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Uporaba metode premi¢nih najmanjSih kvadratov za gladko
aproksimacijo vzor¢enih podatkov

The Use of Moving Least Squares for a Smooth Approximation of Sampled Data

Igor GreSovnik
(Center za ralunalniftvo v mehaniki kontinuuma, Ljubljana)

Predstavijena je uporaba metode premicénih najmanj3ih kvadratov za glajenfe podatkov in
aproksimacijo odzivaih funkcij s Sumom. Obravnavane so lastosti aproksimacije glede na raven Suma,
gostoto vzordenja in dejanski doseg vpliva vzorcev. Uporabnost metode je prikazana pri glajenju merskih
podatkov in redevanju optimizacijskega problema s Sumom z metodo zaporednih aproksimacij. Metoda
premicnih najmanjfih kvadratov se izkaZe za uporabno pri resevanju razliénih problemov zaradi gladkosti,
moZnosti natandne aproksimacije na poljubno velikem obmodju, moinosti aproksimacije na podlagi neurejene
mnodice vzordnih tock in prilagediiivosti razlicnim lastnostim aproksimirane funkcije v razlicnih obmodjih,
© 2007 Strojniski vestnik. Vse pravice pridrane.

(Kljuéne besede: vzoréni podatki, aproksimacije funkcij, metode premiénih najmanjiih kvadratov,
glajenje, optimiranje)

The use of the moving least-squares approximation for the smoothing of duta and the approximation
af noisy response functions is presented. The approximation properties are treated with respect to the level
of noise, the sampling density and the effective range of the sample. The applicability of the method is
demonstrated by smoothing experimental measurement data and solving an optimization problem with a
noisy response by the successive response approximation technigue. The results indicate that the moving
least-squares approximation is applicable to a wide variety of problems due to its smoothness, its accurate
approximation over arbitrarily large domains using low-order basis functions, its ability to deal with an
irregular arrangement of sampling points and to adapt to different modes of the approximation function in
different regions.
© 2007 Journal of Mechanical Engineering. All rights reserved.
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0 uUvoD

Pogosto  Zelimo mnoZico toék, ki
predstavljajo neko funkeijsko zvezo, zamenjati s
priblizno funkcijo z doloenimi zveznostnimi
lastnostmi. Ena od moZnosti je aproksimacija s
polinomi dolodenega reda ali s trigonometrijsko
vrsto. To je u¢inkovito, kadar potrebujemo priblizek
na omejenem obmodju. V nasprotnem primeru
potrebujemo veliko Stevilo ¢lenov aproksimacije,
posebej, ko imamo veé neodvisnih spremenljivk.
Aproksimacija s polinomi je nestabilna, ko je
Stevilo todk veliko in se Stevilo Elenov pribliZa
Stevilu tofk. Ta problem lahko refujemo z
odsekovno polinomsko aproksimacijo [4]. Pri tem
postopku se odpovemo zveznosti poljubne stopnje.
V primeru veé neodvisnih spremenljivk navadno
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0 INTRODUCTION

It is often useful to replace a set of points
that represent a functional relation with an
approximate relation that has certain continuity
properties. One of the possibilities is an
approximation with a polynomial of a given order
or a series of trigonometric functions, This approach
is efficient when an approximation is needed over
a limited domain. In other cases a large number of
terms is mecessary, especially in the multivariate
case. The polynomial approximation also becomes
unstable when the number of points is large and
close to the number of terms. However, this problem
can be tackled by a piecewise polynomial
approximation [4). With this approach, one gives
up the continuity of an arbitrary order and in the
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potrebujemo strukturirano razdelitev obmodja
aproksimacije.

Kot druga moZnost je v tem prispevku
predstavljena metoda premiénih najmanjdih
kvadratov. Metoda omogo&a gladko in stabilno
aproksimacijo na poljubno velikem obmodju. Ni
potrebna kakrinakoli delitev obmodja aproksimacije
in za gladke funkeije lahko dosezemo poljubno
natanénost aproksimacije z uporabo omejenega
Stevila osnovnih funkeij, ¢e lahko ustrezno
povetujemo gostoto vzordenja. Oris metode je podan
v poglavju 1. Lasmosti aproksimacije so v poglavju
2. prikazane na primeru z analitiéno funkcijo ene
spremenljivke. Dva primera praktiéne uporabe sia
prikazana v poglavju 3. V prvem primeru je metoda
uporabljena za glajenje fasovno odvisnega signala
zaznavala pri laboratorijski meritvi, kar omogodi
udinkovito uporabo minimizacijskega postopka pri
dolotitvi modelskih parametrov z reSevanjem
obrjenega problema. V drugem primeru je metoda
uporabljena pri zaporednih prilagodljivih
aproksimacijah namenske in omejitvenih funkeij.
Aproksimacije uporabimo v  iterativoem
optimizacijskem postopku, primemem za refevanje
problemov 5 Sumoinm.

1 OPIS METODE

1.1 Linearna aproksimacija po metodi
najmanj¥ih kvadratov z uteZmi

Pri linearni metodi najmanjéih kvadratov
aproksimiramo neznano funkejo fix) z hineamo
kombinacijo # osnovnih funkeij f(x), ..., £(x) na
podlagi znanth (vzoréenih) vrednosti funkeije v
doloéenem Stevilu tock:

Y 'Jr("‘u }+rl: '

Clen r, pomeni nakljuéno napako (3um) pri
merjenju ali ra¢unanju vrednosti funkcije.
Aproksimacija:

:f(*Fiﬂ]

i=l
se mora &im bolje ujemati Z vzoréenimi vrednostmi,
torej:

¥%) =3 =L

V enadbi (2) so a, neznani koeficienti
aproksimacije, ki jih je I:rcﬁta doloéiti. To storimo
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multivariate case a structured division of the domain
of approximation is usually needed.

As an alternative, the moving least-squares
approximation method is presented. The method
enables a smooth and stable approximation over
arbitrarily large domains, No particular partition of
the domain of approximation is necessary and
arbitrary accuracy can be achieved for smooth
functions with a small number of basis functions,
provided that the sampling density can be increased
correspondingly. An outline of the method is given
in Section 1. The properties of the approximation
are studied in Section 2 on a synthetic example with
a function of a single variable. In Section 3, two
practical applications of the method are
demonstrated. In the first example the method is
used for the smoothing of a time-dependent sensor
output in a laboratory experiment, which makes it
possible to perform an efficient minimization
procedure for an inverse estimation of the model
parameters. In the second example the method is
used for successive adaptive approximations of the
noisy objective and constraint functions, which are
used in an iterative optimization procedure suitable
for optimization with a noisy response.

1 METHOD DESCRIPTION

1.1 Linear Weighted Least-Squares
Approximation

Using the least-squares method we
approximate an unknown funetion f{x) by a linear
combination of » basis functions f(x), ..., £(X) on
the basis of known (sampled) values of the function
at a number of points:

(1.

‘The term ri accounts for a random ermor (noise)
that is eventually accomplished when the function is
measured or evaluated. We want the approximation:

£, (x) (2)

to agree as much as possible with the sampled
values, i.e.
(3).

In Equation (2), a are the coefTicients of the
approximation that must be determined. This is
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tako, da pois¢emo najboljie ujemanje v skladu
najmanjiih kvadratov, torej z minimizacijo
naslednje funkcije koeficientov:

#M=§ﬁbh}nf

V zgomji enalbi smo koeficiente a, uredili
v vektor a. Nenegativne uteZi w, merijo
sorazmemo pomembnost vzorénih tock. Vedje so
vrednosti uteZi, bolj je aproksimacija prilagojena
pripadajoéim vzoréenim vrednostim na rafun
slabfepa ujemanja z vrednostmi z manjdimi
ute¥mi. -

Metoda najmanjiih kvadratov z uteZmi ima
statistiden pomen [1]. Ce so merske napake r,
porazdeljene normalno z znanimi standardnimi
odstopanji @, in je (2) pravilen model za fix),
dobimo z minimizacijo ¢4a) vrednosti koeficientov
a z najvedjo verjetnostjo, da so izradunani
koeficienti pravilni, ée postavimo utedi na:

W, =—

Najvedja verjetnost se tu nanada na vrh
verjetnostne gostote za porazdelitev koeficientov
a, ki jih dobimo z minimizacijo ¢¥(a) pri razli¢nih
udejanjenjih  izmerkov glede na njithovo
verjetnostno porazdelitev. Ceprav porazdelitve
merskih napak pogosto niso normalne in
uporabljeni modeli niso natanéni, je uporaba
najmanjiih kvadratov pri prilagajanju podatkov
povsod navzoda in se izkaZe za primerno v veliko
primerih, ko nimamo na voljo fizikalno utemeljenih
modelov,

Minimizacijo da) lahko izvedemo z
iskanjem ustaljene tofke, zato zahtevamo:

de(a) &
-

Dobimo sistem enafb za koeficiente a:

=l

i"f—f;{‘t)'h

done by looking for the best agreement in the least.
squares sense, i.¢., by a minimization of the
following function of coefficients:

2
= Zwll[[zﬂfﬁ{’w }] = .'P't]
k=] =l

In the above equation the coefTicients a, were

arranged in a vector a, and non-negative weighting

coefficients w, measure the relative significance of

the samples. The higher these coefficients are, the more

the approximation will attempt to accommodate the

corresponding sampled values on account of the poorer
agreement with the samples with smaller weights.

The weighted least-squares formulation has

a statistical meaning [1]. When measurement errors

r, have a normal distribution with known standard

deviations o, and (2) represents a correct model for

fix), a minimization of $a) yields the values of the

coefficients a with the highest probability that they
are correct, provided that the weights are set to:

(4).

a, (5).
The highest probability refers to the
maximum of the probability density function for
the distribution of coefficients a obtained for
different realizations of measurements according
to their probability distribution. Although the
distributions of measurement errors are often not
normal and in particular the model used is not
correct, the least-squares approach is ubiquitously
used for fitting data and proves suitable in many
situations when we do not have physically founded
models for the measured data at our disposal.
The minimization of d¥a) is performed by
finding the stationary point, i.e., by setting

]JE [x.]]=u Yi=l,..,n

This yields the system of equations for
coefficients a:

(6).

Ca=d ™,
kjer so: where:
C¥.=§wfﬁ{x,}_ﬁ{l.] (8)
in and
d,= 3w ) ©®).
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1.2 Premi&ni najmanjdi kvadrati 1.2 Moving Least Squares (MLS)

Izbira osnovnih funkeij je odlotilna za to, The choice of the basis fimctions has a crucial
kako natanéno lahko aproksimacijo prilagodimo impact on the degree to which the approximation can
podatkom. Ce nimamo primernega fizikalnega accommodate the data. With the lack of an appropriate
modela, pogosto vzamemo mnoZico enoélenikov physical model, a set of monomials up to a given degree
do dolotene stopnje, kar je utemeljeno s is often taken, with the justification relying on Taylor's
Taylorjevim izrekom [2]. Za dobro aproksimacijo theorem [2]. When the function is to be approximated
funkcije na vegjem obmodju je treba ustrezno over a larger range of independent variables, an increased
povedati Stevilo Elenov. Posebej pri veljem Stevilu number of terms must be taken for a good approximation.
neodvisnih spremenljivk je lahko tetko doloditi In particular when the number of independent variables
primerno Stevilo osnovnih funkeij. Nekateri &leni i large, it may be difficult to estimate a suitable number
aproksimacije so lahko odveé kljub velikemu ofhasis functions. Some terms of the approximation may
preseZku podanih vrednosti glede na 3tevilo be redundant, and in spite of the large excess of data
koeficientov, zato je lahko sistem (7) slabo with respect to the number of coefficients, the system of
pogojen, Equations (7) can be badly conditioned.

Opisane teZave lahko olajfamo s prostorsko The above-mentioned difficulties can be
omejitvijo aproksimacije, tako da je odvisna le od alleviated by localizing the approximation in the sense
vzorénih tofk v omejeni okolici todke izratuna that it depends only on samples in a certain neighborhood
aproksimacije. Da ohranimo zveznost in of the evaluation point. In order to preserve the continuity
zagotovimo zmoinost prilagoditve na celotnem of the approximation and ensure its accommodation
obmoéju, ki nas zanima, obdrZimo obliko (2), ability over the whole range of interest, we keep the form
vendar s spremenljivimi koeficienti, ki so zvemno of the approximation similar to (2) but let coefficients
odvisni od neodvisnih spremenljivk. Aproksimacijo continuously depend on independent variables.
lahko torej zapifemo kot: Therefore, we can write the approximation as;

y(!]=§ﬂ,-(x]f}(x] (MO

Koeficiente a(x) moramo posebej izralunati The coefficients a(x) are thus calculated at

v wvsaki tofki, kjer izraéunamo vrednost each point where the approximation is evaluated.
aproksimacije. V metodi premiénih najmanjiih In the moving least-squares method [3] this is done
kvadratov [3] to dosezemo z uvedbo uteznih by introducing weight functions that fall with
funkeij, ki se zmanjsujejo z razdaljo od pripadajotih increasing distance from the corresponding
vzorénih totk. Koeficiente a(x) izratunamo posebej samples. The system of equations equivalent to that

v vsaki tocéki ratunanja aproksimacije x 2z defined by Equations (7) to (9) is then solved to
refevanjem sistema enacb, ki ustreza sistemu (7) obtain the coefficients a(x) in each evaluation point
do (9), pri femer so ute?i w,(x) odvisne od tocke x, with weights w,(x) dependent on the point of
izraduna: evaluation:
C(x)a(x)=d(x)
. 3 2
€, (x)=2w(x)" £ (), (x,) (1.
=1
C H
d.-(ﬂﬂZ% (x) £ (x:) 5
|
UteZne funkeije w,(x) se morajo v vseh Weighting functions w,(x) must, in any
smereh enakomerno zmanjievati z razdaljo od direction, monotonously decrease with the distance
pripadajo¢ih vzorénih to¢k x, in morajo imeti from the corresponding sampling points x, and must
doloeno stopnjo zveznosti, s ¢imer zagotovimo be have a certain degree of continuity, which
zveznost aproksimacije. ¥V tem prispevku ensures continuity of the approximation. In the
uporabimo naslednjo obliko ta uteZne funkeije: present work, we use the same form for all the

weighting functions:

Liporaba metode premicnil nafmanfiih kvadratov - The Use of Moving Least Squares 383
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w(xd)=n| |3

Parametri d, v enacbi (12) dologajo dejanski
doseg vpliva vzorcev v razliénih koordinatnih
smerch. Razliéne oblike wir) lahko pripravno
prilagodimo namenu. Primera sta Gaussova in
nasprotna polinomska oblika (sl. 1)

wg(r)= e

Mogoéa je tudi uporaba funkcij s konéno
podporo, s Eimer popolnoma izloédimo vpliv
oddaljenih toék na vrednost aproksimacije v dani
toéki. Temu se v glavnem izogibamo in za
predstavljena podrodja uporabe uporabljamo
funkcije, ki se dovolj hitro zmanjiujejo z razdaljo
(na primer w, in w,), kar je po nadih izkuinjah
zadovoljivo. Takéne funkcije se dobro obnesejo pri
neenakomerni porazdelitvi vzorénih tofk, ko na
obmoéjih z manjio gostoio bolj oddaljene tocke
zagotovijo, da ostane sistem za doloditev
koeficientov (11) dobro definiran,

Ker prostorska odvisnost uteZi zagotavlja
krajevno prilagajanje aproksimacije vzoréenim
podatkom, ni potrebna velika mnoZica osnovnih
funkcij. Pri veliki gostoti vzorénih tolk in majhnih
napakah lahko zadoitajo e monomi do prvega
reda. Uporaba kvadratifne polinomske osnove je

=1

|

{I—“I*]I ]:

d,

The parameters d, in Equation (11) define
the effective influence range of samples in the co-
ordinate directions. A variety of forms of wi{F) can
be conveniently adapted, depending on the purpose.
Examples are the Gaussian and reciprocal
polynomial forms (Figure 1):

(12).

(13).

wp{r]=1+|—p1p=2.3.4“”

1
rl

Functions with a finite support can be
utilized as well, which completely eliminates the
distant points from affecting the approximation at
the point of evaluation. We mainly avoid this and
find functions with a sufficiently strong decay (e.g.,
w, and w,) adequate for the presented applications.
These functions are handy for situations with a non-
uniform distribution of samples, where in the region
with small concentrations more distant samples
ensure that the system for a determination of the
coefficients (10) remains well posed.

Since a spatial vanation of weights ensures a
local accommodation of the approximation to the
sampled data, a large set of basis functions is not
necessary. When the sample density is large and the
errors are small, a linear basis consisting of menomials
up to the first order may be sufficient. Experience
shows that the quadratic polynomial basis, which we

1

0.8

0.6

0.4

0.2

wyl(r)

welr) }
|

L

SI. 1. Obliki uteZnih funkeif wfr) in w fr)
Fig. |. Weighting function forms w(r} and w (r)
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glede na izkuinje primerna za veliko itevilo
razli¢nih problemov. Dejanski doseg vpliva je
odlotilen parameter aproksimacije, katerega izbira
Je tesno povezana z izbiro osnove in lastnostmi
aproksimirane funkcije. Enostavno vodilo pri tem
Je, da doseg vpliva ne sme biti vedji od velikosti
obmodja, na katerem lahko linearna kombinacija
osnovnih funkeij z nespremenljivimi koeficienti
dobro aproksimira funkcijo. Po drugi strani mora
biti dejanski doseg v prisotnosti 3uma &im vedji, da
se pri aproksimaciji izravna vpliv nakljuénih napak.

S81. 2 shematiéno prikazuje metodo
premiénih najmanjiih kvadratov, pri katerih
apsoksimiramo osem vrednosti s polinomskimi
baznimi funkcijami drugega reda {1, x in x*}.
Uteine funkcije pripadajofe vzorénim totkam so
narisane v spodnjem delu slike. Za izbrano todko
izraduna aproksimacije so oznadene vrednosti utedi
za vplivne vzortne tocke.

2 STUDIJA: APROKSIMACIJA
ANALITICNE FUNKCUE

V tem poglavju je obravnavana uporaba
aproksimacije po postopku premicnih najmanj&ih

used in the presented examples, is suitable for a large
range of problems. The effective influence range is a
crucial parameter for the approximation, and it is
inseparably related to the chosen basis and properties
of the approximated function. In simple terms, the
range of influence should not be larger than the range
on which a linear combination of basis functions with
constant coefficients can adequately approximate the
function. In the presence of noise, on the other hand,
the effective range must be as large as possible in order
to level out the effect of random errors.

Figure 2 schematically presents the moving
least-squares method where a set of eight sampled
points are approximated with quadratic polynomial
hasis functions {1, x and x°'}. The weighting functions
corresponding to the sampling points are plotied in
the lower part of the figure. For a chosen evaluation

point, the values of the weights corresponding to the
influencing samples are indicated.

2 3TUDY: APPROXIMATION OF AN
ANALYTICAL FUNCTION

In this section the application of the moving
least-squares approximation is demonstrated on

2.5F y : '
| vavrec / sample |
2.25 | f_
rocka izvafuna /
evaluarian palnt
2
aproksimacifa /
1.75 | apprrcocimal ion
1.5}
o
1.25 | ~firanceif.
1 i\
0.75 ‘¥ \

\ 2 2.2 2.4
{ ntefna funkeifa veorca / J
L

sample's welghting functio

2.6 2.8 3 3.2

whe? veorca v todld izraduna /
sample’s weight in evaluation point

Sl. 2. Shematicen prikaz aproksimacije premicnih najmanjiifh kvadratov
Fig. 2. Scheme of the maving leasi-squares approximation
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kvadratov na podlagi podatkov, ki so dobljeni z
vzoréenjem analiti¢ne funkeije z dodanim
nakljuéno napako:

data sampled from an analytical function with an
added random error:

f(x)=sin(4x)+0,5¢"" +2R( rnd ()-0,5) (14),

kier sta rnd() enakomemo porazdeljena nakljuéna
napaka na obmoéju [0,1] in R stalnica, ki dolo¢a
raven Suma. Funkcijo vzoréimo na obmodju
[x, x,]=[0, 5] v razli¢nih 3tevilih m enakomerno
oddaljenih  toék. Proudujemo lastnosti
aproksimacije glede na raven Suma R, ftevilo
vzortnih to¢k m in dejanski vplivni doseg d.
Uporabimo kvadratiéno polinomsko osnove:

where rnd() is a uniformly distributed random number
on [0,1] and R is a constant that defines the level of
noise. The function is sampled over the interval
[x, x]=[0, 5] using different numbers of equidistant
points m. The properties of the moving least-squares
approximation are studied with respect to the level of
noise R, the number of sampling points m and the
effective influence range d. An approximation with a
quadratic polynomial basis is studied, i.c.:

S =) =1L {x)=x; fi{z)=+" (15).

Za primerjavo rezultatov uvedemo mero za
normalizirano gostoto vzoréenja, ki doloéa Stevilo
vzorénih toék na dejanski doseg d:

p=m

Kot mero za aproksimacijo napake
uporabimo koren iz povpreéne vrednosti vsote
kvadratov odstopanj aproksimacije od v N =600
todkah:

For a comparison of the results, a measure
of the normalized sampling density is used that
specifies the number of sampling points per
eftective influence range -

(16).

X=X

As a measure of the approximation error, the
root mean square of the deviation between fand its
approximation, calculated over a set of N =600
equidistant evaluation points, is used:

a:J.I i(}'(xr}_f{'ru}}: ' x|=-rl+(‘i'”xr-xf (7.

N; d=]

Majprej Studiramo aproksimacijo brez
prisotnosti Suma. Aproksimacijo izrafunamo za
razliéna Stevila vzorénih tofk, pri katerih izberemo
dejanski doseg tako, da je normirana gostota
vzoréenja stalna, in sicer p = 1. 5. 3 prikazuje
aproksimacijo z 10 in 15 tofkami, ki ju primerjamo
z aproksimirano funkcijo. Aproksimacijske napake
s0 za razliéna Stevila to2k prikazana v preglednici,
ki je priloZena k SI. 3, ter na Sl. 4. Ko presefemo
doloéeno Stevilo tok, se napaka enakomerno
zmanjiuje z m. Tako je zaradi tega, ker se dejanski
doseg zmanjiuje z naraiCajofim m (saj se p ne
spreminja) in ker lahko s konéno pelinomsko
osnovo bolje aproksimirame funkeijo na manjiem
obmodéju.

V nadaljevanju obravnavamo aproksimacijo
na podlagi podatkov s Sumom. Sl. 5 prikazuje
aproksimacijo na podlagi 20 vrednosti z ravnijo
Suma £=0,4 pri treh razli¢nih vrednostih dejanskega
dosega d. Jasno je viden vpliv dejanskega dosega

N, =1

An approximation without the presence of
noise 15 studhed first. This approximation is caleulated
for different numbers of samples where the effective
influence range is chosen in such a way that the
normalized sampling density is kept constant at p =
l. Figure 3 shows approximations with 10 and 15
points compared to the approximated function,
Approximation errors using different numbers of
sampling points are shown in the table that is attached
to Figure 3 and in Figure 4. After some number of
sampling pints m, the error monotonously falls with
m. This is because the effective influence range falls
with increasing m (since p is kept constant) and the
finite polynomial approximation basis can be a better
approximated function over a smaller interval.

In what follows an approximation based of
noisy sampled data is studied. Figure 5 shows
approximations based on 20 sampled values with a
noise level of =04, for three different effective
influence ranges d. The impact of d on the

SER Gresovnik I
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IR0 R0,
o 0500 a-0.333
o 1.0 2t 1.0
I a: 0.210637 o; 00614608
\—— aproksimirana funkeifa /

approximated function

d[05 Jo33 [03 [03 [0167 [0143 |25 [ olil
m(10 |15 20 (25 |30 s 40 45
Fp (10 10 |10 [1.0 [1.0_ 10 1.0 |10
- : a | 0.21 | 0.061 | 0.023 | 0.011 | 0.0055 | 00031 | 0.0019 | 0.0012

51. 3. Aproksimacija na podiagi vzoréenih veednosti brez suma. Izmerki so narisani le za primer z 10
tockami, aproksimacija pa za 10 in 15 tock.
Fig. 3. Approximation of sampled values withour noise. Measurements are plotted only for the case with
10 sampled values, while the approximation is plotied for 10 and 15 sampled values.
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51, 4. Odvisnost napake aproksimacije o od ftevila vzorénih tock za vzordenje brez Suma in pri stalnem
p =1.0. Dodan je bolj podroben prikaz pri vedjih m.
Fig. 4. Dependence of the approximation error & on the number of sampling points for sampling withowt
naise, at constant p =10, with a detailed plot for larger m.

na kakovost aproksimacije. Ko je d prevelik,
postanejo izbrane osnovne funkcije nezadostne za
aproksimacijo funkcije na obmog&jih velikostnega
reda 2d okrog tofke izrafuna, na katerih vzoréne
tolke pomembno prispevajo k aproksimaciji
(enatbe (11, (12), (13)) Na S1. 5 se to kade v preved
zravnani aproksimaciji pri najvedjem d=0.4, ki ne
zmore slediti nihanju aproksimirane funkcije. Ko
je d premajhen, se aproksimacija nagiba k

approximation quality is clearly visible. When d is
too large, the approximation basis becomes
insufficient for adequately approximating the
function over intervals of order of magnitude of
2d, on which the sample contributions are
significant (consider Equations (10}, (11), (12)). In
Figure 5 this is reflected in a somehow flattened
approximation with the largest d=0.4, which cannot
follow the oscillations of the approximated
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S1. 5. Udinek dejanskega dosega vpliva vzorénih tock na aproksimacijo na osnovi 20 vzorénil tock
5 Sumom
Fig. 5. Impact of the effective influence range of samples on an approximation based on 20 sampled
values with noise

interpolaciji vzortenih vrednosti in zato sledi tudi
nakljuénim spremembam, ki so posledice Suma.
Videti je, da pri dani funkeiji, ki jo
aproksimiramo, izbranih vzorénih tolkah in
dolofeni ravni fuma obstaja optimalen dejanski
doseg, pri katerem je kakovost aproksimacije
najvetja. To je vidno udi na sliki 7, kjer je prikazana
odvisnost mere za napako aproksimacije o od

function. In contrast, when d is too small, the
approximation tends to interpolate the sampled data
and therefore follows the spurious fluctuations
caused by the random noise.

It scems obvious that for a given
approximated function, sampling points and level
of noise, there exists an optimal effective range for
which the approximation quality is the best. This is

aproksimirana funkeija /
approximated function

vzordene vrednostl /

sampled values

0 1 2

3 4 H

S1. 6. Aproksimacija na osnovi 40 vzorénih tock z visfo ravnijo Suma (R=0.8)
Fig. 6. Approximation based on 40 samples with a larger noise level (R=0.8)
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SL. 7. Odvisnost mere za napako aproksimacije & od obratmega dejanskega dosega za podatke 5 slike 6 5
pavedanim detajlom na desni strani slike
Fig. 7. Dependence of the error measure @ on the reciprocal effective influence range for data from
Figure 6, with enlarged detail on the right-hand side

koli¢ine, ki je obratno sorazmema z 4. Graf se
nanafa na viijo raven Suma (R=0,8) in Stevilo
vzorinih tolk (m=40). Za vsako totko grafa so
uporabljene iste vzorlene vrednosti. Praviloma bi
morali vrednosti na grafu povprediti po ved
nakljuénih izidih vzorenih vrednostih, Graf bi v
tem primeru vseboval naklju¢ne spremembe,
vendar bi bila usmeritev podobna. 5L 6 prikazuje
vzortene vrednosti uporabljene pri sliki 7 in
aproksimacijo na podlagi teh podatkov z dejanskim
dosegom d, ki je blizu optimalnega.

Podobno kakor v primeru brez 3uma
pri¢akujemo, da lahko kakovost aproksimacije
izboljfujemo z vecanjem 3tevila vzorénih tock m.
Vendar Sum prepreduje neomejeno hitro vetanje
natanénosti 2z vecanjem m. To se zgodi v obmodju,
kjer amplituda Suma doseZe podoben velikosini red
kot povpredna aproksimacijska napaka v primeru,
ko ni Zuma. Od w naprej lahko aproksimacijsko
napako % vedno manjiamo z velanjem gostote
vzoréenja, vendar je to posledica dejstva, da
nakljuéne napake zaradi Suma povpredimo po
vefjem Stevilu vzorénih tolk, ki jih zajamemo
znotraj obmodja vpliva okrog vsake tocke, v kateri
izralunamo aproksimacijo.

Opisan u¢inek je jasno viden na sliki 8, kjer
Je narisana napaka aproksimacije pri razliénih
Stevilih vzorénih todk. Do priblizno m=15 se napaka
hitro zmanjiuje z rastofim m zarasi zmanjfevanja
razdalje med tofkami. Utinek fuma v tem delu ni
izrazit, ker je premajhna koli¢ina podatkov
poglaviten vir nenatanénosti. Pri vedjih m je

seen from Figure 7, where the dependence of the
error measure o on reciprocal o is plotted. The
graph refers to a larger level of noise (R=0.8) and
number of sampling points (m=40). The same
sampled data is used for each point in the graph.
Otherwise, the values on the graph should be
averaged over a number of sampling realizations
and the graph would contain random fluctuations,
but the trend would be similar. Figure 6 shows the
sampled data used in Figure 7 and an approximation
of this data with 4 that is close to the optimal value.

Similar to the data without noise, it is
expected that the quality of the approximation can
be improved by increasing the number of sampling
points m. However, the noise prevents an unlimited
rapid improvement of the approximation accuracy
with increasing mr. This happens at the point where
the amplitude of the noise reaches a similar
magnitude to the approximation ¢rror for the case
without noise, From this point on the approximation
error can still be reduced by inereasing the sampling
density, but this is attributed to the fact that the
random sampling errors are averaged over a larger
number of sampled values, captured within the area
of influence around each caleulation point.

The effects described above are clearly
visible in Figure 8, where the approximation error
is plotted for different numbers of sampling points.
Up to about m=15 the error is rapidly decreasing
with growing m because of the decreased spacing
between the sampling points, The effect of noise is
not clearly visible in this regime because insufficient
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5l. 8. Aproksimacijska napaka v odvisnosti od itevila vzorénih tock pri R=0,2 in z nespremenljivim
dejanskim dosegom vpliva d=5/17. Vsaka tocka na grafu se nanaia na en sam izid zhiranja vrednosti.
Fig. 8. Approximation error dependent on the number of measurements for data for R=0.2 and with a

constant effective influence range d=5/17. Each point on the graphs refers to a single realization of the
sampled data.

nadaljnje izboljSevanje natanénosti omejeno z
nakljuénimi napakami v podatkih. Aproksimacijske
napake se pofasi zmanjiujejo s povedevanjem
gostote vzoréenja in nakljuéno nihajo zaradi
stohasti®ne narave vzorfenja. Na Sl. 8 vsaka to¢ka
na grafu predstavlja en sam izid zajemanja
podatkov, ki vsebujejo nakljuéne napake. Usmeritev
podasnega povpredenja napak pri povetani gostoti
vzoréenja je vseeno razvidna, ker je prikazano vedje
Stevilo tock.

3 PRIMERA UPORABE
3.1 Glajenje meritev pri poskusu

Ma sliki 9 je prikazana uporaba
aproksimacije po metodi premiénih najmanj3ih
kvadratov pri glajenju signala zaznavala za merjenje
temperature. Podatki so iz [5] in so bili uporabljeni
za obmjeno doloditev parametrov prestopa toplote
in trenja med kovinami 2 mazanjem iz meritev pri
laboratorijskem testu zoZevanja traku.

Test je bil simuliran z metodo konénih
elementov, iskani modelski parametri pa so bili
doloeni z minimizacijo mere za odstopanje meritev
od simuliranih podatkov, definirane kot:

data is the main cause of the inaccuracy. At larger m,
a further increase of accuracy is restricted by the
random errors in the sampled data. Approximation
errors tend to slowly decrease with the increasing
sampling density and fluctuate randomly because of
the stochastic nature of the sampling. In Figure 8
each point on the graph corresponds to a single
realization of sampled data containing random noise,
and the average trend for the error can be observed
because of the large number of presented points.

3 EXAMPLE APPLICATIONS
3.1 Smoothing of the Experimental Measurements

Figure 9 shows the application of the moving
least-squares approximation for smoothing the
output from a temperature sensor. The data is from
[5] and was used for an inverse reconstruction of
the heat-transfer and friction parameters between
lubricated metals from the measurements
performed with the strip-reduction laboratory test,

The laboratory test was simulated using the finite
element method and the unknown parameters were
obtained by minimizing a measure of the discrepancy
between measured and simulated data, defined as:

F@)=3 [ W (M (0)-MO (b)) dr (18).
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V zgornji enabi i tede po uporabljenih
¢asovno odvisnih merjenih koliinah, M (r) je
ustrezna izmerjena koliGina (sila na trak ali
temperatura v dani tocki), M je ustrezna koligina,
izratunana s simulacijo preizkusa pri preizkusnih
vrednostih iskanih parametrov, in W, uteZi, izbrane
Za posamezne vrsle meritev,

Ker je bila pri numeriéni simulaciji
uporabljena integracija s prilagodljivim korakom
in zaradi merskega Suma (sl. 9) vsebuje funkcija
Sfip) nakljuéna nihanja, kar preprecuje uinkovito
uporabo numeriénih minimizacijskih metod. Ta
problem je bil odpravljen z =zamenjavo
interpoliranih meritev z gladkimi aproksimacijami
po metodi premiénih najmanjiih kvadratov
(nepretrgana &rta na 51, 9). Pri aproksimaciji je bila
uporabljena kvadrati¢na onova (15) z utefnimi
funkcijami oblike w(r) iz (13). Dejanski doseg
vpliva je bil postavljen na d = 0,1 5. Na ta naéin
nismo zameglili prehodnih pojavov pri ¢asovnem
poteku meritev, hkrati pa je bil vpliv 3uma dovolj
izravnan (povecan detajl na sliki 9), da smo dobili
gladko odzivno funkcijo f, pri kateri smo lahko
uéinkovito doloéili minimum,

3.2 Aproksimacija odzivnih Ffunkeij pri
optimizaciji

V naslednjem primeru obravnavamo
optimizacijo, pri kateri imamo opravka z odzivnimi
funkcijami s Sumom. Podatki (S1. 10) so iz [6], kjer
smo optimirali $irino in viSino kanala, ki je izdelan

In the above equation, i runs over the
measured quantities, M ™ (r) is the corresponding
measured quantity (force on the strip or the
temperature at a certain point), M'' is the
corresponding quantity obtained by the finite-
element simulation with the trial values of the
searched parameters p and W, weights assigned to
different kinds of measured data.

Because an adaptive time-integration
scheme was applied in the numerical simulation and
due to the measurement noise (Figure 9), the
minimized function f{p) contained random
oscillations that prevented an efficient numerical
minimization. This problem was alleviated by
replacing the interpolated measurement data with
a smooth moving least-squares approximation (the
solid line in Figure 9). A quadratic basis (14) was
used with the weighting function w (r) from (12).
The effective influence range was setto d =0,1. In
this way the transient features of the sensor response
were not smeared, while the effect of the noise was
sufficiently leveled (the enlarged detail in Figure
9) to obtain a smoothed response function f that
could be efficiently minimized.

3.2 Approximation of the Response Functions
During Optimization

The next example treats optimization with
noisy response functions, The data (Figure 10) is
taken from [6], where the width 4 and the height A
of a channel produced by blow forming was

0.8 0.9 1 1.1
s

S51. 9. Zelajen signal (nepretrgana Srta) temperaturnega zaznavala s povedanim detajlom na desni strani
Fig. 9. Smoothed data (solid line) from the temperature sensor with enlarged detail on the right-hand side
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Sl 10. Namenska (a) in omejitvena funkeija b optimizacijskega problema, izradunani z metodo kondnih
elementov na pravilni mrezi 2020 tock
Fig. 10. Objective (a) and constraint function (b} of the optimization problem calculated using a FEM
simulation on a regular 20 =20grid

z napihovanjem, z namenom zmanj3ati tveganje za
nastanck razpok, ki se pojavijo zaradi lokalizacije
deformacije. Naloga je bila postavljena kot
maksimizacija povriine prereza kanala S{d. k) (Sl
10 a)) pri omejitvi, da je tlak P (d. /) . pri katerem
se zaéne lokalizacija, pod predpisano mejo. Zaradi
tehniénih zahtev sta parametra omejena z
fmmEd<12mmin3 mm=h< 3,4 mm.

Sum v odzivnih funkcijah izvira iz
numeriéne simulacije postopka napihovanija, ki je
uporabljena za izrafun odzivnih funkcij [6].
Uporabiti je bilo treba prilagodljivo izboljfevanje
mreZe konénih elementov z veliko gostoto
elementov v obmoé&ju lokalizacije, zaradi Cesar bi
bilo tefko zmanjiati raven fuma. Da smo lahko
poiskali optimalno reditev, smo najprej izratunali
odzivni funkciji v pravilni mre#i toék. Dobljene
podatke smo zgladili z aproksimacijo po metod
premiénih najmanjiih kvadratov z obliko uteinih
funkcij w_(r), dejanskima dosegoma d, = 1 mm in
d, = 0,1 mm v smerch d in h ter kvadratnimi
polinomskimi osnovnimi funkeijami:

optimized in order to reduce the risk of localization-
induced defects. The task was formulated as a
maximization of the channel cross-section 5(d.h)
(Figure 10 a)) using a constraint that the forming
pressure P (d./t) at which localization occurs (Figure
10 b)) is below some prescribed limit. Due to
technical requiremenis the parameters were limited
toSmm=4d<12mmand 3 mm <A< 3,4 mm,

The noise originating from the finite-
element numerical simulation of the blow-forming
process was applied for the calculation of the
response functions [6]. Adaptive mesh refinement
with a high mesh density at the localized zone had
to be applied, because of which it would be
difficult to reduce the level of noise. In order to
find the optimal solution, the response functions
were first sampled on a regular grid of points.
The sampled data was smoothed by the moving
least-squares approximation with the weighting
function w_(r), effective ranges d, = | mm and
d, = 0,1 mm (corresponding to  and &) and the
basis functions:

Ax)=3 fi(x)=x; f(X)=x: £ (D=2} £(x)=x" f(x)=xx (19),

kjer sta x =d in x,=h. Aproksimiran odziv je
prikazan na slikill.

W [6] je bil optimizacijski problem refen z
aproksimiranim odzivom z metodo zaporednega
kvadratiénega programiranja. Tak postopek je

where x =d and x,=h. The approximated response
is shown in Figure 11.

In [6] the optimization problem with smooth
approximated response functions was solved by a
sequential programming algorithm. Such an
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5L 11. Zglajene odzivae finkcife s sfike 10
Fig. 11. Smoothed response finctions from Figure 10

neutinkovit, ker zahteva dovolj gosto vzoréenje
odziva po celotnem dovoljenem obmogju v prostoru
parametrov. Pri vedjem Stevilu parametrov to
postane zdaled prezahtevno.

Zato smo uresniéili drugaden iterativen
postopek, pri katerem funkcije aproksimiramo
krajevno na omejenem obmodju. V vsaki iteraciji
dolo¢imo omejeno obmodje zanimanja. Na
podlagi vzoréenih vrednosti odzivoih funkeij, ki
smo jih izradunali v trenutni in predhodnih
iteracijah, aproksimiramo odzivne funkcije po
metodi premiénih najmanjdih kvadratov, Ustrezno
kakovost aproksimacije Zelimo doseéi le na
trenutnem obmodju zanimanja, kar dosczemo z
ustrezno nastavitvijo dejanskega dosega. Nato
redimo optimizacijski problem, pri katerem
nadomestimo prvotno namensko in omejitvene
funkcije z ustreznimi aproksimacijami in dodamo
omejitev koraka, s ¢imer omejimo mofne refitve
na trenutne obmodje zanimanja. Reditev tega
notranjega optimizacijskega problema postane nov
pribliZzek za refitev prvotnega problema in srediiée
podrogja zanimanja v naslednji iteraciji. Velikost
obmocja povedamo, ée leki reditev na robu
obmod¢ja in zmanjiamo, ée ledi dovolj vstran od
meje, Postopek ponavljamo, dokler ne dosezemo
predpisane natanénosti, ali dokler ni ve¢ mogode
nadaljnje izboljianje natanénosti glede na raven
fuma.

Konvergenca opisanega algoritma je
prikazana na sliki 12, Obmodéja zanimanja in
vzoréene vrednosti so prikazane po iteracijah. V

approach is inefficient because it requires a sufficiently
dense sampling of the response over the whole allowed
range of parameters. If the number of parameters is
large, this becomes prohibitively expensive.

A different iterative solution approach was,
therefore, designed, where the response approximation
is maintained locally in a limited region of interest.
For each iteration a restricted region of interest is
defined. The response functions are calculated
(sampled) at a number of points within the region of
interest. Based on the sampled values from the current
and previous iterations, the moving least-squares
approximations of the response functions are
constructed. A good approximation quality is
considered only within the current region of interest,
which is achieved by appropriately setting the effective
range of influence. The optimization problem is then
solved, with the original objective and constraint
functions being replaced by the approximated ones.
The step restriction is also added, which restricts the
possible solutions to the current region of interest. The
solution of this intemal problem becomes the new
current guess and the center of the region of interest
in the next generation. The size of this region is
increased if the solution lies on the edge of the region
of interest, and decreased if it lies far enough from the
edge. The procedure is repeated until the prescribed
accuracy is reached or no further improvement is
possible, with respect to the level of numerical noise,

The convergence of the described algorithm
is shown in Figure 12. Regions of interest and the
sampled values through the iterations are indicated.
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prvi iteraciji dologi obmodje zanimanja uporabnik,
Stevilo vzorénih tofk pa je izbrano tako, da je
nekoliko vedje od Stevila baznih funkeij. V
naslednjih iteracijah je 3tevilo novih tofk na
iteracijo za eno vedje od Stevila parametrov, v naSem
primeru 3.

Vezoréne tofke so nakljuéno izbrane znotraj
obmodja zanimanja. To je mogoée, ker pri metodi
premiénih najmanjsih kvadratov ni potrebna
kakina posebna razporeditev tofk. Treba je
omeniti, da so moZne numeriéne tezave povezane
5 slabo pogojenim sistemom enach (11) za izrafun
koeficientov aproksimacije. Sistem lahko postane
slabo pogojen, ¢e je $tevilo vzorénih tock z
znatnimi utezmi premajhno, ali ée 5o tocke
razporejenc na poseben nadin, tako da so osnovne
funkcije na mnozici tock skoraj lincamo odvisne.
Prvo mo#nost lahko uéinkovite prepredimo z
uporabo uteZnih funkeij, ki se ne zmanjiujejo
prehitro z nara$éajodo razdaljo od vzorénih tock.
Tako ima vedno dovolj o€k iz prejinjih iteracij
povsod tam, kjer ralunamo aproksimacijo, dovolj

For the first iteration the region of interest is defined
by the user and the number of samples is chosen in
such a way that it is slightly larger than the number of
basis functions. In the subsequent iterations, the
number of new sampling points per iteration is set to
be one more than the number of parameters, i.e., 3.
The sampling points are chosen randomly within
the region of interest. This is possible because no
particular arrangement of the sampling points is required
for the moving least-squares approximation. [t must be
mentioned that numerical difficulties related to a badly
conditioned system of equations for the calculation of
approximation coefficients (10 could potentially occur,
The system can become badly conditioned if either the
number of sampling points with significant weights is
insufficient or the points are aranged in a special way
such that the basis functions are close to being linearly
dependent on the set of points. The first situation is
efficiently prevented by using weighting functions that
do not decay too rapidly with the distance from the
sampling points. In this way enough sampling poinis
from previous iterations will always have large enough

h [mm]

3. 25

3.3 {

i

P [MPa]

o [rmm]

10.5 11 11.5 11

S1. 12. Konvergenca aptimizacijskega algoritma, ki temelji na zaporednih aproksimacijah odzivnih
funkeij. Pravokotniki oznaéujejo obmodja vzoréenja v zaporednih iteracifah, kroZci prikazujejo tocke, v
katerih so bile izradunane odzivne funkcije, vedji krofci pa reditve aproksimiranih problemov. Za
ponazoritev so prikazane tudi obrisi zglajenih odzivnih funkeij (SI. 10).

Fig. 12. Convergence of the optimization algorithm based on successive response approximations.
Rectangles denote sampling regions within successive iterations, dots represent points where the
response was sampled and larger dots represent the minima of successive approximated problems. The
contours of smoothed response (Figure 10) are plotted for orientation.
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velike vrednosti uteZnih funkcij, da se izognemo
nezadostnosti podatkov. Glede na izkusnje je w (r)
iz (13) primerna oblika uteZnih funkcij. Druga
moZnost je zelo malo verjetna, kadar uporabljamo
nakljuéno vzoréenje, posebej, e je Stevilo
vzorénih tofk z znatnimi uteFmi precej vedje od
Stevila osnovnih funkcij.

V predstavljenem primeru smo dobili refitev
v 10 iteracijah, v katerih sta bili odzivni funkeiji
izralunani v 36 to¢kah. To je precej bolj udinkovito
kakor izvedba optimizacije na aproksimiranem
odzivu po celotnem dovoljenem obmoéju. Pri
vedjem Stevilu parametrov postane razlika v
uéinkovitosti izrazita in aproksimacija po celotnem
obmodju neizvedljiva.

4 SKLEP

V prispevku je nakazano, da je metoda
premiénih najmanjsih kvadratov vsestranska in
prilagodljiva aproksimacijska metoda, ki je zaradi
posebnih znalilnosti uporabna pri refevanju
Stevilnih praktiénih problemov.

Za aproksimacijo ni potrebna kakéna posebna
ureditev vzorénih toék ali delitev obmodéja
aproksimacije. Razmeroma majhno $tevilo osnovnih
funkeij zadodCa za dovolj natanéno aproksimacijo
gladkih funkeij na poljubno velikem obmoéju.
Velikost sistema enalb za doloditey koeficientov
aproksimacije se ne povefa, fe povetamo gostoto
vzoréenja, zato pa moramo sistem enacb rediti
posebej v vsaki tolki, v kateri izratunamo
aproksimacijo. Povedevanje natanénosti z gostejiim
vzortenjem ne prizadene stabilnosti aproksimacije.
Metoda je zato sorazmemo bolj ulinkovita, kadar je
potrebna vedja natanénost, aproksimacijo pa je treba
izradunati v manjiem Hevilu tofk,

Zveznost aproksimacije je odvisna od
Zveznosti osnovnih in uteinih funkcij. Kadar so
oboje gladke, so tudi visji odvodi zvezni. Z uporabo
uteinih funkeij, ki se potasneje zmanjiujejo z
razdaljo, lahko doseZemo stabilnost metode tudi v
primerih, pri katerih ne moremo zagotoviti
enakomerne gostote vzoréenja po celotnem
obmodju aproksimacije.

Pri doloeni izbiri baznih funkcij se filtrirajo
visjefrekvenéne oscilacije glede na dejanski doseg
vpliva vzorcev, kar lahko uporabimo za izravnavo
vpliva Suma v vzorlenih podatkih. Veji dejanski
doseg pomeni boljfe glajenje, vendar tudi slabdo
zmoZnost prilagajanja prehodnim lastnostim

weights at all points of the evaluation in order to prevent
data deficiency. Based on experience, w (r) from (12) is
a suitable form for the weighting function. The second
situation is very unlikely when random sampling is used,
especially when the number of sampling points with
significant influence is considerably larger than the
nurnber of basis functions,

In the presented case the algorithm converged
in 10 iterations in which 36 evaluations of the response
were performed. This is significantly more efficient
than performing an optimization of the approximated
response over the whole permitted domain, With a
large number of parameters, the difference in the
efficiency becomes drastic and the approximation over
larger domains becomes unfeasible,

4 CONCLUSION

We have shown that the moving least-
squares method is a versatile approximation
technique suitable for many practical applications
because of its distinctive set of features.

Mo regular grid of points or partition of the
domain is necessary. A relatively small number of
basis functions can be used for an accurate
approximation of smooth functions over arbitrarily
large domains. The size of the system of equations
for the approximation coefficients is not increased
when increasing the sampling density, at the cost
that the system must be solved for every evaluation
point. The stability of the approximation is not
affected when improving the accuracy by increasing
the sampling density. The method is therefore
relatively more efficient when higher accuracy is
required, but the approximation is evaluated fewer
times.

The continuity of the approximation depends
on the continuity of the basis and weighting
functions. When both are smooth, the
approximation does not have discontinuous higher
derivatives. By using weighting functions with a
slower decay, good stability of the method is
achieved in cases when a uniform sampling density
cannot be ensured over the approximation domain.

For a given set of basis functions, higher-
frequency oscillations are filtered, depending on the
effective influence range of the samples, which can
be used to compensate for the effects of noise in
the data. A larger effective range means better
smoothing, but also a poorer ability to follow the
transient features of the approximated function. By
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aproksimirane funkcije. S postavitvijo dejanskega
dosega na red velikosti razdalje med vzorci ali manj
lahko doselemo priblifne interpolacijo podatkov.
'V praksi moramo dose¢i primeren kompromis med
opisanimi ulinki z ustrezno nastavitvijo dejanskega
dosega glede na raven $uma, gostoto vzoréenja in
lastnosti aproksimirane funkcije.

Aproksimacijo po metodi premiénih
najmanjiih kvadratov lahko preprosto izboljSujemo
z dodajanjem vzorénih tock. Zaradi tega je metoda
posebej primerna za uporabo v optimizacijskih
postopkih, ki temeljijo na zaporedni aproksimaciji
odzivnih funkcij

setting the effective influence range at the order of
the spacing between the samples and below, the
approximation tends to interpolate the data. In
practice, a suitable compromise between these
effects must be achieved by appropriately adjusting
the effective influence range with respect to the
level of noise, sampling density and properties of
the approximated function.

The moving least-squares approximation
can be easily refined by the addition of new
sampling points. This makes it particularly suitable
for use in optimization methods with a successive
adaptive approximation of the response functions,
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