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Usage of the Yield Curve in Numerical Simulations
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A comparison o f  two approaches used in the yield  curve characterization o f  the same material is 
given in the paper. The first approach is commonly used Ludwig's law with the extension over large 
strains based on the pre-necking response o f  a tensile test specimen, whereas the second approach is 
inverse identification which is based on the post-necking behaviour o f  the same tensile test specimen.

Features o f  both approaches are examined in the tensile test and deep drawing simulations. In the 
tensile test simulation the inverse identification method proved to be superior over Ludwig ’s law. The 
deep drawing simulation demonstrates how inappropriate yield curve usage leads to wrong predictions.
© 2008 Journal o f  M echanica l E ngineering. A ll righ ts reserved.
Keywords: tensile testing, yield curve, inverse identification metod, deep drawing

0 IN T R O D U C T IO N

In the con tem porary  m ass p roduction  o f  
industrial goods num erical sim ulations have 
becom e an ind ispensab le  tool by  w hich  p roduct 
developm ent cost m ight be  substan tia lly  low ered. 
N um erical sim ulations in a  design phase o f  
p roduct developm ent m igh t reduce a  num ber, or 
even suppress, unsuccessfu l p ro to type trials, 
w hich in  tu rn  can accelera te  p roduct launching 
time. To support the above sta tem ents a reliab le 
num erical m odel is needed  w hich , in  general, is 
not easy  to  acquire. T he so ca lled  "default" values 
o f  num erical m odel param eters o ffe red  by 
com m ercial com pu ter codes are usually  no t 
appropriate, espec ially  w hen  m odelling  high- 
dem anding m etal fo rm ing  processes. Such an 
easy-to-handle (a  credulous) approach  m igh t lead 
to unrealistic resu lts o f  a  perfo rm ed  num erical 
sim ulation. T o p reven t such an  undesirab le  even t 
a great care is necessary  w hen  choosing  each 
param eter o f  the num erical m odel. A n in tegrated  
know ledge from  various d iscip lines, such  as 
m echanics, num erics, eng ineering , technology , 
m aterial science, etc. is des ired  to  cope 
successfully  w ith  th is task.

In  the pap er a  sm all b u t im portan t 
fragm ent o f  num erical m odelling , re la ted  in 
particu lar to com pu ter sim ulations o f  m etal 
form ing p rocesses, is addressed : the y ie ld  curve 
usage. In  techno logy  processes, w here p lastic ity  
o f  the m ateria l is o f  the  p rim e concern , the y ield  
curve is nam ely  a  basic  m ateria l da tum  tha t enters 
in num erical sim ulations. C onsequen tly , a

reliab ility  o f  those sim ulations depends 
sign ifican tly  on the physical ob jectiv ity  o f  the 
adopted  y ie ld  curve. T he y ie ld  curve is obtained 
by  d ifferen t experim ents am ong w hich the tensile 
test is the m ost w idesp read  in test laboratories. 
T he standard ized  procedure o f  the tensile test [1] 
assum es hom ogeneous strain  and stress fields in 
the parallel central part o f  the cy lindrical o r flat 
tensile specim en. The logarithm ic strain  in the 
longitudinal d irec tion  tp and true (C auchy) stress 
a  are ob ta ined  from  the fo llow ing  equations:
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w here L0 and  L rep resen t respectively  the initial 
and  the instan taneous length  o f  the inspected  
dom ain , m easured  by  an  ex tensom eter, F  the 
app lied  force and A the actual cross-sectional area 
o f  the specim en. T hen  the y ie ld  curve can be 
draw n in a d iagram  as a  p lo t o f  er aga inst tp. This 
experim ental-analy tical m ethod  o f  the y ie ld  curve 
iden tifica tion  is sim ple and  w orks w ell as long as 
th e  assum ption  o f  the stress and  strain  field 
hom ogeneity  in the observed  dom ain  o f  the 
specim en  is valid.

T he y ie ld  curve defined  up  to  the onset o f  
neck ing  in accordance w ith  Eqs. (1) is quite 
su ffic ien t fo r a g rea t m ajority  o f  com ponents for 
w hich  only  a m ild  p lastic strain , considering  that 
the co rrespond ing  equivalen t uniaxial stress-stra in  
states in those structural parts  are far below  the
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necking  stress and strain , is developed  during 
com ponent form ing. B ut, fo r som e h igh ly  strained 
com ponents, such as deep d raw n  parts, 
autom otive stam ped parts, etc., the y ie ld  curve 
defined  in the above m anner is no t represen tative 
after the onset o f  neck ing , i.e. after the m axim um  
tensile force F=Fmax is registered . B ecause the 
onset o f  neck ing  gradually  changes un iax ial stress 
state to com plex  triax ial one, it is physically  
inappropriate to  determ ine the y ie ld  curve by the 
standard  analy tical p rocedure (Eqs. 1). In  o rder to 
characterize ob jectively  the com plete y ie ld  curve 
and no t only  the portion  o f  the curve p rio r to  the 
onset o f  neck ing  an  im proved  descrip tion  o f  the 
m aterial behav iour is needed.

In the past m any attem pts w ere m ade to 
cope w ith  the addressed  problem . M ainly , it is 
derived from  the y ie ld  cu rve tha t is ob ta ined  upon  
the experim ental data reg istered  in  the tensile  test 
p rio r to  the occurrence o f  neck ing  b y  its 
analytical con tinuation  beyond  the neck ing  strains 
[2] to  [4]. A m ong m any com m only  accep ted  
functional law s, L udw ig ’s law  is p robab ly  the 
m ost frequently  u sed  non linear m ateria l law  in 
the eng ineering  practice:

G = Gy +Ccpn . (2)

In Eq. 2 cry, C and  n rep resen t m aterial 
param eters, w hich  are to  be adequately  tuned  in 
order to  obtain  the best fit be tw een  a y ie ld  curve, 
w hich is analy tica lly  approx im ated  in accordance 
w ith  the assum ed law , and  the p re-neck ing  
m easured  data. U sually , the best fit is ob ta ined  by  
the w ell know n least squares m ethod  (LSM ). 
A lthough  no physical coverage in the range o f  
large strains can be a ttribu ted  to  such  approach , it 
is frequently  u sed  in  com puter codes [5] and  [6], 
It is w orth  m ention ing  tha t the u ltim ate  strain , 
befo re  tearing  o f  the m ateria l com m ences, can  no t 
be know n b y  using  th is m ethod. S ince the 
term ination  po in t is n o t know n, one can ex tend  
the y ie ld  curve beyond  all reasonab le  lim its 
w hich  can  lead, w hen  used  in  num erical 
sim ulations, to  un reliab le , even  unsafe  results. To 
circum vent the described  shortcom ing  o f  the 
considered  functional ex tension , add itional 
experim ental in fo rm ation  regard ing  post-neck ing  
deform ation  is inev itab ly  to  be  taken  in to  account.

A no ther approach , also  frequen tly  u sed  for 
estim ation o f  the true stress-s tra in  re la tio n  afte r 
tensile neck ing  occurrence, is B rid g m an ’s m ethod  
[7]. It rep resen ts an  ana ly tica l approach  b ased  on

th ree assum ptions regard ing  un ifo rm  strain 
d istribu tion , constan t p rincipal stress ratio  and 
m easurab le  curvature o f  th e  neck ing  region. For 
the tensile  specim en  w ith  a c ircu lar cross-section  
the true stress beyond  neck ing  is:

a  =
1
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F
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w here a and A mm are respective ly  the rad ius o f  the 
sm allest cross-section  in  the neck  and  its 
appertain ing  cross-sectional area; and R is the 
radius o f  cu rvatu re  o f  the neck. B rid g m an ’s 
co rrec tion  m ethod  can  ca lcu late  the true stress 
fa irly  w ell fo r a  c ircu lar cross-section  o f  the 
tensile  specim en. A  d raw back  o f  the m ethod  is its 
im practical app lica tion , since it requ ires frequent 
in terrup tion  o f  the tensile  te st ow ing  to a  and  R 
m easurem ents.

B ased  on  the sam e th ree assum ptions 
B ridgm an  ex tended  h is m ethod  to  specim ens w ith  
a  rec tangu la r cross-section . H ow ever, neck ing  o f  
flat specim ens is m uch  m ore com plicated  than 
tha t o f  specim ens w ith  c ircu lar cross-section . 
T hus the abovem entioned  assum ptions w ere 
found  to be  incorrec t [8] and  the p red ic ted  stress 
far from  the true  stress. F o r th is reason  the 
B ridgm an  m ethod  is no t u sed  in sheet m etal y ield  
curve identification .

A lte rna tive  to  the  abovem entioned  
m ethods are m ixed  experim en tal-num erical 
m ethods [9], w here  b y  m eans o f  num erical 
sim ulation  o f  a real experim ent, the y ie ld  curve or 
a part o f  it can  be iden tified . S ince sim ulations 
b ased  on  num erical m odelling  can cope w ith  
com plica ted  m ateria l law s, com plex  boundary  
conditions, etc., experim en ts are no m ore lim ited  
to  the sim plest one, e.g. the ten sile  te st p rio r to 
neck ing . T herefo re  non-triv ial, i.e. 
inhom ogeneous, tran sien t and  m ultiax ial 
m echan ica l sta tes are  a llow ed  in  a specim en. By 
re liab le  num erical sim ulation  o f  such an 
experim en t and  w ith  appropriate  tun ing  o f  
m ateria l param eters in  the num erical m odel, 
m atch ing  betw een  the  response o f  the real 
experim en t and  resu lts  o f  the corresponding  
num erica l sim ulation  can  be  ob ta ined . One 
d raw back  o f  the m ethod  is add itiona l softw are 
analysis w h ich  u su a lly  dem ands adequate 
m astery . U sage o f  this m ethod , w h ich  is called  
also  the inverse iden tifica tion  m ethod , is 
now adays in a constan t g row ing  ra te  and  m any



m aterial p roperties iden tifica tion  p rob lem s are 
solved w ith  it [4] and  [9],

In the sequel, tw o y ie ld  curves, ob tained  
from the sam e tensile  test m easurem ents, bu t each 
em ploying a  d iffe ren t m ethod  o f  the y ie ld  curve 
defin ition  (functional law  ex tension  and  inverse 
identification) w ill be presen ted . T hen , the curves 
w ill be used  in tw o com parative num erical 
sim ulations o f  the sam e deep  draw ing  process and 
finally, d ifferences betw een  resu lts o f  the tw o 
sim ulations w ill be discussed.

1 Y IE L D  C U R V E  C H A R A C T E R IZ A T IO N

In the experim en tal w ork , perfo rm ed  in the 
laboratory for m easurem en t o f  the K ovinop lastika 
Lož com pany, the standard  tensile  tests o f  sheet 
m etal w ere done [1] (Fig. 5). D ue to the expected  
anisotropy, three sets o f  specim ens w ere 
m achined, each set hav ing  a  d ifferen t orien tation  
w ith respect to  the ro lling  d irec tion  o f  the sheet. 
The specim ens o f  th ickness o f  1.22 m m  w ere 
m ade o f  low  cost low  alloyed  steel sheet, used  in 
autom otive industry. R esu lts  from  the tests w ere 
p rocessed in  a c lassica l m anner, i.e. d ifferen t 
statistical param eters regard ing  repeatab ility  and 
uncertain ty  w ere checked , th e  y ie ld  curves 
according to E qs. (1) w ere  p lo tted  and  o rtho trop ic  
m aterial param eters w ere  extracted . F ig . 1 
represents the y ie ld  curves fo r specim ens, w hose 
axis is aligned  w ith  the ro lling  d irec tion  o f  the 
sheet. O ne can see tha t a  sm all d ifference 
betw een the y ie ld  curves is found  in the m ild  
strain range (say  b e lo w  (p «  0 .25) and  th a t a  
significant d ifference appears in  the range o f  
strains b eyond  q> «  0.25. T his d ifference is
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Fig. 2. Measured force o f  the representative 
specimen

attribu ted  to the m aterial in trinsic dam age 
process, w hich  is h igh ly  non linear and sensitive 
to  sm all d ifferences o f  the m ateria l properties, 
surface quality , etc. o f  each specim en.

T he inverse iden tification  procedure, 
w hich  w ill be u sed  in the sequel, requires as an 
input the real m easurem en t data, thus no p re ­
p rocessing  o f  data in a  form  o f  averag ing  o f  
several m easurem en ts is needed. T herefore, data 
from  one single tensile  test, w h ich  seem s to be a 
rough  average o f  all tests from  a particu lar 
specim ens set, are chosen  to be the represen tative 
data  used  for the y ie ld  curve iden tification . T hose 
rep resen tative data  are show n in Fig. 2 as a  p lo t 
o f  the m easured  tensile force Fm against the 
ex tensom ete r’s ex tension  Lm, and in Fig. 3 as a 
co rrespond ing  p lo t o f  ca lcu lated  stress a  against 
strain  tp (Eqs. 1). T he m axim um  m easured  force 
(Fig. 2) has a special im portance, because the

Fig. 3. Analytically derived yield curve o f  the 
representative specimen



onset o f  neck ing  is usua lly  associa ted  w ith  it. 
A lso, w ith  regard  to  thus ob ta ined  stress-s tra in  
re la tionsh ip  th is value sets the lim it on  the y ie ld  
curve, beyond w hich validity o f  stress is lost (Fig. 3).

T he app licab le  p a rt o f  the y ie ld  curve in 
Fig. 3, from  w hich  m ateria l param eters crv, C  and 
n can  be  determ ined  w h en  em ploy ing  the 
functional law  ex tension  (Eq. 2), m ust be 
narrow ed  betw een  th e  in itial instab ilities cp «
0. 038 and  stra in  at onset o f  neck ing  cp «  0.173. 
M ateria l param eters, ob ta ined  b y  L SM  are: 
ay =  -7 3 .5 1 7  M Pa, C =744.68 M P a and  «= 0 .1618 . 
N o te the negative value o f  av w h ich  is unusua l 
and in fact p hysica lly  unacceptab le . H ow ever, 
aim ing  to  ach ieve the  b es t fit a long  the 
m ono ton ica lly  increasing  part o f  the y ie ld  cu rve 
the nega tive  value  o f  ay is ob ta ined  w hen  
exclud ing  the beg inn ing  part o f  the data 
con tain ing  in itial instab ilities from  the L SM  
procedure. F inally , the y ie ld  cu rve app licab le  for 
num erical sim ulation  (F ig. 4 ) is assem b led  from  
the part con tain ing  initial instab ilities, for 
(p<0.173 and  fo llow ing  E qs. 1, and  functional law  
part (Eq. 2) w h ich  can be, in p rinc ip le , ex tended  
beyond  all s tra in  lim its.

Inverse iden tifica tion  o f  the y ie ld  cu rve is 
based  on a num erical sim ulation  o f  the rea l tensile  
experim ent. In fact it is ach ieved  th rough  a  series 
o f  sim ulations in  w hich , b y  app rop ria te  tun ing  o f  
the y ie ld  cu rve param eters th a t en te r the 
num erical m odel, d isc repancy  betw een  m easured  
and  com puted  tensile  fo rce is m in im ised . S ince 
the y ie ld  curve (Fig. 3) befo re  the onset o f  
neck ing  is considered  reliab le , on ly  the  p o s t­
neck ing  part o f  th e  y ie ld  cu rve is sought. T hus, 
on ly  the p a rt o f  the force p lo t b eyond  the 
m ax im um  m easu red  force (Fig. 2) is in tended  for 
the iden tifica tion  purposes. T he inverse 
m ethodo logy  u sed  for the y ie ld  cu rve 
characteriza tion  is exp la ined  in [10]; in the 
p resen t p ap e r on ly  th e  re su lt o f  the  iden tifica tion ,
1. e. the y ie ld  curve, is g iv en  (Fig. 4).

C om paring  the tw o  y ie ld  curves, derived  
respective ly  b y  L u d w ig ’s law  and  inverse 
iden tifica tion , tw o  d ifferences can  be c lea rly  seen  
in  the p ost-neck ing  part. F irst, slopes o f  the 
curves d iffe r considerab ly . T h is d iffe rence  is no t 
alw ays so obv ious; nam ely , it depends on  the 
tested  m ateria l and  its dam age p ropertie s  w h ich  
are cruc ial fo r th e  m ateria l b eh av io u r a t large 
strains. T he reaso n  fo r d iffe ren t slopes is ju s t  in 
the considera tion  o r no  consid era tio n  o f  som e

Fig. 4. Yield curves by Ludw ig’s law and inverse 
identification

dam age m echan ism . S ince th e  b ackg round  o f  all 
functional law  y ie ld  cu rve ex tensions is to  p red ic t 
beh av io u r o f  the m ateria l afte r o n se t o f  neck ing  
ju s t  on  the basis o f  th e  p re-neck ing  data, it can 
no t be  expected  th a t such  a  p red ic tio n  is 
trustw orthy . H ence, such  a cu rve  ex tension  
b ey o n d  th e  neck in g  o ccu rrence  is a pure 
specu la tion . C on tra ry  to  th is  approach , the inverse 
id en tifica tion  inc ludes ava ilab le  da ta  o f  th e  p o s t­
neck ing  b eh av io u r in to  a  characteriza tion  
p rocedure . In those  d a ta  the in fluence  o f  dam age 
m echan ism  is com prised . A s a resu lt, th e  y ie ld  
cu rve  is ob ta in ed  in  w h ich  m ateria l d eg radation  is 
reflec ted . It is w o rth  m en tion ing  th a t a  real 
dam age m ech an ism  is no t reco g n ized  in  th is  w ay, 
bu t its in teg ral e ffec t is n evertheless  incorpora ted  
in to  the y ie ld  curve. T ak ing  in to  consideration  
dam age m echan ism s w ith  all th e ir  p ecu lia rities 
(vo id  n u clea tion  and  g row th , stress triax iality , 
etc .) w o u ld  requ ire  com plete  constitu tive 
m o delling  w ith  n ew  m ateria l law s, w h ich  are 
u su a lly  d ifficu lt to  im p lem en t in to  com m ercial 
com pu ter codes. N ow adays , an  ex tensive  research  
on  v arious m ateria l dam age  p h en o m en a  and 
ap p rop ria te  num erica l im p lem en ta tion  is in 
course  [11] and  [12], b u t it is b ey o n d  th e  sub ject 
o f  the p resen t paper. T he  describ ed  app roach  w ith  
the y ie ld  cu rve  tun ing  w orks fa ir ly  w ell for 
load ing  cases w h ere  m ateria l is loaded 
d om inan tly  in  ten sion , fo r ex am p le  in  deep 
d raw ing  sim ulations.

T he second  d iffe rence  b e tw een  th e  tw o 
considered  y ie ld  cu rves is the ex is tence  o f  the 
te rm in a tio n  po in t. W h ile  th e  fu nctional law  curve 
h as  n o  lim it im posed  o n  strain , th e  inverse ly



Fig. 5. Tensile test set-up and modelling domain

identified  cu rve h a s  a  p la in  lim it, w h ich  is b ased  
on the ava ilab le  po st-n eck in g  data. T herefo re  no 
additional law s rega rd ing  m ateria l fa ilu re  is 
needed.

2 Y IE L D  C U R V E  V E R IF IC A T IO N

B oth  in  the p rev ious section  iden tified  
y ie ld  curves (Fig. 4 ) w ill b e  u sed  in  com pu ter 
sim ulations w h ere  m ateria l b eh av io u r at large 
strains is o f  th e  p rim e concern , e.g . th e  n eck ing  
form ation a t s tandard  ten sile  test. T w o 
sim ulations b ased  on  th e  sam e fin ite  e lem en t 
m odel w ere perfo rm ed , th e  o n ly  d iffe rence  
betw een  the s im u la tions b e in g  th e  adop ted  y ie ld  
curve. T echn ica l de ta ils  reg a rd in g  num erica l 
sim ulation  o f  such  a te s t are  g iven  in  [10]; here 
only exp lana tion  on  the d e te rm in a tio n  o f  a 
m odelling  d om ain  is g iven . N am e ly , tak in g  into 
account th a t neck in g  o f  a  ten sile  spec im en  u sua lly  
develops in  its cen tra l reg ion , one can  red u ce  the 
m odelling  d om ain  a t least to  th e  p a r t o f  the 
specim en b e tw een  the ex ten so m ete r clam ps. 
A ccord ing ly , ap p rop ria te  b o u n d ary  co nd itions 
m ust be set a t th is  m odel b oundary . F u rth e r, due 
to favourab le  p rism a tic  shape o f  the  red u ced  
m odelling  d om ain  th ree -fo ld  sy m m etry  can  be 
introduced. T hus, on ly  one eigh th  o f  th e  specim en

betw een  the ex tensom ete r c lam ps is m odelled , as 
it is schem atica lly  show n in F ig . 5. E ig h t node 
b rick  elem en ts, in  fin ite  e lem en t code A B A Q U S  
[13] des igna ted  as C 3D 8I, are u sed  fo r a dom ain  
d iscre tization .

L oad ing  o f  the num erica l m odel is
ach ieved  by  app ly ing  a un ifo rm  d isp lacem en t o f  
a ll nodes on  the ex tensom ete r clam p b o undary  
p lan e  (deno ted  w ith  "A " in  F ig . 5) in the
long itud inal d irec tion  o f  the specim en. In  th is 
w ay  stre tch ing  o f  th e  specim en  in  the sam e 
am oun t as m easu red  in  the rea l tensile  te s t is 
assured . T he ca lcu la ted  ten sile  fo rce F„ resu lting  
from  s tre tch ing  o f  the num erical m odel, is
ob ta in ed  as a  sum  o f  nodal fo rces o f  th e  nodes 
lay ing  in  the opposite  sym m etry  p lane  ("B " in 
F ig . 5).

T he resu lting  forces, ob ta ined  in  the
tensile  te s t s im u la tions b y  co nsidering  the 
considered  tw o  y ie ld  cu rves, are  com pared  w ith  
the m easu red  force Fm in Fig. 6. I t can  be  seen 
th a t b o th  ca lcu la ted  fo rces m a tch  perfec tly  the 
m easu red  force till th e  n eck ing  o ccu rrence  at 
E’max- T h is ag reem en t confirm s app rop ria te  
m od e llin g  o f  th e  experim en t. In  th e  con tinuation  
o f  the fo rce  p lo t, Fc ob ta ined  from  th e  L u d w ig ’s 
y ie ld  cu rve  m odel s ign ifican tly  d iffe rs from  Fm, 
w h ile  Fc ob ta ined  from  the cu rve  id en tified  by  the 
inverse  m ethod , m atches Fm su ffic ien tly  w ell. T he 
o bse rved  d isc repancy  is a d irec t co nsequence  o f  
co nsidering  d iffe ren t y ie ld  curves.

In F igs. 7 and  8 the stress sta te  and  
d efo rm ation  in  th e  n eck in g  reg io n  o f  the tw o 
m odels are show n, respective ly . F ig . 7 rep resen ts  
M ises equ iva len t stress at the end  o f  num erica l 
s im ula tion  fo r th e  case o f  the inve rse ly  iden tified
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Fig. 7. Mises equivalent Mises in stresses region 
AL=28 mm - inversely identified yield  curve

Fig. 8. Unrealistic deformation o f  necking region 
AL=28 mm -  Ludw ig’s yield  curve

y ie ld  curve. A t the end  o f  the sim ulation  the 
m odel ex tension  is AL=28 m m , w hich  is 0.2 m m  
less than  the ex tension  m easu red  in  the real 
experim ent. T he final part o f  the y ie ld  cu rve  used  
in the sim ulation  has a steep  descen t (Fig. 4), 
w hich  rep resen ts very  fast soften ing , in  fact 
tearing  o f  the m ateria l. So, the stress va lue  o f  420  
M Pa, w h ich  is seen in  Fig. 7, m eans alm ost to tal 
deg radation  (failu re) o f  the m ateria l in  the cen tral 
part o f  the specim en. T he shape (con tour) o f  the 
neck  reg ion  as w ell as th ickness change o f  the 
num erical m odel are sim ilar to  those  o f  the real 
specim en, w h ich  ind icates p roper m odelling .

Fig. 8 rep resen ts the defo rm ation  pa tte rn  at 
AL=28 m m  (am oun t o f  the final stre tch  o f  the 
tensile  specim en  in  the real experim en t) fo r the 
case o f  L u d w ig ’s y ie ld  curve. E xcessive th inn ing  
o f  the neck ing  reg ion  can  be  seen  w h ich  is due to  
the chosen  m ateria l constitu tive  m odel. 
U nrealistic  large equ ivalen t stra in  (cp«5.4) is 
ob ta ined  so le ly  b ecause  o f  m ono ton ie  harden ing  
w hich  is inc luded  in  L u d w ig ’s law  by  defin ition . 
In the show n exam ple it is obvious th a t the 
response o f  the num erical m odel is w rong . In 
such  a  case th e  ana ly st m u st trace back  th rough  
the ite ra tion  h is to ry  o f  the s im ula tion  to  find  a 
be lievab le  stress-s tra in  state. B u t u sing  L u d w ig ’s 
law  no  certa in  m easu re  ex ists to  find  out, w h at is 
accep tab le  m echan ica l sta te  afte r the  onse t o f  
necking. T herefo re , w e  can  conc lude th a t u sage 
o f  pu re functional ex tensional law , e.g. L u d w ig ’s 
law , is anapp rop ria te  fo r sim ulations w here  large 
strains are expected .

3 D E E P  D R A W IN G  S IM U L A T IO N  E X A M P L E

In  the p rev ious exam ple  o f  a ten sile  test 
s im ula tion  the failu re  o f  co rrec t m odelling  is 
c learly  seen  as an  u n rea lis tic  m echan ica l sta te in 
the m odel. B ut, there  ex is t cases w here  such 
inapp rop ria teness is h ard ly  to  d iscover; an 
exam ple  is g iv en  in  th e  sequel.

In  Fig. 9 a  schem e o f  a c lassica l deep 
d raw ing  tool is show n. T he too l consists  o f  a 
fixed  die, m ovab le  p u n ch  w ith  stroke  o f  
H = 260  m m  and  b lankho lder, th a t is p ressed  
aga in st the b lan k  and  d ie  w ith  a  co nstan t fo rce  o f  
6 M N  (app rox im ate ly  600  tons). B ecause  o f  the 
tw o -fo ld  sym m etry  o f  the d raw n  part, w h ich  is 
shaped  as a  square b o x  o f  leng th  490  m m , w id th  
387  m m , b rim  140 m m  and  app rox im ate  draw n 
he ig h t o f  260  m m  w ith  ro unded  com ers, and  
considering  also  the o rtho trop ic  m ateria l, on ly  % 
o f  the tool and  b lan k  is m odelled . W hile  the die 
and  p unch  are  in  th e  num erica l m odel taken  as



rig id  bod ies, b lan k h o ld er is m odelled  as a 
deform able shell to  accoun t fo r a defo rm ation  o f  
the d raw ing  too ls and  p ress [14]. T he  b lank  is 
d iscre tized  w ith  3444  shell e lem en ts, in [13] 
designated  as S4R. T he m a teria l o f  the b lank  is 
the sam e as in the p rev ious exam ple o f  the tensile  
test sim ulations. S im ilarly , as in  the ten sile  test 
exam ple, tw o  sim ulations w ill be  conduc ted  w ith  
the only  d iffe rence  b e tw een  them  bein g  the y ie ld  
curve used: the inverse ly  iden tified  v is-à-v is 
L udw ig ’s law  y ie ld  curve.

In Fig. 10 the d raw ing  force execu ted  by  
the punch  during  the fo rm ing  p rocess  is p lo tted  
for bo th  sim ulations. B ecause  o f  the exp lic it 
fo rm ulation  u sed  in  tim e (load) inc rem en t schem e 
both  curves are  s ign ifican tly  jag g ed ; there fo re , 
they need  to  be  filte red  to  o b ta in  read ab le  data. 
O ne can  observe co incidence  o f  m ore  than  a h a lf  
o f  the force p lo ts, w h ich  is h o w ev er expectab le  
considering  the a lm ost equ ivalen t beg in n in g  parts  
o f  the ir respective  y ie ld  curves. In  the 
continuation  the force cu rves separate  b u t n o t so

Fig. 11. Mises equivalent stress -  H=254 mm 
inversely identified yield  curve

m uch  as in  the tensile  te st exam ple (Fig. 6). T he 
reason  is tha t the d raw ing  force is a resu lt o f  
several factors: apart from  the resis tance  exerted  
b y  the m ateria l o f  the b lank  w ith  regard  to the 
defo rm ation  im posed  by  the shape o f  the punch  
and  die together, also  fric tion  betw een  the b lank  
and  too ls in fluence  the stress d is tribu tion  and  
shell th ickness in critical c ross-sections. 
T herefo re  the m an ifesta tion  o f  the y ield  curve 
in fluence is sm a lle r than  in the ten sile  test, w here 
no o the r fac to rs excep t m ateria l strength  govern  
the m echan ica l response  o f  the ten sile  specim en.

In  F igs. 11 and  12 a  com parison  o f  M ises 
equ ivalen t stress fie ld  fo r the m id -th ickness layer 
o f  the shell a t punch stroke o f  254 m m  is show n. 
S ign ifican tly  d iffe ren t stress sta te can  be  seen. 
D ue to  large strains in case o f  the inverse ly  
iden tified  y ie ld  curve , so ften ing  o f  the m ateria l 
in itiates in the co m er o f  the box. By fu rther 
d raw ing  tearing  o f  the m ateria l is very  like ly  to 
com m ence. T h is situation  is show n in Fig. 11 
w here the w h ite  co loured  area, d eno ted  as 
"frac ture", rep resen ts the dom ain  o f  the box  
w here  tearing  o f  the m ateria l is p red ic ted . S ince 
no  fin ite  e lem en t de le ting  crite rion  in  case  o f  
fractu re  is em p loyed  in  the p resen t m odel, fin ite 
e lem en ts in the m odel still ex ist in  the "fracture" 
area, bu t they  have  deterio rated  stiffness 
p roperties. P resence o f  the m ateria l tearing  can  be 
p erceived  also  in  Fig. 10, w here  a sudden b end  o f  
the force cu rve appears in its final part. In Fig. 12, 
on  the contrary , the soften ing  phenom enon  can 
no t be seen since L u d w ig ’s law  has no softening. 
S tresses in  deep  d raw ing  p rocesses are to  a  g rea t 
ex ten t governed  b y  s tre tch ing  o f  the  m ateria l, 
w h ich  is governed  in tu rn  by  the too l shape and 
am oun t o f  th e  punch  stroke. S ince in bo th  cases 
(F ig. 11 and  12) the punch  stroke is equal and 
co nsequen tly  th e  am oun t o f  d raw ing  is sim ilar, an

Fig. 12. Equivalent Mises stress -  H -2 5 4  mm 
Ludw ig’s yie ld  curve



average deform ation  is approx im ate ly  the  sam e, 
bu t stresses in Fig. 12 are, com pared  to  F ig. 11, 
sign ifican tly  low er. T his is, o f  course , expectab le  
due to the low er streng th  o f  the m ateria l, 
approx im ated  by L u d w ig ’s law.

A  com parison  o f  ca lcu lated  th icknesses o f  
the d raw n sheet is g iven  in  F igs. 13 and  14. 
E xcessive th inn ing  o f  the sheet can  be  seen in 
both  cases. But, fo r the inverse ly  iden tified  y ie ld  
curve case the th inn ing  in Fig. 13 is accom pan ied  
w ith  the softening in  Fig. 11, thus the ana lyst can  
clearly  see the po ten tia l danger. In  the case o f  
L u d w ig ’s law  y ie ld  cu rve no sim ilar support from  
the stress sta te (Fig. 12) cou ld  be  expected . 
T herefore  the analyst can hard ly  fo recast possib le  
failu re o f  the p roduct w ithou t hav ing  additional 
in form ation  (experience from  the field, 
sim ilarities w ith  an ex isting  product, a llow able 
th inn ing  ratio , etc.).

R em ark: T he steel m ateria l described  in 
the p resen t pap e r w as no t u sed  in  a  p roduction  o f  
the box, show n in the deep d raw ing  exam ple. 
T his p articu la r m ateria l and  g iven  deep  d raw ing  
p rocess param eters w ere se lec ted  on ly  because 
the effec ts o f  tw o d iffe ren t y ie ld  curve 
characteriza tion  approaches are c learly  seen. 
U nder som e o the r cho ices o f  m ateria l the crucial 
es tim ato r w h ich  d istingu ishes betw een  accep tab le  
and inappropria te  num erical m odelling  cou ld  be 
even harder to  extract.

4  C O N C L U SIO N S

In  the p ap e r a detail o f  a  num erical 
sim ulation  p rocedu re  w h ich  is im portan t on ly  at 
large strain  sta te is d iscussed . N am ely , at large 
stra ins, typ ica lly  b eyond  the neck ing  stra in  o f  the 
tensile  test, o ften  u sed  approaches th a t re ly  on  a 
functional law  ex tension  o f  the m easu red  y ie ld

Fig. 13. Shell thickness -  H=254 mm 
inversely identified yield  curve

curve , e.g. L u d w ig ’s law , are im proper. A s an 
alternative, an  inverse iden tifica tion  m ethod  o f  
the y ie ld  curve characteriza tion  in the large strain  
reg ion  is p roposed .

B o th  approaches are exam ined  in  the 
tensile  te st s im ula tion  exam ple , w h ich  serves 
excellen tly  to  show  th e  defic iency  o f  the 
functional law  y ie ld  curve. In the tensile  test 
s im ula tion  the response  is com p lete ly  governed  
by the y ie ld  cu rve  and  d ifferences betw een  the 
resu lts  o f  the tw o  approaches are easy  visib le. 
T he num erica l m odel b u ilt by  considering  
L u d w ig ’s law  y ie ld  cu rve  fails  to  rep roduce  the 
ten sile  te st m easu red  response.

In the deep  d raw ing  sim ula tion  exam ple 
d iffe rences betw een  the tw o approaches are  still 
rem arkab le . W hile  the inverse iden tifica tion  
app roach  fo recasts tea ring  o f  the d raw n  part, the 
L u d w ig ’s law  approach  p red ic ts in tegrity  o f  the 
part. T he on ly  sign  o f  possib le  fractu re  is very  
th in  she ll in  the co m er reg ion  o f  the box , bu t 
w ith o u t know ing  w hat is a llow ab le  th inn ing , no 
sure  p red ic tio n  can  be given. T hus, the deep 
d raw ing  exam ple  show s the real p rob lem  o f  
inapp rop ria te  y ie ld  cu rve m odelling . N am ely , one 
can conduct a sim ulation  o f  the h igh  stra in ing  
p rocess  w ith  inapp rop ria te  y ie ld  cu rve  and, i f  no 
suppo rt in  the fo rm  o f  add itiona l in fo rm ation  is 
ava ilab le , w ro n g  p red ic tio n  o f  th e  form ing  
p rocess, b ased  on the m is lead ing  resu lts  o f  the 
sim ulation , is inev itab le . T h is is in fac t th e  m ain  
p o in t w h ich  w e w an t to  h ig h lig h t in  th e  p resen t 
paper.

In  the p roposed  inverse id en tifica tion  o f  
the y ie ld  cu rve a  c lassica l m eta l p la stic ity  m odel 
w h ich  em ploys H ill’s y ie ld  surface is used. N o 
add itiona l constitu tive  law , w here  dam age o f  the 
m ateria l is add ressed  in a  m ore  ap p rop ria te  w ay , 
as fo r ex am p le  in the G urson-T w ergaard -

Fig. 14. Shell thickness -  H=254 mm 
Ludwig ’s yield  curve



Needlem an (G T N ) model, is used. Since in the 
proposed inverse identification dam age o f  the 
material is enveloped by the yield curve w hich is 
characterized on the basis o f  the tensile test, also 
usefulness o f  the identified yield curve is limited 
to the material stretching cases, deep drawing 
processes being surely a part o f  them.
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