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Buckling of Joined Composite Conical Shells Using Shear
Deformation Theory under Axial Compression
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This paper investigates critical buckling loads in joined conical shells under axial compression. An analytical approach has been applied to study
classical linear buckling of joined cones that are made of cross-ply fiber reinforced laminates. The governing equations have been extracted
using first-order shear deformation theory (FSDT), and an analytical solution has been applied to extract critical buckling loads. Accordingly,
the system of partial differential equations has been solved via separation of variables using Fourier expansion and power series method. The
effects of the number of layers, lamination sequences, semi-vertex angles, shell thicknesses, shell lengths and boundary conditions on the
stability of joined cones have been examined. For validation, the specific examples of present study have been compared to previous studies.
Using ABAQUSE/CAE software (a FEM-based software), the results of finite element have been extracted. The present method is in good
agreement with the finite element and other research results. Finally, the differences of classical shell theory (CST) of Donnell type and firstorder shear deformation theory have been discussed for different shell thicknesses.
Keywords: buckling, joined laminated conical shell, first-order shear deformation, power series
Highlights
• The effect of shear deformation on the buckling of joined cross-ply laminated conical shells has been theoretically
investigated.
• The usage of two joined conical shells instead of a single cone has been discussed.
• The critical buckling loads have been evaluated for various parameters of joined cones.
• The differences between FEM and analytical solution results have been expressed.
• The effects of different lamination sequences have been studied.
• The differences between CST and FSDT have been discussed for different shell thicknesses.

0 INTRODUCTION
Conical shells are structures with a broad spectrum of
applications in many contexts including hydrocarbon
storage tanks, refinery structures, cooling towers,
body and interface of missiles, hull of aircrafts,
nozzle of missiles and jet engines, liquid transmission
pipelines and tankers, power plant structures, turbines
and pressurized vessels, hull of submarines and
various types of constructional structures and silos. In
general, the strength of a shell highly depends on its
form rather than its mass, so that the best structural
result can be obtained by using minimal amounts of
material. This high load-bearing capacity of shells has
made them particularly useful.
In 1993, Leissa [1] compiled the proposed
methods for analysing free vibration of isotropic
conical shells under different boundary conditions.
Tani and Yamaki [2] examined elastic stability of
conical shells with simple and pinned supports under
axial load. Regarding power series method, Tong [3]
and [4] presented an exact solution method for the
free vibration of thin and thick conical shells. Wu and
Chiu [5] analysed the dynamic stability of composite
conical shells under time-variable loading using the
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perturbation theory. Using DSC method, Civalek [6]
and Civalek and Ülker [7] studied free vibrations of
circular panels and thin shells and compared their
analytic results to experimental tests. Wisvantan et al.
[8] studied the application of function approximation
technique and spline method for analysing layered
cylindrical and conical shells with variable thickness.
They further studied vibrations of symmetric and
asymmetric composite shells using the first-order
shear deformation theory. The stability of functionally
graded truncated conical shells under a periodic
impulsive loading, non-uniform lateral pressure and
combined loads was investigated by Sofiyev [9] and
Sofiyev et al. [10] and [11]. The buckling of axially
compressed conical and stiffened conical shells was
studied by Spagnoli [12] and [13]. Ross et al. [14] and
[15] studied inelastic and plastic buckling of thickwalled and ring-stiffened conical shells under external
hydrostatic pressure.
Numerous papers have been proposed on the
analysis of shells and plates. However, most of the
previously cited studies were focused on the analysis
of plates and cylindrical, spherical, and conical shells,
with fewer resources available on joined shells.
In their initial research works, Hu and Raney [16]
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followed an experimental and analytical approach
using finite element method (FEM) and modal test
to determine mode shapes and natural frequencies of
a joined cylinder-cone set. Rose et al. [17] analysed
elastic wave function in a joined cylindrical-conicalcylindrical shell. Irie et al. [18] used a transformation
matrix method to analyse free vibrations of joined
conical-cylindrical shells. Tavakoli and Singh [19]
utilized the space of state to present an Eigenvalue
solution for joined shells. Flores and Godoy [20]
studied post-buckling behaviour of conical-cylindrical
and cylindrical-spherical shells. Performing different
types of research, researchers [21] to [24] investigated
the effects of axial, local, and concentrated loading
on buckling and post-buckling behaviour of isotropic
joined conical and cylindrical shells. They further
analysed reinforced conical-cylindrical shells and
studied the influence of reinforcement rings on
buckling. Benjeddou [25] used Love’s approximation
theory for classic shells and considered finiteelement strip elements to analyse joined conicalcylindrical shells. Dynamic instability of joined
conical-cylindrical shells under periodic loading was
examined via FEM by Kamat et al. [26]. Zhao [27]
investigated, both theoretically and experimentally,
the buckling of joined reinforced cylindrical and
conical shells under internal compressive loading and
particularly considered the effect of reinforcing rings.
Moreover, Caresta and Kessissoglou [28] studied
the vibratory characteristics of joined isotropic
conical and cylindrical shells; comparing Donnell’s
and Flügge’s methods while employing power series
method, they investigated free vibrations of the shells.
They used FEM to verify their work. Niloufari et al.
[29] investigated the effect of weld on buckling of
joined conical-cylindrical shells. Among the latest
research works on joined shells, one may refer to the
analysis of free and forced vibrations of joined thin
cylindrical-conical shells under various boundary
conditions using Ritz-Fourier method by Ma et
al. [30]. The linear and non-linear elastic buckling
response of the conical panel is studied for a wide
range of shell and stiffening parameters by means of
an appropriate finite element model by Spagnoli and
Chryssanthopoulos [31].
Many other research studies have been performed
to present a finite element solution of shells. RezaieePajand et al. [32] to [34] develop a mixed interpolated
formulation for nonlinear analysis of plates and shells
using equivalent single layer (ESL) theory. They
presented two triangular shell element having three
and six nodes for geometrically nonlinear analysis of
thin and thick shell structures. Also, they proposed

a geometrically nonlinear formulation for a sixnode triangular shell element. Bucalem and Bathe
[35] presented two mixed-interpolated general finite
element methods for nonlinear analysis of a 9-node
element and a 16-node element. Also, a formulation
of general shell elements using mixed interpolation
of tonsorial components is discussed by Bathe and
Dvorkin [36]. Petrolo and Carrera [37] and Li et
al. [38] present a novel methodology to construct
refined finite shell elements. An adaptable two-level
mathematical refinement approach was proposed
for refined curvilinear finite shell elements based
on Carrera unified formulation (CUF). Schuß et al.
[39] formulate a methodology to enforce interface
conditions preserving higher-order continuity across
the interface using isogeometric methods (IGA).
Considering the review of related previous
research studies thus far, the stability analysis of
joined conical shells under axial compression was
studied using classical shell theory of Donnell type
by Kouchakzadeh and Shakouri [40] and [41] and
Shakouri and Kouchakzadeh [42]. Also, they presented
an analytical solution for axisymmetric joined conical
shells under axial compression and analysed free
vibrations of cross-ply joined conical shells. They did
not consider the effect of shear deformation on critical
buckling loads and natural frequencies.
Furthermore, Shadmehri et al. [43] and [44]
presented a first-order shear deformation shell theory
to study buckling behaviour of a single composite
conical and cylindrical shell. They used Ritz method
and Levy type solution to study buckling under
axial and bending loads. Sarkhail et al. [45] and [46]
studied the free vibrations of a shell made of n cone
segments joined together. Their governing equations
were obtained by applying the classic Sanders type
shell theory. Also, the shells were made from a
linearly elastic isotropic homogeneous material. In
the latest research studies, Izadi et al. [47] investigated
analytical and FEM solutions on free vibration of
joined cross-ply laminated conical shells using firstorder shear deformation shell theory.
The literature survey reveals a clear indication
that the studies on the joined shells are very few in
numbers. Most of these research studies were about
joined cylindrical-conical shells and limited to thin
shells. Also, the used shell materials are frequently an
elastic isotropic homogeneous material.
The goal of the present study is to investigate
the buckling specifications of a joined conical shell
under axial compression, considering the effects
of shear deformation. Also, the conical shells are
made from fibre-reinforced laminates. Hence, first-
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order shear deformation theory is used to extract
governing equations of two joined conical shells. An
analytical solution based on Fourier expansion along
the circumferential direction and power series method
along the meridian direction is developed to separate
variables of equilibrium equations and establish
a system of eigenvalue problems. The continuity
and boundary conditions are also applied to extract
eigenvalues and examine the critical buckling loads of
joined cones. The influences of the number of layers,
lamination sequences, semi-vertex angles, shell
thicknesses, shell lengths and boundary conditions on
buckling load are examined as parametric studies.
1 METHODS
The coordinate system for two conical shells can be
observed in Fig. 1. On this basis and first-order shear
deformation theory FSDT, the displacement field for
each conical shell is defined as follows:

ε s = ε s0 + zκ s , εθ = εθ0 + zκθ ,
γ sθ = γ s0θ + zκ sθ , γ sz = γ sz0 , γ θ z = γ θ0z ,

(2)

where
∂β
∂U
∂W
, κ s = s , γ sz0 = β s +
,
∂x
∂s
∂s
∂V 
1 
εθ0 =
 U sin α + W cos α +
,
∂θ 
R( s) 
1  ∂U
 ∂V
− V sin α  +
γ s0θ =
,

R( s)  ∂θ
 ∂s

ε s0 =

κθ =

∂βθ
1 
 β s sin α +
R( s) 
∂θ

κ sθ =

1  ∂β s
 ∂β
− βθ sin α  + θ ,

R( s )  ∂θ
 ∂s

γ θ0z =

1  ∂W

− V cos α  + βθ .

R ( s )  ∂θ



,


(3)

(1)

In which εs, εθ, γsθ, γsz and γθz represent the strains
of0 each point of the shell. Also, ε s0 , εθ0 , γ s0θ , γ sz0 and
γ θ z are the strains of the middle surface of shell and

where U, V, and W refer to displacements of the
middle surface along s-axis, θ-axis, and normal to the
surface, respectively, and βs and βθ denote rotation
changes of normal vector to middle surface around θ
and s-axes, respectively.
It should be mentioned that all relations are
expressed for a single conical shell. The 1 and 2
indices in all parameters of Fig. 1 are referred to as
the first and second cone, respectively. Furthermore,
using FSDT, strain-displacement relationships for a
single conical shell can be written as follows [44]:

Below is the stress-strain relationship for the
cross-ply joined composite conical shell [48]
 N  [ A] [ B ]  ε 
 =
  ,
 M  [ B ] [ D ] κ 
(5)
0
Qθθ 
 A44 0  γ θ z 
  = Ks 
  0 ,
 0 A55  γ sz 
Qss 

u ( s,θ , z ) = U ( s,θ ) + z β s ( s,θ ),
v( s,θ , z ) = V ( s,θ ) + z βθ ( s,θ ),
w( s,θ , z ) = W ( s,θ ),

κs, κθ and κsθ are the curvatures of the middle surface
of shell. In addition, R(s) is the curvature radius of
each point on the conical shell and can be expressed
as follows:
R( s ) = R0 + s sin α .
(4)

Fig. 1. Coordinate systems of two joined conical shells
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where N and M are the force and moment resultants,
which are expressed:
h / 2 σ 
N 
  = ∫− h / 2  dz ,
M 
 zσ 

(6)

moreover,
NL

( )

Aij = ∑ Q ij
k =1

NL

k

Dij =

1 NL
∑ Qij
3 k =1

=
N

( zk +1 − zk ),

( ) (z

1
Bij = ∑ Q ij
2 k =1

k

2
k +1

( ) (z
k

3
k +1

− zk2 ),

 is the in-plane compressive axial buckling
where N
force resultant. By integrating around the
circumstances of one conical shell, the relation
 can be
between the axial buckling load (Pcr) and N
calculated as below:

(7)

− zk3 ),

Pcr
.
2π R cos α

By substituting the displacement field in straindisplacement and stress-strain relationships, the
general form of equilibrium equations for each conical
shell based on FSDT can be extracted in terms of
U(s, θ), V(s, θ), W(s, θ), βs(s, θ) and βθ(s, θ) as follows:

[ L ]{U ,V ,W , β s , βθ }

T

in which k represents the kth layer of laminated
shell, and Aij, Bij and Dij are the laminated stiffness
coefficients.
Q11 = Q11 cos 4 ϕ + Q22 sin 4 ϕ ,
Q12 = Q12 ( cos 4 ϕ + sin 4 ϕ ) ,

Q 66 = Q66 ( cos 4 ϕ + sin 4 ϕ ) ,

Q 44 = Q44 cos 2 ϕ + Q55 sin 2 ϕ ,
Q 55 = Q55 cos 2 ϕ + Q44 sin 2 ϕ ,

(

(8)

where φ is the fiber angle of laminated shell. The
principle of minimum potential energy shall be
derived as follows:
(9)

 is the strain energy, W
 s is the work of
in which U

body and surface forces and W e is the work of
external loading. These parameters are presented as:
=
δU
∫

L
2

∫ ∫ (σ δε
s

s

∫

L/2

θ − L/2

)

(

)

(

)

− N s δ u + M s − M s δβ s + N sθ − N sθ δ v

)

(

)

(13)

Upon this basis, various sets of boundary
conditions were obtained from the above relationship,
such as five boundary conditions at each end. Besides,
at the interface of the two cones, displacements and
forces would be equal; these continuity conditions
ensure that all displacements and forces at the interface
are equal; consequently, no distortion is possible at the
interface (i.e., the connection is rigid).
Due to the satisfaction of the continuity constraint
at the interface of the cones, relationships should be
considered equally for the two cones in general and
common coordinates. In this regard, the relationships
for displacements and forces are equal along the
cone’s axis and normal to cone’s axis then related
to each other. Accordingly, continuity conditions at
interface of the two shells are as follows.
U1 sin α1 + W1 cos α1 = U 2 sin α 2 + W2 cos α 2 ,

+ σ θ δεθ + σ sθ δγ sθ

+σ szδγ sz + σ θ zδγ θ z ) Rdθ dsdz ,
s =
δW
∫

s

U1 cos α1 − W1 sin α1 = U 2 cos α 2 − W2 sin α 2 ,

h
2

θ − L −h
2 2

(12)

+ M sθ − M sθ δβθ + Qss − Q ss δ w}rdθ .

υ12 υ21
E1
, Q11 =
,
=
1 − υ12υ21
E1 E2
υ E
E2
,
Q12 = 12 2 , Q22 =
1 − υ12υ21
1 − υ12υ21
Q66 = G12 , Q44 = G23 , Q55 = G13 ,

 −W
 s −W
 e ) = 0,
δ (U

= {q}.

[L] is the matrix of the partial differential
operators with partial derivatives with respect to s
and θ, given in the Appendix. Additionally, using
integration by parts, hereby, following is the extracted
general form of boundary conditions:

∫ {( N

Q 22 = Q11 sin 4 ϕ + Q22 cos 4 ϕ ,

(11)

(qsδ u + qθ δ v − qzδ w) Rdθ ds,

L/2 1
 ( ∂w ) 2 Rdθ ds,
e = 1
W
N
∫
∫
θ
−
L
/
2
2
2
∂s

V1 = V2 , β s1 = β s 2 , βθ 1 = βθ 2 ,
(10)

N s1 cos α1 − Qs1 sin α1 = N s 2 cos α 2 − Qs 2 sin α 2 ,

(14)

N s1 sin α1 + Qs1 cos α1 = N s 2 sin α 2 + Qs 2 cos α 2 ,
N sθ 1 = N sθ 2 , M s1 = M s 2 , M sθ 1 = M sθ 2 .
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2 SOLUTION METHOD
To solve the extracted equations, firstly, the Fourier
expansions were performed along the circumferential
direction as follows:

U ( s,θ ) = u ( s ) cos nθ , V ( s,θ ) = v ( s ) sin nθ ,
W ( s,θ ) = w ( s ) cos nθ ,

(15)

β s ( s,θ ) = β s ( s ) cos nθ , βθ ( s,θ ) = βθ ( s ) sin nθ .
Secondly, the solution of the problem along s-axis
was considered in terms of a power series (PS):
∞

∞

∞

u ( s ) = ∑ am s m , v ( s ) = ∑ bm s m , w ( s ) = ∑ cm s m ,
m =0

m =0

m =0

∞

∞

m =0

m =0

β s ( s ) = ∑ d m s m , βθ ( s ) = ∑ em s m .

Table

(16)

Clamped(C): u = v = w = βθ = β s = 0,
Simply-Supported(S): v = w = βθ = N s = M s = 0, (17)
Free(F): N s = M s = N sθ = M sθ = Qs = 0.
Evaluation of the above relationships for each
conical shell under the boundary conditions and
subject to the continuity conditions can be led to
a system of 20 algebraic equations in terms of the
coefficients of the series. By setting the determinant
of coefficients matrix to zero, the value of critical
buckling load for any given value of n can be
extracted. For this purpose, 30 terms of power series
have been used.
3 RESULTS AND DISCUSSION
First, the dimensionless buckling parameters are
presented in Table 1 for cross-ply cylindrical shells. If
α1 and α2 are equal to zero, the conical shells change
to cylinders. So, the buckling load of structure can be
compared to the buckling load of cylinders in other
researches. Hence, the results of the present study
have been compared to Khdeir et al. [49] as well as

1.

Dimensionless

critical

buckling

parameters

 2 (100 h3 E ) ) for cross-ply cylindrical shells
 = NL
(N
2
BC

SS
CC

Now, by substituting the above-mentioned series
into Eq. (12) and sorting similar powers regarding s,
one may end up with recursive relationships in terms
of other coefficients. Using such relationships, one can
obtain all constant coefficients in the series, except
a0, a1, b0, b1, c0, c1, d0, d1, e0, e1 as well. Therefore,
these 10 coefficients shall be derived by applying the
boundary conditions and continuity constraints on the
joined shells. The boundary conditions used in the
present paper as the following forms:
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Shadmehri et al. [43] studies. In Table 1, L / R = 1,
h / R = 0.1, E1 / E2 = 40, υ12 = 0.25, G23 = 0.5 E2 and
G12 = G13 = 0.6 E2 have been assumed as the geometric
and material properties of cylindrical shells. The
present results are in good agreement with other
research results.

SC

Lamination
sequences

CST&
Levy [49]
Single shell

FSDT&
Levy [43]
Single shell

Present FSDT &
Present study
Joined Shells

[0/90/0]

0.2765

0.2813

0.2763

[0/90]

0.1525

0.1670

0.1629

[0/90/0]

0.4168

0.4197

0.4145

[0/90]

0.2406

0.2508

0.2454

[0/90/0]

0.3411

0.3452

0.3409

[0/90]

0.1851

0.1969

0.1923

In continue, to come up with comparable results
to other references, dimensionless buckling load is
defined as follows:
P cr = Pcr Pcyl∞ ,

(18)

where Pcr is critical buckling load, denotes
dimensionless buckling load, and Pcyl∞ is defined as
follows [50]:
2π E1h 2 cos 2 α
(19)
.
Pcyl∞ =
3 (1 − υ 12 2 )
To undertake comparisons, the results of two
joined cones at identical semi vertex-angles are
compared to a single conical shell.
Tong and Wang [51], Abediokchi et al. [52] and
Sharghi et al. [53], using Donnell-type shell theory,
present a procedure for buckling analysis of laminated
conical shells. The composite considered in those
researches is an asymmetrically cross-ply laminated
shell made from carbon/epoxy.
E2 = 10 GPa, E1 E2 = 40,
υ12 = 0.25, G12 E2 = 0.5.

(20)

The obtained results in Table 2 are for a constant
thickness ratio of shells (h / R = 0.01) and different
length of shells (L / R), number of composite layers
(NL) and semi-vertex angles (α), which falls within
the scope of thin shells. The results are extracted for
simply-supported boundary conditions at both ends.
The results show a good agreement between the
present and other results.
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Table 2. Pcr for S-S anti-symmetric laminated cross-ply conical
shells (h / R = 0.01, α = 45°)
Tong and
Wang [51]
CST & PS

Sharghi et
al. [53]
CST & PS

Abediokchi
et al. [52]
CST & GDQ

Present
study
FSDT & PS

2

0.1146(8)

0.1146(8)

0.1146(8)

0.1129(8)

4
6
∞
2
4
6

0.2488(7)
0.2732(7)
0.2927(7)
0.06751(6)
0.1054(6)
0.1117(5)

0.2487(7)
0.2732(7)
0.2927(7)
0.06735(6)
0.1054(6)
0.1117(5)

0.2488(7)
0.2733(7)
0.2927(7)
0.06734(6)
0.1053(6)
0.1117(5)

0.2438(7)
0.2664(7)
0.2857(7)
0.06581(6)
0.1033(6)
0.1079(5)

L / R NL

0.2

0.5

1

∞

0.1158(5)

0.1158(5)

0.1158(5)

0.1129(5)

2
4
6
∞

0.06743(6)
0.1063(5)
0.1122(5)
0.1165(5)

0.06757(6)
0.1065(5)
0.1122(5)
0.1165(5)

0.06748(6)
0.1064(5)
0.1121(5)
0.1165(5)

0.06582(6)
0.1036(5)
0.1082(5)
0.1118(5)

Table 3 demonstrates the results using FSDT by
assuming identical thickness, length, and material for
both cones. The non-dimensional critical buckling
load of two joined cross-ply laminated conical shells
is expressed for two orders of lamination sequences.
As shown in Table 3, in all cases, the minimum
values occurred when the lower shell is very similar
to circular plate. The results illustrate that the order
of lamination sequence is not very effective on the
critical buckling load of joined asymmetrically crossply laminated shell. However, the use of [90, 0]
lamination sequence obtains lower values than [0, 90].
Using the finite element (FE) and analytical
methods, Table 3 presents the effects of the lamination

stacking sequence on the critical buckling load of
joined cross-ply laminated cones. The finite element
modelling is implemented using the finite element
method (FEM)-based software (ABAQUS/CAE).
As an appropriate choice, a 4-nodes element with 24
degrees of freedom (DOFs) for each element (three
rotational and three translational DOFs at each node) is
used for FE analyses. This type of element reveals the
effect of FSDT. Also, the effects of mesh refinement
and mesh convergence on the FEM solution have
been surveyed. The percentage differences shown in
Table 4, expresses the difference between FEM and
analytical solution results.
The results indicate an acceptable amount of
difference of approximately 1.2561% to 1.8484%. The
effect of ordering of the layers on non-dimensional
critical buckling load can be calculated with the
following expression
LSD =

Pcr [90 ] − Pcr
Pcr [90 ]

× 100 %,

(21)

where LSD stands for lamination sequence differences.
As is obvious from Table 4, the values of the axial
buckling loads are minimum for the single-layer [0],
whereas single layer [90] values are maximum. The
impact of the lamination sequence on the critical axial
load increases when the number of [90] layers grows,
especially in outer layers.
Fig. 2 investigates the influence of changes in α1
on dimensionless buckling load.

Table 3. Non-dimensional buckling load ( Pcr ) for simply-supported laminated cross-ply conical shells (L / R = 0.1, h / R = 0.1)
[0, 90]

α1

0

30

60

[90, 0]

α2

NL
2

4

Sym.

2

4

Sym.

0

0.2697

0.3749

0.3109

0.2650

0.3714

0.4101

30

0.4030

1.0305

0.8455

0.3963

1.0217

1.1494

60

0.2863

0.6916

0.6527

0.2805

0.6801

0.7718

90

0.0049

0.0125

0.0167

0.0048

0.0124

0.0217

0

0.4355

1.0593

0.8523

0.4324

1.0502

1.1506

30

0.2522

0.3507

0.2952

0.2438

0.3435

0.3805

60

0.2673

0.6689

0.5763

0.2634

0.6643

0.7350

90

0.0048

0.0126

0.0170

0.0047

0.0125

0.0221

0

0.2970

0.6831

0.6163

0.2871

0.6757

0.7821

30

0.2715

0.6658

0.5410

0.2665

0.6519

0.7173

60

0.1216

0.1690

0.1456

0.1155

0.1651

0.1799

90

0.0047

0.0127

0.0171

0.0047

0.0126

0.0222

Buckling of Joined Composite Conical Shells Using Shear Deformation Theory under Axial Compression

579

Strojniški vestnik - Journal of Mechanical Engineering 65(2019)10, 1-584

Table 4. Effects of lamination sequences on Pcr for S-S crossply conical shells (α1 = 30°, α2 = 75°, NL = 4, L / R1 = 0.1,
h / R1 = 0.1)
Stacking
sequences
[0]
[0/90/0]
[0/0/90]S
[0/90/0/90]
[0/0/90/0]
[0/0/90]
[0/90/0]S
[0/90/90]S
[0/0/90/90]
[0/90/90]
[90/90/0]
[90]

FEM
0.3491
0.3787
0.4086
0.4427
0.6774
0.7482
0.8290
0.8859
0.9076
1.1197
1.1318
2.1319

Present
study
0.3440
0.3717
0.4022
0.4363
0.6689
0.7357
0.8178
0.8720
0.8962
1.1001
1.1138
2.0968

Difference
[%]
1.4609
1.8484
1.5663
1.4457
1.2548
1.6707
1.3510
1.5690
1.2561
1.7505
1.5904
1.6464

LSD
[%]
83.594
82.273
80.818
79.192
68.099
64.913
60.998
58.413
57.259
47.534
46.881
-

As can be seen, with increasing the α2 angle from
negative values toward zero (cylindrical shell), the
value of buckling load goes up, and given the short
length of the shells, critical buckling load decreases
abruptly as semi-vertex angles of the two shells get
closer to one another. In other words, a sharp decrease
in buckling load occurs when the semi-vertex angles
come close together. If two joined conical shells
have the same semi-vertex angles, one cone could
be shaped with a longer length. Accordingly, the
buckling of the longer cone under axial compression
occurs sooner and critical buckling load decreases.
Furthermore, the minimum buckling load varies with
semi-vertex angles. Increasing the semi-vertex angles
decreases the minimum buckling load.

Fig. 3. Effect of changes in h / R1 ratio on buckling load
(α1 = 30°, NL = 4, L / R1 = 0.1)

Fig. 3 demonstrate the effect of changes in L / R1
ratio at different values of semi-vertex angle that
considers a case where α1 = 30°, L / R1 = 0.1, and the
number of layers is four. Upon increasing the h / R1
ratio, the value of the dimensionless buckling load
increases.
In Fig. 4, the effects of variations in L / R1 on
dimensionless buckling load have been shown.

Fig. 4. Effect of changes in L / R1 ratio on buckling load
(α1 = 30°, NL = 4, L / R1 = 0.1)

Fig. 2. Effect of changes in α1on buckling load (h / R1 = 0.1,
NL = 4, L / R1 = 0.1)
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As mentioned before, in shorter shells, as semivertex angles of the two shells come closer to one
another, a significant decrease occurs in buckling
load; however, this rarely happens in longer shells.
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Fig. 5 presents the influence of changes in NL
on a dimensionless buckling load. It is observed that
the buckling load is very low in the case of being two
layers. Due to the asymmetry of the shell at the low
number of layers, it is rising by increasing the number
of layers. Also, the minimum point changes by the
number of layers and reaches to α2.
As shown in Fig. 6, for a special case,
dimensionless buckling load was calculated for
different thicknesses using classical shell theory
(CST) of Donnell type based on the solution approach
proposed by Shakoori and Kouchazadeh [31], and the
obtained results were compared to those of the present
research where FSDT was implemented.
Fig. 6. Comparison between the results of classic theory
and FSDT at different thicknesses

The results reveal that the value of Pcr in
simply-supported conditions is slightly near to free
conditions. In addition, it is necessary to explain that
the critical buckling loads decrease abruptly when two
joined conical shell have the same semi-vertex angles
in all boundary conditions.

Fig. 5. Effect of changes in NLon buckling load (h / R1 = 0.1,
α1 = 30°, L / R1 = 0.1)

As observed in Fig. 6, with increasing the
thickness, the differences between classic theory and
FSDT grow; i.e. the effects of shear force cannot be
neglected, and the classic theory no longer provides
acceptable results. The provoking point is that, in all
cases, the results of FSDT are lower than those from
the classic theory, and differences are presented even
in the scope where the classic theory applies to thin
shells (h / R1 ≤ 0.05), although those can be neglected
adequately.
Fig. 7 presents the influence of boundary
conditions on dimensionless buckling load. The
value of dimensionless buckling load decreased as
one moved from C-C, S-C, F-C and S-S to F-S state.
The clamped condition at each end of shell raises the
value of dimensionless buckling loads because of the
increasing rigidity of the structure.

Fig. 7. Effect of boundary conditions on buckling load (α1 = 30°,
L / R1 = 0.1, h / R1 = 0.1)

4 CONCLUSIONS
In this research, the buckling of two joined
composite conical shells has been investigated using
FSDT and CST, and the following general conclusions
have been achieved. Effect of shear deformation is
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negligible in thin shells. In thick shells; however, the
results will be considerably different from real values
in which shear deformation is ignored.
In all cases, the results of FSDT are lower than
those of classic theory, and differences are present
even in the scope where the classic theory applies to
thin shells (h/R ≤ 0.05), though those can be neglected
adequately. Therefore, the usage of classic shell theory
is not suggested in thick shells.
A sharp decrease in buckling load occurs where
the semi-vertex angles come close together. In other
words, in shorter shells, as semi-vertex angles of
the two shells come closer to each other, buckling
load decreases at a high rate. In conclusion, it is
highly recommended to use two joined shells with
appropriate semi-vertex angles instead of a single
cone.
In thin shells, the highest rigidity of the structure
occurs at nearly identical semi-vertex angles.
However, in thicker shells, the rigidity of shells from
thickness is more effective than semi-vertex angle
of the shells resulted from geometry. Finally, the
minimum buckling load occurs when the lower shell
is very similar to plate.
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6 APPENDIX
The partial differential operators:
L11 = A11∂ ss +

A11 sin α
A sin 2 α A33
∂ s − 22 2
+ 2 ∂θθ ,
R( s)
R ( s)
R

( A + A ) sin α ∂ ,
A + A33
∂ sθ − 22 2 33
L12 = 12
θ
R( s)
R (s)
L13 =

L15 =

( B12 + B33 ) ∂

sθ

−

( B22 + B33 ) sin α ∂

L21 =

( A12 + A33 ) ∂

sθ

+

( A22 + A33 ) sin α ∂

R( s)

R 2 ( s)

θ

θ

,

( A22 + A44 ) cos α ∂

L24 =

( B12 + B33 ) ∂

R 2 ( s)

R( s)

sθ

+

θ

R 2 (s)


sin α
sin 2 α 
L25 = B33 ∂ ss +
∂s − 2 
R( s)
R (s) 

B
A cos α
,
+ 2 22 ∂θθ + 44
R (s)
R( s)
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R( s)
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R 2 (s)
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θ
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D11 sin α
D sin 2 α
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