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Gretje tekocine zaradl viskoznega trenja
Heating of Flulds by Viscous Frictlon

ZLATKO REK — LEOPOLD SKERGET

0. UvDD

V inZzenirski praksl imamo pogosto opravka s
pretakanjemn razliénih tekoéin po ceveh in kanalih.
Pri toplotnl anallzl problema nas zanima predvsem
temperaturno polje v tekoéini. S poznavanjem tega
lahko 1zratunamo toplotnl fluks oziroma koeficient
prestopa toplote, upo&tevamo vpliv temperature na
trdnost konstrukeije, preizkugamo vpliv razliénih
izolacljskih materialov.

Problem opltemo s sistemom parclalnih di-
ferencialnih enatb, katerega izpeljemo z uposte-
vanjem ohranitvenih zakonov. Vendar inzenirsko
zanimivi primer] zaradl nelinearnost! enacb, rob-
nih pogojev in geometrijske oblike niso analiti¢no
regljivi, tako da moramo uporabitl eno iZmed nu-
meri¢nih metod.

V 1zpeljanih enacbah Je navadno veliko ¢lenov,
ki pa niso zmera] vsl enako pomembnl. Véasih
kaksen ¢len zaradl majhnega vpliva zanemarimo In
tako poenostavimo rafunskl postopek. Tak3en je
npr. ¢len, ki v energijski enatbl pomenl viskozno
trenje. V primeru moéno viskozne tekogine ali pri
velikih spremembah hitrosti, moramo upostevati
generacljo toplote zaradi notranjega trenja. Dru-
gace lahko ta ¢len zanemarimo.

Mavadno vsak tak ¢len vnese v numeriéno
shemo dolofene nelinearnost, kar se pozna pri
stabllnostl sheme. Torej je treba vso skrb posve-
titl modeliranju teh ¢lenov.

1. 0SNOVNE ENACBE

V ustaljenih razmerah je termo- in hidrodi-
namiéno stanje viskozne nestisljive tekotine opi-
sano z ohranitvenimi zakoni:

0. INTRODUCTION

The case of various fluld flows In tubes and
channels Is encountered In engineering practice.
Within thermal problem analyvsis, the temperature
distribution in the fluid 1= of great Importance.
The thermal flux and heat transfer coefficlent can
be determined, bearing in mind the influence of
temperatures on the strength of a structure and
taking into account insulation materials,

The postulated problem Is described by a sys-
tem of partial differential equations which follow
from the conservation balances. However, the
major engineering problems, due to nonlinear
equations, boundary conditions and geometrical
shape, cannot be scolved analytically and some
numerical method has to be applied.

In the derived equations there are usually
several terms, which may not be equally Im-
portant. Some can therefore be neglected because
of thelr small Influence, thus simplifyving the
computational procedure. Such, e.g., Is the term
in the energy equation representing viscous frie-
tion. For highly viscous fluids and large changes
of velocity. the heat generation due to Internal
friction has also to be consldered. In other cases,
this term Is negligible.

Each term usually introduces a certain non-
linearity into the numerical scheme, which
affects the stability of the scheme. Modelling of
the=e terms has thus to be considered carefully.

1. GOVERNING EQUATIONS

In steady thermal and hydrodynamic conditi-
ons, the viscous incompressible fluid is described
by the conservation laws:
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— masa Tl
Vv =0 (1
— glbalna koliéina — momentum
{v'i'lv-—:;'i'p+v?=w+f (2)
— entalplja — enthalpy
{v?}T-a?2T+§¢r{v1 3)
P

V enatbah so spremenl jivke: hitrost v, tlak p,
temperatura T, medtem Ko pomenl f gostoto vo-
lumskih sil (navadno je to teznost) In @(v) Ray-
lelghevo trosilno funkeljo. Snovske lastnostl: go-
gstota (p), dinamiéna viskoznost (). kinemati¢na
viskoznost (v = p/p). toplotna prevodnost (A),
specificna toplota (c,) in difuzivnost (a = A/pcy)
so konstantne.

Clen = @(¥) v enachbi (3) pomenl vir toplote
zaradi viskoznega trenja. Kadar notranje trenje ni
lzrazito, ga v enatbl ne upostevamo. Raylelgheva
trosilna funkcija je za ravninsko gibanje definira-
na z lzrazom:

olv) =2 ((E)z; ( %)2) « ( i

ax

Vidimo, da se v enatbl (4) pojavljajo odvodi
hitrostnega polja. Poiskati je treba primeren po-
stopek za njlhov lzratun. Ti odvodl namreé ne spa-
dajo med osnovne spremenljivke, ki se pojavljajo
v ohranitvenih enatbah za gibanje tekoéine.

Pri numeri¢nem postopku metode robnih ele-
mentov enatbe (1), (2), (3) z Greenovimi identite-
taml prevedemo v sistem robno-obmoénih Inte-
gralskih enacb, ki jih regimo v diskretnl oblikl.
Uporablmo vrtinéno=hltrostno formulacijo, kar
pomenl, da uvedemo novo spremeljivko w = Vx v,
ter tako razdellmo reZevanje na kinematskl In
kinetskl del. Podrobneje je postopek opisan v [3],
[4]1 all [2]. Konénl rezultat je matriéni sistem
LA(x) x} ={b{x)}, ki je nelinearen in ga resdujemo
Iterativno. Ko je hitrostno polje znano (za predpi-
sane robne pogojel. resimo se toplotni del sistema
za dane robne pogoje.

2. IZRACUN ODVODOV

Odvode hitrostl dv,/dx; dv,/dy; dv,/dx;
gv./ay, ki jih potrebujemo pri lzratunu funkcije
@{ v ). lahko dobime iz znanega hitrostnega polja
na dva nacina. V prvem primeru postopamo kakor
pri metodi konénih elementov. Gradient funkelje u,

Where the varlables are: velocity v, pressu-
re p, temperature T, while frepresents the density
of volume forces (usually gravity) and @(v) the
Rayleigh dissipation function. Material properties:
density (p). dynamic viscosity (n). kinematic
viscosity (v = n/p), heat conductivity (A), spe-
cific heat (c,) and diffusivity (a = A/pc,) are
constants.

The term @(¥) In equation (3) means heat
source due to viscous friction. When Internal fric-
tlon Is not Important, It may be neglected In the
equatlon. The Rayleigh dissipation function Is de-
fined for plane motion by the following expression:

av_,, z
ay X _Br"J e

It can be seen that derivatives of the velocity
fleld are present in equation (4). An adequate
methed has to be found te evaluate them. These
derivatives are not among the simple variables In
the conzervation equations of fluid motion.

Using the numerical procedure of the bo-
undary element method, equations (1), (2), (3) are
transformed by Green's ldentities Into a system
of boundary-domain Integral equations, which may
he solved In a discretised form using the vorticity
=velocity formulation. meaning that by the Intro-
duction of a new variable w = V x v, the problem
Iz divided into its kinematic and kinetic parts. The
detalls are given In [3], (4], or [2]. The final re-
sult is a matrix system [ A(x)1{ x} = {b(x)} which
iz nonlinear and has to be solved iteratively. Once
the velocity distribution is determined (for pre-
scribed boundary conditions), the thermal part of
the system i also solved for given boundary con-
ditions.

2. DETERMINATION OF DERIVATIVES

Velocity derivatives dv,./dx; 3v,/ay,
v, /Ox; vy /By, needed for the evaluation of
function @(¥ may be obtained from the known
velocity field in two ways. In the [irst case It may
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kil jo zaplfemo kot produkt Interpolac Tkjsklh palino-
mov In vozliénih vrednostl u = {¢} " {U}, Izratu-
namo z odvodl interpolact jskih polinomov:

Vu = V{g}' (U} = [J"][{apfa;g}

Matrika [J _’] Je Inverzna Jacobljeva matri-
ka transformacije Iz globalnega koordinatnega si-
stema (x, ) v lokalni sistem (£ 5), ki je vezan
na celico. Ker je znano, da je numeriéno odvajanje
glab postopek, se skuzamo izratunu edvoedov hitro-
sti po tej poti izogniti.

Druga pot vodi prek odvajanja integralskih
enatb. Kinematskl enafbi:

du"(£.5)
o8 vy (B) + 1]_ vels) S ar- jj_ v, (s

(B v (2)+ iry( s

oplsujeta zvezo med hitrostnim in vrtinénim po-
ljem. Ce pols&emo gradient teh dveh enath, dobimo
odvode komponent hitrosti:

RuEs) fv.
I

be done as within the finite element method. The
gradient of functlon u written as a product of
1nterpolatlnn polynomlals and nodal wvalues u =
= {@}T{U}. 1s computed by the use of derivatives
of the Interpolation polynomials:

2e/2d) ]{u}

The matrix [J‘ ] represents the Inverse
Jacoblan transformation matrix from a global co-
ordinate system (x, ) Into the local one (£ n)
which iz valld for a cell. Since It Is well known
that the numerical derivative evaluation Is a po-
orly conditioned procedure, computation by the
above technlque should be avolded.

The =econd optlon Is via the derivatives of
integral equations. The Kinematic equations:

(3)

(s }—Ldr f

#
du {f..":‘}
3t(s) (=) V. din

(6)

m—La; {i)"-"}'ur o w(s}u—‘f—a”aﬁr 2y (7)
n =

describe the connection between the velocity and
vorticity flelds. Searching for the gradient of
these two equations, derivatives of the velocity
components are obtalned:

av,( au™(£,
C{E}?ﬂ i bxx(f e I e(s) x{( :ﬂf:i}s})dr+
.3 [ou"(£ )
"xf(f]"f{ﬂ'i”f{s’ ax{( at (s) )‘”" 3
i i a [(ou™(£ 5)
* L,a.-rfﬂ w(§) ‘!;Wl:sj_axf (___B};_)dﬂ (8)
v, (£) .3 [au®(L
@ ;y: by (B V() - !."-"““’ayf( :nf:if})d“
by OB - [ (2 )
A e e TR ST
+ ey (O W () - [wis) < (a"'tf‘g})dn (@)
¥y ) /U
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8 i
o ;:I:ﬂ b AEhT, (6)5 ..r vylsh5o ( :nii'}ﬂ)dr +
r £
* b (E)v(8) - .["3-'[5} ai;(a;:{fi)s})df 5
it {:w 1% ai; (auaff})dﬂ (10)
3?,;{5} u"(¢, s)
c{E)—=2—=b ekt LA ‘I‘F'V{S;BV ( 3n(s) )dI"+

+ by (E) v, () - jvxfs} 3.?’5 (
e

+ cyn(E wlE) - [ wl

Ker so Integrand! singularni, ke se lzvorna
totka £ ujema z Integracljsko tofko s, totko £
ogradimo iz obmotja s krogom polmera e Ko lz-
vedemo llmitnl postopek £ — 0 se pojavijo prostl
¢lend ¢, by 4, ¢; 4, Ki so odvisnl le od geometrijske
oblike. Vendar jih dejansko ni treba poznatl, saj
Jih skupaj z diagonalniml elementl matrik lzratu-
namo z uporabo partikularnih resitev. Podrobneje
Je to opisano v [3].

L diskretizacljo obmot&ja zaplfemo slstem (8)
do (11) v matriéni oblikl za ekspliciten lzratun od-
vodov komponent hitrosti:

du*(£, )
ot (s)

)df‘ +

(1

a (au (. s))

E'

Since the Integrands are singular when the
source polnt £ colncides with Integration point s,
point £ has to be fenced from the domain by a circ-
le of radius r. Performing the limit process £ = 0
the free terms c, by ;, c; ,appear, which are depen-
dent on the geometry only. They do not need to be
known, since they may be evaluated from diagonal
terms of matrices by the use of particular solu-
tiens. This 12 described In detall In [3].

Discretising the domain, system (8) to (11) Is
written In matrlx form for explicit calculation of
velocity component derlvatives:

@220} . 30}« [d(0) - [ diW)
(0252} [, T} + [ (05} - [0 ](w)
{022} - [, 30} « [ () - [ W)
(o222} - [, ) - [ - [0 (W) =

Matrike [H] In [D] so0 sestavljene iz vozlidd-
nih prispevkov ustreznih Integralov po elementih
oziroma cellcah.

Matrices [H] and [ D] are composed of nodal
contributions of corresponding Integrals by ele-
ments and cells respectively.
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3. TESTNI PRIMER

Preverimo uéinkovitost predstavljene sheme
na primeru, ki je analiti¢no resljiv. Tak zgled je
Couettov tok, glej [11, kjer je porazdelitev hitrosti
po viZini linearna. Za robne pogoje In geometrij-
ske podatke, prikazane na slikl 1, je temperaturni
profil dan z enatbo za normirane vrednostl
8 = p(l +-PrEN - @), pri éemer so brezdi-
menzijska &tevila 8= (T-T,)/(T, - T,), g = ¥/L,
Pr=yfain E= vf,«-"{c (T.- T,)). Odstopanje nu-
meriénih rezultatov odpam.lll:ltmh za Izbrani pri-
mer je v okviru natanénostl ratunanja. Potek tem-
perature za razli¢tna stevila FrE prikazuje slika 2.

3. TEST CASE

The proposed scheme can be tested with a
case which has an analytical selutlon. Such Iz the
Couette flow, ref. [1], with linear distribution of
velocity by height. Boundary conditions and geo-
metrical data, shown In Fig. 1, yield a temperature
profile In the form of normalized values & =
= (1 +3-PrE(1 - g)), where nondimensional va-
lues are 8=(T-T )/ (T, -T,), p=y/L, Pr=v/a
and E = v;*/(e (T, -T,)). Deviations between
numerical and analytical results for the selected
case are within computational errors. The tempe-
rature distributlon for the varlable value of PrE
I= glven In flg. 2.

¥
£ ve=op, I' =T
=¥ Be o
g=0 g=0
0 v=(,T=T §H .

Sl. 1. Geometrijski podatk! In robnl pogofi za Couettov tok.
Flg. . Geometrical data and boundary conditions of Coustte flow.

I

1]

Sl. 2. Temperaturni profili pri PrE = 0. 1, 2. 4, § za Couettov tok.
Fig. 2. Temperature profiles for PriE = 0, 1, 2. 4, 8 of Couette flow.

4. TOK MOCNO VISKOZNE TEKOCINE
V UKRIVLIENEM KAMALL

Kot analiti®no nereiljiv primer sl oglejmo
gretje tekofine zaradi nmotranjega trenja. V ukriv-
ljen kanal vstopa tekofina s temperaturo T' =0 in
razvitim laminarnim hitrostnim profilom (parabo-
la). Geometrijski podatki in robni pogoji so prika-
zani na slikl 3. Zaradl zasuka kanala za 90° In ve-
like hitrostl tekoéine (RHe = 500), se po prehodu v
vodoravno smer pojavi obmofje povratnih tokov
ob spodnjl steni. Hitrostno polje je prikazano na
slikl 4. Zaradi velikih sprememb hitrosti na tem
obmodju (velikli odvodl w) je wvelik tudl wvpliv
VISI-!GZI'IEE& trenja In s tem povezano gretje te-
kotine zaradi notranjega trenja. Slika 5 prikazuje

4. FLOW OF HIGHLY VISCOUS FLUID IN
A CURVED CHAMNEL

This case of Internal frictlon heating cannot
be solved analytically. Fluid enters the curved
channel with temperature T=0 and a developed
velocity profile (parabolic). Geometrical data and
boundary conditions are shown In fig. 3. Due to the
change of channel direction of 90° and high fluid
velocity (Re = 500) a recirculation zone develops
at the horlzontal part of the channel close to the
lower wall. The veloclity field Is shown In Fig. 4.
Due to large changes in velocity in this part (large
derivatives of v) viscous dissipation has a major
influence and causes heating of the fluid through
internal friction. Fig. 5 shows the temperature
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=0

g=0

ol T=01 2

7 r

Sl. 3. Geometrijski podatki in robni pogoji za tok tekotine v ukrivijenem kanalu (Re = 500, pv = §).
Flg. 3. Geometrical data and boundary conditions of fluid flow in curved channel (Re = 500, pv = 8).

Sl. 4. Hitrestno polje.

Fig. 4. Velocity fleld.

e

temperaturno polje v tekoéinl. Mesto najvidje
temperature se ujema £ najvecjimi spremembami
hitrosti. Slika 6 prikazuje vrtinéno polje, na sliki 7
pa so prikazane tokovnice za obravnavanl primer.

Sl. 5. Temperaturno polje.
Fig. 5. Temperature field.

field in the fluid. The location of the highest tem-
perature coincides with the largest veloclty chan-
ges. Fig. 6 shows the vorticity field, while the
stream lines of the consldered case are glven In
flg. 7.
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3l. 6. Vrtindno polje.
Fig. 6. Vorticity field.

Sl. 7. Tokovnice.

Fig. 7. Stream lines.

J. SKLEP

V €lanku je predstavljena numeriéna shema
redevanja toplotnih In hidrodinamiénih problemov
ravninskega gibanja nestisl jive tekotine, pri kater|
ne smemo zanemariti vpliva viskoznega trenja.
Posebna pozornoest je namenjena modeliranju tega
¢lena, saj v numerléno sheme vnasa mocno neline-
arnost. Prelzkus z analiti¢éno resljivim primerom
potrjuje utinkovitost uporabljenega numerlénega

postopka.

3. CONCLUSION

A numerical scheme of thermal and hydro-
dynamic problems of plane moving of Incompress-
Ible fluld has been presented for cases when vis-
cous dissipation cannot be neglected, Special
attention Is pald to the modelling of this term,
slnce It bears a strong nonlinearlty to the nume-
rical scheme. The test case with an existing ana-
Iytical solution confirms the effectiveness of the
proposed numerlcal procedure.
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