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1

Smoothed particle hydrodynamics (SPH) is a meshless particle method for simulation of fluid
flows. It is especially suitable for simulating flows with rapid changes. Treating the solid boundaries,
however, is not as straightforward as with finite element or finite volume based methods. This paper
describes a non-discrete boundary with friction approach to model particle-boundary interaction. This
approach is mathematically consistent with the solution for the particle-particle interaction, and it
provides a continuous solution along the boundary. The proposed model was verified against the
experiments of Martin & Moyce [1] and numerical simulations by other authors. The results showed at
least as good overall agreement as the simulations of other models, while local behaviour at the
boundaries was better.
© 2010 Journal of Mechanical Engineering. All rights reserved.
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0 INTRODUCTION
For simulations in fluid dynamics,
approaches based on Eulerian principles are
usually used, such as finite difference, finite
volume, or finite element methods. These
methods can be applied to a wide range of
hydrodynamic problems and enable simulations
with reasonable computational times. However,
despite their popularity and a wide range of
applicability, these methods also have certain
disadvantages. Due to the Eulerian description of
flow, convective terms appear in the equations of
motion, which may result in numerical diffusion.
If a fixed mesh is used, it has to be refined in
points of interesting flow features. When these
locations change with time or are not known in
advance, a fine numerical mesh must be
constructed all over the domain in which case the
simulation becomes computationally expensive.
These problems can partially be avoided by
attaching numerical mesh to fluid particles
(Lagrangian principle). However, in cases of
complex flow (e.g. rotational flow), the particlebased numerical mesh becomes too distorted.
When these types of problems arise, the
SPH, a mesh free Lagrangian numerical
technique for simulation in fluid dynamics, can be

applied. It was developed by Lucy [2] and
Gingold & Monaghan [3] and initially used to
study problems in astrophysics. As the method
proved able to treat large deformations and rapid
changes in flow patterns, it was later adapted for
solving problems of dynamic material strength
[4], free surface flow [5], explosions [6], and
similarly. Free surface flows applications include
dam break analysis [7] and [8], wave-structure
interaction [9], non-Newtonian flows [10] and
[12] and multi-phase flows [13] and [14].
When adapting the method to free surface
flows, fluid compressibility is an important issue.
Monaghan [5] treated water as a weakly
compressible fluid whose compressibility is
dependant on the maximum expected fluid
velocity rather than true sound velocity of water.
This was necessary for practical reasons, as the
time step depends on the velocity of sound.
Another issue specific to free surface
flows is the boundary conditions. Solid boundary
conditions are usually satisfied by the use of
boundary particles. A review is given in Crespo et
al. [15]. Ghost particles [16] are constructed at
each time step so that the particles near the
boundary are mirrored across the boundary face.
Monaghan [5] proposed repulsive particles that
exert a normal force to particles approaching the
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boundary. The force depends on the distance
between the particle and a boundary and the
velocity of the particle, perpendicular to the
boundary. Darlymple & Knio [17] presented the
dynamic particles that follow the same equations
of continuity and state, but their position is
prescribed externally. Marongiu et al. [18]
proposed a new type of boundary particles that
are mathematically consistent with the SPH
formulation.
Monaghan & Kos [19] found that if
boundaries are made of particles that exert a
central force, they produce the equivalent of a
corrugated boundary with ripples on the scale of
the particle spacing. The proposed solution was to
implement an interpolation procedure so that the
forces from neighbouring boundary particles
produce a force that is constant and normal to the
boundary.
For a slightly different set of equations
than presented in this paper, an innovative
method to handle contact forces between particles
and rigid solid boundaries, based on the
variational approach, was introduced by
Kulasegaram et al [20]. They studied several
boundary shapes and proposed a correction factor
for use within their basic 2D equations. A similar
approach was used by Bonet et al. [21].
In this paper, we propose a method that is
both consistent as in Marongiu et al. [18] and
removes the ripples effect as in Monaghan and
Kos [19]. The method is strictly valid only for flat
boundaries, but is simple to implement and can be
used in 3D cases. In addition, we investigate the
effect of boundary friction on flow patterns by
allowing a different value of friction coefficient
for boundaries.
1 METHOD
In SPH, the interpolation of a value A
anywhere in the computational domain is
performed by means of the smoothing kernel W
as in Monaghan [22]:

A( ri ) ≈ ∫ A( r )W( r − ri )d r .

(1)

The integral is taken over D, the domain of
influence of W. In discrete form, it can be
expressed as:
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A( ri ) = ∑

mj
j

ρj

A jW( r j − ri ) ,

(2)

where mj is the mass of the particle j, ρj is its
density and Aj the value of A at the location of
particle j. Smoothing kernels can have different
forms. In this paper, we use the cubic spline
proposed by Monaghan & Lattanzio [23]
⎧ 3 2 3 3
⎪1 − 2 q + 4 q
⎪
1 ⎪1
W ( q) = ⎨ ( 2 − q) 3
w ⎪4
⎪0
⎪
⎩

0 ≤ q <1
1≤ q < 2

,

(3)

2<q

where q = l/h, l is the distance between particles
and h is the kernel smoothing length. w is a
normalization factor, and is equal to 7πh2/10 for
two-dimensional simulations and πh3 for threedimensional simulations. For simulations
described in this paper, the length of smoothing
kernel was taken to be h = 1.2 d0, where d0 is the
initial particle spacing.
The main advantage of SPH becomes
evident when computing gradients of a function
A. It can be replaced by computing the gradient of
smoothing kernel instead, which is a
straightforward operation. This is achieved by
integrating by parts
∇A( ri ) ≈ ∫ ∇A( r )W( r − ri )d r =
= ∫ A( r )W( r − ri )d S− ∫ A( r )∇W( r − ri )d r

, (4)

The first term on the right-hand side of the
bottom line is the integral over the boundary of D
and dS is normal to the boundary. It equals zero
everywhere inside the fluid domain, because W is
zero when r’-r ≥ 2h. In the standard SPH
formulation, the impact of the boundaries on the
particles is achieved through the repulsive forces
of the boundary particles, therefore the value of
this term is always taken to be zero. In this paper,
we propose the impact of the boundaries to be
computed through this term, as shown later.
The governing equations consist of
dynamic and continuity equations and the
equation of state. In their continuous form, they
are expressed as follows:
dv
1
υ
= − ∇P + υΔ v + ∇(∇ v ) + g ,
(5)
dt

ρ
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dρ
= − ρ∇ v ,
dt

(6)

P = c 2 ( ρ − ρ0 ) ,

(7)

where velocity vector is denoted by v, P is
pressure, υ kinematic viscosity and g is gravity
acceleration. The artificial speed of sound c is
taken as 10-times the maximum expected
velocity.
After applying the SPH interpolation rules
and making expressions symmetric (e.g.
Monaghan [22]), the Eqs. (5) and (6) are
transformed to
⎛⎛ ⎛ p
υ´v ij
p j ⎞ υ´ v ij rij ⎞⎟
d vi
e +
= ∑ j ⎜ ⎜ − ⎜ 2i + 2 ⎟ +
⎜ ⎜ ⎜ ρ i ρ j ⎟ 3 rij rij ⎟ ij rij
dt
⎠
⎠
⎝⎝ ⎝

⎞
⎟m W´ + g
⎟ j ij
⎠

dρ i
= ∑ j v ij eij m jW´ ij ,
dt

, (8)
(9)

notation Aij is used instead of Ai-Aj for any
quantity A. Wij’ is a derivative of W with respect
to l (the distance between points). υ ' is kinematic
viscosity υ (see Eq. 10) divided by the average
density of particles i and j.
The kinematic viscosity υ can be
approximated for turbulent flow as

υ = a´ d 02

v ij
l

= ah 2

v ij
l

,

(10)

where a’ = 0.122 = 0.0144 [9] or a = 0.01 for the
particle interactions.
In this study, the particle-boundary
interactions are computed as a product of the
surface integral of the kernel value over the
kernel-solid boundary contact surface and
estimated constant values of physical quantities
on the boundary, instead of using summation over
boundary particles. The value of the surface
integral
WI = ∫ W( r − ri )d S

(11)

this solution must only be treated as an
approximation.
The velocity on the boundary is prescribed
(zero for solid still boundary) and boundary
pressure is calculated as
Pb = max(0; Pi ; cv p / l ) ,

(13)

where Pi, ρi and vp are the pressure, density and
velocity perpendicular and relative to the
boundary of the particle that interacts with the
boundary. The term cvp/l prevents the particles
from penetrating the boundary, and is only taken
into account for particles approaching the
boundary (e.g. Monaghan & Kos [19]).
The equations for particle-boundary
interaction thus become:
d v i,b ⎛ ⎛ Pb + Pi υ b v ib e ib ⎞
υ v ⎞
⎟⎟ e n − b ib ⎟WI ,
= ⎜⎜ ⎜⎜
−
dt
l
l ⎟⎠
3
ρ
i
⎠
⎝⎝

dρ i ,b
dt

= ρ i v ib e ib WI .

(14)
(15)

Normal to the boundary is denoted by en,
while υb is the “boundary” viscosity, calculated
from Eq. 10, except that instead of a fixed value
of a, a value appropriate to boundary sub scale
roughness b is used.
For particles within reach of the
boundary, the Eqs. (14) and (15) are added to the
discrete governing Eqs. (8) and (9).
To prevent oscillations of pressure field,
several techniques have been proposed. In this
paper, we follow the approach of Molteni &
Colagrossi [24], where additional density flux ρF
between particles i and j is applied:

ρ F = 0.4 ⋅ c ⋅ h ⋅

ρij
rij

⋅ d 03 ⋅ W ´ij .

(16)

The density flux is added to Eq. (9). Verlet
algorithm [25] was used for time stepping.

in terms of q for flat surfaces for a 3D case is
3 2 3 3
⎧
2
0 ≤ q <1
⎪0.7 − q (1 − 4 q + 10 q )
⎪
3
1
1⎪
WI (q) = ⎨0.8 − q 2 (2 − 2q + q 2 − q 3 ) 1 ≤ q < 2 .
h⎪
4
10
⎪0
2<q
⎪
⎩

(12)

Schematics of the integration over a flat
surface are shown in Fig. 1. For curved surfaces,

Fig. 1. Integration of kernel over a flat surface
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2 NUMERICAL EXPERIMENTS
The simulations of the developed model
(Tis Isat) were compared to measurements of the
collapse of a two-dimensional rectangular fluid
column, as described in Martin & Moyce [1].
Three different heights of fluid columns were
used, the ratios between height (H0) and width
(W0) of the fluid column were 1, 2 and 4.
The results of the model were also
compared to the results of the free open-source
SPH code SPHYSICS [26]. Comparisons of
dimensionless surge front distance from the initial
position and the relative residual height of the
fluid column were performed.
Several authors [5], [7] and [28] achieved
acceptable agreement of models and numerical
results of the mentioned experiment close to the
initial time, while larger discrepancies occurred
further downstream. Therefore, special attention
in the simulations performed with the Tis Isat
model was paid to propagation of the collapsing
fluid column through longer time intervals. The
correct information on propagation of surge front
and particularly on the fluid height at a certain
downstream location can be of practical
importance in dam-break simulations.
The parameters used for the initial
experiment with the Tis Isat model are given in
Table 1. Some of the parameters were further
varied in order to determine the sensitivity of the
new model to these parameters. The parameters
chosen for the SPHYSICS model are listed in
Table 2. Although not the same, the closest
possible parameters for both models were chosen.

With the SPHYSICS model, two different
boundary conditions, the dynamic [17] and the
repulsive boundary condition [19] were tested at
the solid wall. Furthermore, two different
algorithms were used for time stepping: Verlet
[25] and Predictor – corrector [29].
3 RESULTS AND DISCUSSION
The comparisons of measurements [1] and
the results of the initial simulation with the Tis
Isat model, as well as with the SPHYSICS model
are shown in Figs. 2 to 4, for water columns with
the initial height / width ratio of the fluid column
1, 2, and 4, respectively. The values in the figures
are normalised to the initial width (W0) or height
(H0) of the fluid column at the ordinate axis and
the time at the abscise axis is normalised as
proposed by Martin & Moyce [1]:
(17)
T = nt g/ W0 ,
where n2 denotes the H0/W0 ratio, t is the model /
experiment time, g is the gravity acceleration and
W0 is the semi-base length (dimensional
characteristic of the column base).
The results of the Tis Isat model show
slightly faster propagation of the surge front than
measured, while the height of the fluid column
decreases accurately. A comparison of the results
of the new code and the SPHYSICS model shows
that using the non-discrete boundaries with
friction results in at least the same level of
agreement with measurements.

Table 1. Initial parameters of the numerical experiment performed with the Tis Isat model
Parameter
Abbreviation
Value
Number of particles
np
2500 (50 x 50); 5000 (50 x 100); 10000 (50 x 200)
Initial particle distance
lo
0.001143 m
Coefficient (to calculate eddy
a
0.01
viscosity within fluid)
Coefficient (to calculate eddy
b
0.01
viscosity on the walls)
Table 2. Initial parameters used with the SPHYSICS model
Parameter
Abbreviation Value
Number of particles
np
2500 (50 x 50); 5000 (50 x 100); 10000 (50 x 200)
Particle distance
lo
0.001143 m
Viscosity
i_viscos
Laminar + SPS
Reinitialisation
-Shepard filter / MLS

310

Petkovšek, G. – Džebo, E. – Četina, M. – Žagar, D.

Strojniški vestnik - Journal of Mechanical Engineering 56(2010)5, 307-315

1.2

20
18

1

16
0.8

12

Z / Ho

Y / Wo

14

10

0.6

8
0.4

6
4

0.2

2
0

0
0

1

2

3

4

5

6

7

8

9

0

10

1

2

3

Martin & Moyce (1952)
Sphysics (50x50)

a)

4

5

6

7

8

9

10

T (normalised)

T (normalised)
Tis Isat (50x50)
Sphysics (100x100)

Tis Isat (100x100)

Martin & Moyce (1952)
Sphysics (50x50)

b)

Tis Isat (50x50)
Sphysics (100x100)

Tis Isat (100x100)

Fig. 2. Comparison of surge front propagation and relative height of the fluid column; H0/ W0 = 1
a) Surge front propagation; b) Relative height of the water column
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Fig. 3. Comparison of surge front propagation and relative height of the fluid column; H0/ W0 = 2
a) Surge front propagation; b) Relative height of the water column
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Fig. 4. Comparison of surge front propagation and relative height of the fluid column; H0/ W0 = 4
a) Surge front propagation; b) Relative height of the water column
A similar level of agreement can be
observed with the results of other authors using
their own models and performing the same
experiment (e.g. [5], [7], [27] and [28]).
In the third case (Fig. 4), the poorer
agreement in the maximum relative height graph

at the normalised time T>3 is due to the increased
fluid level in the middle of the channel, while all
measurements were performed at the upstream
boundary. Using the SPHYSICS model, some
particles stayed stuck to the solid wall (Fig. 7);
therefore, a distance of 3 particle diameters was
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friction eliminates such disturbances in the
collapsing fluid column at the rigid wall as well
as at the surge front.
In order to determine the sensitivity of the
new code to different input parameters, several
further simulations were performed. Fig. 8 shows
the behaviour of the collapsing fluid column
represented by a different total number of
particles. As expected, smaller numbers resulted
in more friction and slower propagation of the
surge front while the propagation was faster using
larger numbers of particles. The Tis Isat model
also showed higher sensitivity to the variability of
the wall viscosity coefficient (Fig. 9), while the
dependence of results on all other parameters was
significantly lower.

excluded from the observation of the maximum
relative height in these simulations.
The comparison of fluid propagation
shows some disturbances in simulations with the
SPHYSICS code. At the upstream boundary,
particles are shifted away from the wall (Fig. 5).
This phenomenon, which stems from the
definition of the upstream boundary condition has
been noticed by Monaghan [5], and has no
physical background. It further results in a
disturbance of the surface of the collapsing fluid
column (Fig. 6).
Moreover, SPHYSICS simulations with a
smaller number of particles show that a number
of particle groups secede at the surge front while
some particles stay stuck to the wall (Fig. 7).
Using the non-discrete boundary condition with

a)

b)

Fig. 5. Comparison of fluid propagation, 50 x 100 particles after 0.08 s, a) the Tis Isat model,
b) the SPHYSICS model

a)

b)

Fig. 6. Comparison of fluid propagation, 50 x 100 particles after 0.3 s,
a) the Tis Isat model, b) the SPHYSICS model
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a)

b)

Fig. 7. Comparison of fluid propagation, 50 x 50 particles after 0.44 s,
a) the Tis Isat model, b) the SPHYSICS model
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using different total number of particles (np)
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As seen in Figs. 8 and 9, the best
agreement
between
measurements
and
simulations where a relatively low number of
particles was used (np = 2500), was obtained
using wall viscosity coefficient b = 0.01. When
the same value of b and an increased number of
particles were used however, the resulting
propagation of surge front was too fast. This is
particularly noticeable at larger distances from the
upstream boundary, where the layer of fluid is
thinner. One of the possible reasons for the faster
propagation of the surge front could be the
somewhat lower friction due to a thinner layer of
particles contacting the rigid bottom and
consequently, a larger number of particles
travelling over such a boundary layer.
Therefore, the relation between wall
viscosity coefficient (b) and the number of
particles (np) which yields the best agreement
between the observed and modelled surge front
propagation, was studied further. Simulations
using variable parameters np and b were
performed in order to calibrate their
interdependence. Fig. 10 shows the value of the
coefficient b versus the number of particles at
which the best agreement was achieved.
Evidently, increasing the number of particles
requires a simultaneous increase of the wall
viscosity coefficient and the resulting ratio can

Application of Non-Discrete Boundaries with Friction to Smoothed Particle Hydrodynamics

313

Strojniški vestnik - Journal of Mechanical Engineering 56(2010)5, 307-315

adequately be
relationship.
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Fig. 10. Correction coefficient for the wall
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The new code is written in the C++
programming language and the input/output
parameters and files are controlled by the Scilab
open source platform. Compared to the
SPHYSICS model, the new code runs more than
10-times faster for this case. Particularly with a
higher total number of particles, this advantage of
the new code can be highly significant.
3 CONCLUSIONS
We describe a new approach for boundary
conditions for SPH simulations. This approach is
based on continuous boundaries with friction and
follows the derivation of the SPH equations with
some reasonable simplifications. The new type of
boundary condition presents a distinct
improvement in comparison to the dynamic and
repulsive boundary conditions used in similar
models. Boundaries do not have to consist of
particles, thus the total number of particles is
lower. The disturbances of flow with no physical
basis, which occur in the SPHYSICS model at the
wall and at the surge front, are eliminated. The
results of the new model are in good agreement
with measurements. Particularly at larger
normalised time, the results are in at least such a
good agreement as those by other authors and
better than the results of the SPHYSISC model.
Moreover, in the simulated case, the new code
was found to be much faster than the SPHYSICS
model.
A sensitivity analysis showed the most
important input parameters of the Tis Isat model.
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A new correction factor for wall viscosity with a
different total number of particles was introduced
in order to improve the agreement between the
measured and simulated surge front propagation.
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