putra et al. [31] executed an experimental work
on the natural convection of Al2O3 and CuO-water
nanofluid inside a horizontal cylinder heated and
cooled from both ends, respectively. They found
that the presence of nanoparticles spoiled the natural
convective heat transfer systematically. They also
observed a systematic degradation of the natural
convective heat transfer with increased concentrations
of particles.
Haddad et al. [32] and [33] studied numerically
the natural convection heat transfer and fluid flow of
CuO-water nanofluid in an open cavity heated from
the bottom. They considered in their calculation the
variation in the viscosity and the thermal conductivity.
They found that the heat transfer decreases with
increasing of solid volume fraction as a result of
increasing the viscosity of the nanofluid.
Although many studies are found in the literature
investigating the heat transfer characteristics of
nanofluids, there is a lack of studies devoted to
combined mixed convection flow and heat transfer.
Moreover, due to nanofluid’s superior thermophysical
properties, utilizing nanofluids in industrial
applications has recently witnessed rapid growth.
However, there is still no accurate understanding
of the effect of using nanoparticles in the combined
convection heat transfer. Therefore, the main
objective of this study is to investigate numerically
the combined convection flow and heat transfer in a
square lid-driven cavity utilizing nanofluid. General
correlations for the effective thermal conductivity,
the viscosity, and the thermal expansion coefficient
of a nanofluid were adopted in this study in terms
of the volume fraction, the particle diameter, the
temperature, and the base fluid physical properties.
These theoretical models were employed utilizing a
user-defined function (UDF) in Fluent.

move at a constant speed U∞. The physical model
considered in this study is shown in Fig. 1. The shape
and the size of particles are assumed to be uniform
with diameter equal to 100 nm. The fluid properties of
the nanofluid vary when nanoparticles are suspended.
In this study, the nanofluid is treated as a single phase.
The thermophysical properties of the nanoparticles
and the fluid phase at T = 300 K are presented in Table
1. Mixed convection flow and heat transfer in a square
lid driven cavity are simulated by using the mass,
momentum, and energy conservation equations. The
governing non-linear partial differential equations can
be written as follows:

1 MATHEMATICAL FORMULATION

where L is the reference length, U∞ is the reference
velocity, and ν is the kinematic viscosity. The
Reynold’s number Re is the ratio of inertial to viscous
forces, which influences the fluid flow features within
the cavity. The ratio of Gr/Re2 is the convection
parameter and is called the Richardson number
Ri. It measures the relative strength of the natural
convection and the forced convection for the present
problem.

A steady, laminar, two-dimensional combined
convective flow and heat transfer in a square lid-driven
cavity filled with nanofluid is considered. The fluid in
the cavity is water-based nanofluid containing Al2O3.
The left and right walls of the cavity are insulated.
The top wall is heated to temperature Th while the
bottom wall is maintained at a temperature Tc such
that Th > Tc. The top wall of the cavity is allowed to
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Table 1. Thermophysical properties of the base fluid and aluminium
[26]
Physical properties

Water

Cp [J/(kg·K)]
k [W/(m2·K)]
ρ [kg/m3]

Al2O3

4179

765

μ [Pa·s]
β [1/K]

0.613

25

997.1

3970

0.000891
0.00021

0.0000017

coefficient of nanofluid were developed in terms of
the solid volume fraction, the particle diameter, the
temperature, and the base fluid physical properties,
Kahnafer et al. [10]. These correlations have been
implemented in Fluent using a user defined function.
1.2.1 Density
The density of nanofluid is based on the physical
principle of the mixture rule [10].

1.1 Boundary Conditions

ρeff = (1 − ϕ p ) ρ f + ϕ p ρ p ,

A schematic of the configuration analysed in this study
is shown in Fig. 1. The appropriate dimensionless
boundary conditions for the present study are as
follows:
∂θ
= 0, U = V = 0, X = 0,
∂Y
∂θ
= 0, U = V = 0, X = 1,
∂Y
θ = 0, U = V = 0, Y = 0,
θ = 1, U = 1, V = 0, Y = 1.

(8)

where f and p refer to the fluid and nanoparticle
respectively, φp is the solid volume fraction of the
nanoparticles, and ρ is the density.
1.2.2 Viscosity

(7)

Different models of viscosity have been used by
researchers to model the effective viscosity of
nanofluid as a function of solid volume fraction. For
low solid volume fraction, Einstein’s model can be
used to predict the viscosity of the nanofluid.
It is worth mentioning that Einstein’s model
underestimates the nanofluid viscosity and does not
consider the effect of temperature variations [34]. In
this study, general correlation formulas to determine
the effective viscosity of Al2O3-water considering the
temperature effect proposed by Nguyen et al. [35] are
used.

µeff = (1.125 − 0.0007 × T ) µ f ,
ϕ p = 1 %, 20 ≤ T  o C  ≤ 70,

(9)

µeff = (2.1275 − 0.0215 × T + 0.0002 × T 2 ) µ f ,
ϕ p = 4 %, 20 ≤ T  o C  ≤ 70.
Fig. 1. Schematic of the square lid-driven cavity

1.2.3 Thermal Conductivity

1.2 Thermo-Physical Properties of Al2O3-Water Nanofluid
The nanofluid mixture is considered as a single phase;
thus, the nanoparticles and the base fluid are in a
thermal equilibrium with each other and the relative
velocity is negligible or equal to zero. Therefore,
the effective thermophysical properties that depend
mainly on the temperature, volume concentration
of the nanoparticles, and the properties of the base
fluid and the suspended particles are adopted in this
study. General correlations for the effective thermal
conductivity, the viscosity, and thermal expansion
386

(10)

Numerous studies were conducted in the literature
to model the thermal conductivity of nanofluid. A
general thermal conductivity correlation for Al2O3water nanofluid was proposed by Kahnafer et al. [10]
for various temperatures, nanoparticles diameter, and
solid volume fraction. The proposed correlation is
given as follows:
keff
kf
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1.2.4 Thermal Expansion Coefficient
The effect of temperature and solid volume fraction
on the thermal expansion coefficient of Al2O3-water
nanofluid were investigated by Ho et al. [36]. They
developed a correlation for the thermal expansion
coefficient of Al2O3 water nanofluid as a function
of the temperature and the solid volume fraction of
nanoparticles. This correlation is given as:
4.7211
) × 10−3
T2
0 ≤ ϕ p ≤ 0.04, 10 ≤ T  o C  ≤ 40.
(12)

β eff = (−0.479ϕ p + 9.3158 × 10−3 T −

In this study, the values of the thermal expansion
coefficient are evaluated utilizing Eq. (12) and based
on the average temperature between cold and hot
walls.
1.2.5 Heat Capacity
The specific heat of nanofluid is formulated by
assuming a thermal equilibrium between the
nanoparticles and the base fluid phase as follows [10]:
ceff =

(1 − ϕ p ) ρ f c f + ϕ p ρ p c p

ρeff

,

(13)

where ρp is the density of the nanoparticle, ρf is the
density of the base fluid, ρeff is the density of the
nanofluid, and cp and cf are the heat capacity of the
nanoparticle and the base fluid, respectively.
2 NUMERICAL METHODS
The finite volume method is employed using Fluent
6.3 commercial software to solve the governing
equations subject to specified boundary conditions.
Gambit commercial software is used for the generation
of grids. A high number of cells are constructed near
the surface of cavity walls to compensate for the high
velocity gradient in the boundary layer region of the
viscous flow. The coupling between the pressure and
velocity fields is achieved using Simple scheme. A
second order upwind scheme is used for the mixed
convection. The coupled equations are solved
sequentially. Time independent solver was used
for all the simulation. Laminar model was used to
simulate the mixed convection flow. A second order
discretization scheme was used for all simulations.
All the thermophysical properties material described
above are implemented in the Fluent software using
user defined function (UDF). The simulation is
terminated when the residuals for continuity and

momentum equations attain 10-6 and the residual for
the energy equation attain 10-8. The local Nusselt
number based on the length of the square cavity is
expressed as:
Nu = −

keff ∂θ
k f ∂Y

Y =1

(14)

.

The average Nusselt number of the hot wall can
be obtained by integrating the local Nusselt number
along the wall as:
1

Nu = ∫ Nu ( X )dX .

(15)

0

3 RESULTS AND DISCUSSION
In order to ensure that computational results are gridindependent, different grid sizes were tested (see
Table 2).
Table 2. Grid independence results for pure water (φ = 0)
Number of grids

50 × 50

80 × 80

100 × 100

Average Nusselt number at
the hot wall for Ri = 0.1

7.0124

7.294

7.345

2.2897

2.345

2.346

1.653

1.671

1.677

Average Nusselt number at
the hot wall for Ri = 1.0
Average Nusselt number at
the hot wall for Ri = 10

The grid independence tests are performed for
pure water (φ = 0). Table 2 illustrates the results of
independence studies for average Nusselt number
Nu at the hot wall for different Richardson numbers,
Ri. From Table 2, it is noticeable that grid sizes of
80 × 80 and 100 × 100 give almost the same results for
the average Nusselt number. For further validation,
the present numerical solutions are validated against
experimental as well as numerical results.
The numerical results are compared in terms of
Nusselt number and U-velocity at the mid-section
of the cavity and found to be in good agreement
with previous works (see Figs. 2 and 3). It is worth
mentioning that when Ri → ∞, the heat transfer by
natural convection is dominant, while when Ri → 0
, the heat transfer by forced convection is dominant.
In contrast, when Ri → 1, the heat transfer by the
mixed convection is dominant. The Richardson
number in this study varies from 0.1 to 10. Numerical
simulations are conducted to demonstrate the effects
of Richardson number Ri and solid volume fraction ϕ
on mixed convection heat transfer in a square cavity.
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The value of the solid volume fraction varies from
0.0 to 0.04. The local Nusselt number distributions
along the hot moving wall for various Richardson
numbers and solid volume fractions are illustrated in
Figs. 4 and 5. The local Nusselt number is high near
the left wall and decreases towards the right wall. The
effect of the solid volume fraction and the Richardson
number is clearly discernible in these figures.

both Ri =10 and Ri =1. However, for Ri = 0.1 (see Fig.
5c) the Nusselt number does not change significantly
with the solid volume fraction.
The variations of the average Nusselt number
with Richardson number along the hot wall for

Fig. 2. Comparison of the local Nusselt number variation for hot
wall for pure water and Ri = 1

Fig. 3. Comparison of U-velocity at mid-section of the cavity
(X= 0.5) for pure water and Ri = 0.1

In general, the local Nusselt number started to
decrease sharply at the beginning (i.e. at the left wall)
and then continues to decrease rapidly at the right
wall. It is clear from these figures that for a laminar
flow with a constant solid volume fraction, decreasing
the Richardson number leads to a significant increase
in the local Nusselt number. The reason for this
enhancement is that the forced convection is becoming
dominant when the Richardson number is low. It can
be seen in Figs. 5a and b that the local Nusselt number
increases as the solid volume fraction φ increases for
388
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a) φ = 0.0, b) φ = 0.01 and c) φ = 0.04
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Fig. 6. Average Nusselt number verses Richardson number for
different solid volume fraction

Fig. 5. Local Nusselt number for different Richardson number;
a) Ri = 10, b) Ri = 1, and c) Ri = 0.1

different solid volume fractions are depicted in Fig.
6. The figure shows that the average Nusselt number
increases with the solid volume fraction and decrease
with Richardson number.
Fig. 7 demonstrates the influence of the
Richardson number on isotherms for the solid

volume fraction φ = 0.04. For Ri = 0.1, shear forces
are dominant in the cavity and, thus, the isotherms
are mostly congregated to the area near the bottom
surface of the square cavity. The high temperature
gradient near the bottom wall is due to these high shear
forces developed due to movement of the cavity lid.
Moreover, a thin boundary layer is developed on the
top of the hot wall. Furthermore, a strong circulation
region is observed in the centre of rotating vortex
inside the cavity. Increasing Ri up to 1, the shear
forces and bouncy forces are the same magnitude,
thus, coarse isotherms existed near the bottom wall.
As a result, a moderate temperature gradient in the
vertical direction can be seen. Further increases in
Ri lead to wider expansion of isotherms covering the
whole cavity. This leads to a further decrease of the
heat transfer intensity near the bottom wall due to a
stabilized free convection effect. It should be noted
that for this case, the inertia force is weak. Therefore,
the bouncy force defines the formed fluid flow and
heat transfer inside the cavity.
Fig. 8 demonstrates the effect of a solid volume
fraction on isotherms under the natural convection
condition (Ri = 10). For the case of pure water
(φ = 0), most of the entire cavity is in a thermally
stratified state. In other words, the isotherms
are almost parallel in the horizontal direction,
except for the isotherm area in the right upper
corner, where the isotherms show significant
changes. Increasing φ up to 0.01, the isotherm
area in the right upper corner becomes bigger
and the isotherms show significant changes.
When the solid volume fraction is increased up to
φ = 0.04, the isotherms are clustered near the cold
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a)

a)

b)

b)

c)
Fig. 7. Isotherm for different Richardson number, φ = 0.04;
a) Ri = 0.1, b) Ri = 1, and c) Ri = 10

c)
Fig. 8. Isotherm for different nanoparticle solid volume fraction,

bottom wall. These changes are due to a high
temperature gradient near the bottom wall. These
changes have led to the increased thermal conductivity
of nanofluid.

Fig. 9 demonstrates the influence of solid volume
fraction on streamlines for the free convection case
(Ri = 10). For Ri = 10, the bouncy force is dominant
in the cavity and streamlines are mostly concentrated
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cavity due to the free convection enhancement. When
the solid volume fraction is increased to φ = 0.04, flow
circulation is slightly increased. This can be explained
as follows: increasing the solid volume fraction leads
to increasing the bouncy force, which ultimately
enhances the thermal conductivity.
5 CONCLUSIONS
The utilization of nanofluid in industrial applications
has recently witnessed rapid growth due to their
superior thermophysical properties. There is a
need for a deeper and an accurate understanding
of the effect of using nanoparticles in the combined
convection heat transfer. Thus, this study focuses on
the numerical investigation of steady, laminar mixed
convection flow, and heat transfer in a lid-driven
square cavity filled with water-Al2O3 nanofluid. The
CFD model that includes the temperature variation
effects on the thermophysical properties is validated
against experimental results and found to be in good
agreement. It was found that the local Nusselt number
at Ri = 1 is augmented considerably by increasing the
solid volume fraction of nanoparticles. At a relatively
lower Richardson number (Ri = 0.1), the local Nusselt
number does not change significantly with the
presence of nanoparticles. It was concluded that when
the solid volume fraction and Richardson number
are varied, different typical patterns of isotherms
are obtained. Furthermore, the streamline pattern in
the square lid-driven cavity was almost completely
described by primary recirculation, and there were
no significant changes when solid volume fraction
changes.

a)

b)
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