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Plasti¢nost vrtetega se nasajenega hiperboliénega diska
Plastic Yleld of a Rotating Compound Hyperbolic Disk

ANDRO ALUJEVIC — JANKO LEGAT

0. UVOD

S8 sestavljanjem sosrednih obrotev lahko spre-
menimo potek radialnih in obroénih napetosti, ki
s8 v njih pojavijo zaradi delovanja obremenitev.
MNotranji obro¢ je pod tlatno napetostjo, medtem
ko je zunanjl obro¢ pod povedano natezno napeto-
stjo [1].

Obravnavajmo /V sosrednlh obrotev, izdelanih
iz enakega gradiva, pri ¢emer naj Ima disk spre-
menljivo debelino, ki jo privzemimo s hiperbolie-
nim potekom (sl. 1):

0. INTRODUCTION

In compounding of concentric rings, use Is
made of fact that the radlal and eircumferential
stresses, due to Internal pressure, fall off rapidly
from the Inside surface In the thick wall. The
inner ring is put into compression, while the
outher ring carrles a higher tensile stress that It
would otherwise do [1].

In the case considered, a set of N concentric
rings, is made of the same material, composing
the digk of variable thickness, assuming hyperbolic
decrease w.r_t. radil (fig. 1):

SI. 1. Sestavljena obroca spremenljive debeline.
Flg. 1. Compound rings of varlable thickness.

i) = b, (L)

Obremenltev naj bo 2 notranjim tlakom in s
centrifugalne sile. Temperaturnih sprememb ne
bomo uposevali. Z uporabo kriterija Tresca za za-
tetek plastifikacije izratunajmo optimalno poraz-
delitev zaporednih obrofev, &e pride do tecenja
snovi hkrati na vseh notranjih povrsinah posa-

meznih obroc¢ev [2].

Fo, $r&r, k=12, ..., N n>0 (.

It Is subject to Internal pressure and centri-
fugal force. No temperature gradient is taken into
account. Using Tresca yield criterlon, optimum
distribution of consecutive rings Is considered,
assuming that the vielding occurs =lmultaneously
at the Inner surfaces of each individual ring [2].



94 STROJNEK VESTNK — JOURNAL OF MECHANCAL ENGINEERING, LJUBLJANA (38) 1992/4—6

1. TEORETICNA OBRAVNAVA 1. THEORY
Zaradi ravnovesne enatbe v vsakem delu: Due to the equilibrium in each part:
k
do,
5 ke
a;‘ = r TR (1-n)ek+ pwirt (2)

doloéa elasti®no obnaanje naslednja diferencialna  the elastic case Is determined by the differential
enatha: equation:

diag* 3-n dek nll+v)
r r ke -
T E in dr  r gp ' (iv) o0 8h

katere redltev za radialno napetost je podana v with its solution:

oblikl:
J+u
k . P Pl e SRt 1.1
d A.rP- B G r (4)
P S T =g ¢
in sta where
p.g =5 -1%y(n/2)"*vn+1 (5).
Obro¢no napetost dobimo z enacba (2): The hoop stress is now from eq. (2):
(3+v)(3-n) ]
k' a - P=-(1+ag-n Q..I:_—--—— Il
@y (1+p-n) A.r (1+4 :'Ekr G-p -9 1| pw*r (B).
Ustreznl robnl In vmesnl pogojl 5o (=], 2): The corresponding boudary and continuity
conditions are (flg.2):
1
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g N(r=rn) =0 (9.
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Sl. 2. Napetostl v dveh sestavijenih obro¢ih brez vrtenja.
Fig. 2. Stresses in tweo compound rings without rotation.
Ker predpostavljamo, da pride do tefenja na Assuming that yield occurs simultaneously at
notranjlh povriinah vseh obrofev, velja kriterij the inner surfaces of each ring, the following
Tresca: Tresca criteria need to be applied as well:

d;‘ (r= rk_1}"dr“(r-rk_1}-d¢. S P N (100,
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Iz teh 2N + 1 pogojev lahko Izra¢unamo vred- From the above set of 2N + 1 conditions
nostl p,. Ay In By, tako da dobimo: values of p,. A, and B, can be determined uni-
quely:
‘Bk n-gq {acl [{E‘P]{E_Q} 1 P‘m‘ - (n P} A J"k - (11
In and
N= (p- }N'R'J -p q
p-q Fpr L
kZNkJ - ("0[( J)-“J"-’]*

T

rn-l:I

LR (08 [ Y

, 82 vla-g) op D (12),

(2-p)2-4q) N

kjer je d,; =0, ¢e j # 0 (t). 4, = 1), medtem ko where &,;,= 0, If j# 0 (i.e. 85, = 1), while from

Iz enatbe (7) 1zhaja: eq. [7):
ot Sowfl B R el B faenl b 14 S b (13)
d 0 (2-p)(2=g) i '
2. PRIMER DVEH OBROCEV 3. CASE OF TWO RINGS ONLY
Z N= 2 lahko prejénje vrednostl zapldemo v For N = 2 the above values are given by:
obliki:
1 [ (3+v)(2-n) }
B = - | — . R S - 4] -q
g, 19 Lo pieng) et np) i iy iy
1 { filgebian) (2 ~rm)ilt = Timmg }
= —_— + —_——— * = P -
B, a2 eSO Lpw'r{ + (n- p)A,rP[r ? (15),
in and
[(i)" ] (3+v)2-n) BN
&y =1|+(p-q)A, + 2[—-1[(—1—)..(_1_)]2
A, = i s e-pe-g ~JUn) " () | poP (16)
n=-q-(n-p)re/r)” °
q L
_:_1) 5 2{[{3+u)(z~n}_ ](r_) +{3+u}{n-gi]
oot d“(‘": et a9 '\ e-pe-gl™ _, ot
2 -
n=q-=(n-p)r,/ry) *79 h
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oziroma while
d, p-q T R i
= - —_— (18).
Po Aa e P GTRES )

Kadar Je n = 0, (t]. disk z nespremenljivo
debellno), dobimo 3e preprostejie lzraze:

For g =0 (i.e. disk of constant thickness) the

above simplifies to:

E,-%E-r,:,: = ; = pw? rg (19,
= o 1-v i (30)
BT e P = et
in and
a, ry o 3 i s AT I
A () () 1] Bl v -a- (] - () - () ] e
-d_nr.)+p==g+ -n-ji)‘:l (22)
W PTIR T el S 4 TF
oziroma while
F
2o-@- (-
ks iy g ry r,
pw’ R e A S ro \’
ik ri’[3+v-{1-v}[(}-i-]+(r1';.g)-(ﬁ] 200 (2 (23).

3. OFTIMALNI RAZFORED

Da dobimo najvetjo mogoto vrednost mejnega
tlaka v elastinem obmodju, izni¢ime odved enatbe
(23):

ap,
ar,

kar da kubléno enatbo:

1=-w 1-vw
(z_ P”z"‘“‘f)‘"" 2 (“ﬂ”rf i

ki jo razrelimo na iskano optimalno vrednost r,
g standardnimi postopkl. V splo&nejem primeru
(n # 0) pa namesto enatbe (25) dobimo bolj zaple-
ten lzraz. ki ga lahko razreiimo na iskano optl-
malno vrednost r, le numeriéno.

Brez vrtenja (w = 0) In 2 nespremenljivo de-
belino (n = 0) preprosteje dobimo:

=0

3. OPTIMUM DESIGN

In erder to find the maximum value of elastic
limit pressure, let in eq. (23)

(24),

rendering a cublc equation:

1-v

(25),

pm’rnz)ru’ =0

which may be solved for optimum value of r, by
standard procedure.

In the general case (n ¥ 0)
the corresponding expression to eq. (23) obtains a
cumbersome form, which may be solved numeri-
cally for optimum value of r,.

In the case without rotation (w = 0) and
constant thickness (m = 0], it simply follows that:
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ri=’r ¥ n2 (26)
all or
e f'.r'n r, 127,
Kakor Izhaja 1z vira [2], lahko to enatbo (27) As shown In [2], eq. (28) may be written as:
zaplzemo v oblikl:
rs =g, | =Tconst (28).
4. POPOLNA PLASTICNA PORUSITEV 4. ULTIMATE PLASTIC COLLAFSE
Ce vrednost mejnega notranjega tlaka P, &e If value of Internal pressure p. Is further

bolj povetamo, se plastiénost raziitl v notranjost Increased, the plastic zones develop from the
vaeh obrofev. Ustrezna sploina elasto-plastiéna Inside In each of the rings. The general elasto-

reditev v vsakem obrotu je: plastic solution for individual tubes 1z given by:
a pew® r?
Kl il [
a 5= Gy riflinart gy e (20),
Z upostevanjem pogojev (7). (8) in (9), dobimo Bearing In mind the exlsting boundary condl-
vellkost najvecjega mogotega notranjega tlaka, ki tions (7), (8) and (9), the value of the ultimate
poveroti plastiéno porusitey: plastic collapse pressure Is:
I r pw? i
pr ()2 [-(2)]- 222 - (=) ]} (0
Iy n I 2=-n ry
Za n = 0 moramo resitev (29) nadomestit] s: However with n = (0, the solution (29) has to
be replaced by:
1
:f;_k = C, +o,In(r) - 5 pwir? : (31,
tako da je v tem primeru porusni tlak: and the ultimate plastic collapse pressure is now:
r 1 ry ¥
N o
P = d!n(—)-—pu‘r‘ [I— ( )1 (32).
- & kT 2 ) Iy
Dobljeni rezultat pomeni, da sestavljanje diska These findings mean that the compounding of

1z obrotev sicer zadril zatetek plastifikacije, nima rings which postponed the vield Initialisation,
pa vpliva na kenéno vrednost poruinega tlaka, saj does not affect the ultimate collapse, since the
bl enak rezultat kakor (30) oziroma (32) dobili tudi  same results (30) and (32) are also valid for a
z obravnavo enovitega diska z enakim razponom  single ring of the equal total span rp; - ry.
DR .
5. CONCLUSION
5. SKLEP
Known expressions for compound disks of con-

V prispevku smo raz&irill znane obrazce, ki  stant thickness [2] have been blended with results
veljajo za mirujo¢ disk nespremenljive debeline [2]1  [3] of a single disk of variable thickness (hyperbo-
oziroma za enovit disk spremenljive debeline [3] lic shape used in turbine design). Optimum distri-
(hiperboli¢na oblika, ki jo uporabljaje v turbinah), bution of consecutive rings has been determined,
z dolo¢itvijo najvecje vrednostl mejnega tlaka na allowing the maximum value of the limit pressure
notranji odprtinl, ob upostevanju kriterija Tresca. at the internal orifice of the innermost ring, assu-
Ce pa bi hoteli uporabiti Misesov kriterlj, moramo ming the Tresca yield criterion. If the Mises case
enatbo (10) zamenjatl z obrazcem: Is to be considered, (10) is to be replaced by
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Temperaturno porazdelitev bl prav take lahko
upostevall [4], [5].

Velja tudi omeniti, da izpeljani obrazci ne ve-
ljajo, ¢e pride do loitve med obro¢l ob ustreznem
povetanju vrtilne hitrosti,

V primeru na sliki 3 pride do lo¢itve pri
72885 (n=0, g, = 300 MPa, p = 7850 kg/m?,
ry/ry = 4). Ce je n > 0, pride zaradl manj8ih cen-
trifugalnih sil do loditve pri vedji kotni hitrosti.

k

r

e (33).
Temperature gradient may also be considered

(41, [3).
It has to be noted that developed formulae are

not valld beyond the separation of rings, caused by
certaln Increase of rotatlon speed.

For the case presented on flg. 3, the separa-
tion speed obtalned was 72.88 7' (n = 0, g, = 300
MPa, p =7830 kg/m?*, r,/r, = 4). If n > 0, higher
separation speed Is observed due to lower centri-
fugal forces.

o r

r3

Sl. 3 Napstost! v dveh sestavijenth obrocth pri vrienju, ki poverodi locitev.
Fig. 3. Stresses In two compound rings with rotatlon causing separation.
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