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Spremembe nihajnih oblik, povzrotene z lokalno spremembo konstrukeije
Changes of Modal Shapes Induced by Local Modification of the Structure

MATJAZ SKRINAR

Proudevanje vpliva spremembe lokalne fogosti na lastne frekvence in na nihajne oblike
je aktualna inzenirska tema. Studije iz literature se omejujefo samo na vpliv poskodovanosti,
ki jo v racunski model vpeljejo z zmanjsanjem elasticnega modula v delu konstrukcije, Kjer
se razpoka pojavi. V prispevku je opisan vpliv razliénih lokalnih sprememb (razpoke, spre-
membe mase ali spremembe prereza) na lastne vektorje. Za laZjo primerjave so lastni vek-
torji razdelfeni po posameznih komponentah (vzdolini ter predéni pomniki in zasuki). V' Studiji
so namred upostevani tudi vzdolZni pomiki, ki so v primerih iz literature praviloma zane-
marjeni, vendar vodifo do pomembnih ugotovitev o spremembi lastnih vektorjev. Primerjava
sprememb lastnih vektorjev za razliéne tipe sprememb namreé pokaZe, da je moé postaviti
zakonitosti, po katerth je mogoce ugotoviti lokacijo in tip spremembe. Amplitudo spremembe
Je treba dolociti & drugadnimi racunskimi postopki., Upestevanje osnih pomikov pokaZe, da je
o tipu in lokaciji spremembe konstrukcife najlate soditi na podlagi sprememb specifiénih de-
farmacij, ki pripadajo posameznim lastnim vektorjem.

Investigation of the influence of local stiffness modification is a currently relevant
engineering topic. The literature is limited to studies on the influence of the damage that is
introduced into a computational model as a reduction of the elasticity modulus in the part of
the structure where the damage occurs. The paper presented considers the influence of
various local changes (a crack, a change of mass, a change of cross section) on eigen-vectors.
These vectors are separated inte three direction components (longitudinal and transverse
displacements and rotations). In the presented studies, longitudinal displacements are also
considered since these components are neglected in the studies in the literature, although
they offer significant conclusions about the change of the eigen-vectors. The comparison of
the elgen-vector change for the various types of modifications clearly shows that some prin-
ciples exist from which it would be possible to determine the location and type of structure
change. The magnitude of the change must be further determined by other conventional
methods. The introduction of the longitudinal displacements indicates that the type and loca-
tion of the structure change can be estimated on the basis of the specific defermation

changes which belong to the eigen-vectors.

0 UVOD

Vsaka sprememba konstrukelije spremeni njen
dinamiéni (in tudi statiéni) odziv. Sprememba se
kate v lastnih frekvencah in njim pripadajocim
nihajnim oblikam. Iskanje zveze med tipom, loka-
cijo ter velikostjo spremembe in spremembo od-
ziva konstrukcije (zaradi pofkodb) je pomemben
inZenirski problem. Yuen [11] podaja sistematitno
studijo, v kateri proucuje spremembe nihajnih
oblik zaradi spremembe togosti. Studija, izvedena
na primeru preproste konzole, je omejena samo
na opazovanje spremembe prve nihajne oblike.
¥ raziirjeni Studiji Pandey in dr. [6] opazujejo
vpliv absolutne spremembe nihajnih oblik (tudi
visjih) na primerih konzole in obojestransko vpe-
tega nosilca. Vpeljan Je parameter, ki naznatuje
lokacijo razpoke. Baruh in Ratan (1] podajata drug
kriterij za iskanje nepravilnosti v konstrukciji, saj
v analizi kombinirata togostne in masne koefic-
iente prvotnega sistema z dinami¢nimi karakte-
ristikami spremenjenega sistema.

0 INTRODUCTION

Each modification to the structure alters its
dynamic (and static) response. The modification
iz reflected in eigenfrequencies and corresponding
eipenvectors. The study of the relation between
type, location and magnitude on the one hand, and
change of response (as a result of a structure
damage) on the other, is a current engineering
problem. Yuen [11] offers a systematic study in
which he considers the eigenshape changes caused
by stiffness variation. The study is performed on
a simple cantilever and is limited to the monito-
ring of the first eigenfrequency change. In the
expanded study, Pandey et al. [6] observe the in-
fluence of absolute change of the eigen-shapes
(even higher) on two examples: a cantilever beam
and a clamped-clamped beam. A new parameter
that indicates the presence of the crack is intro-
duced. Baruh and Ratan [1] present another crite-
rion for the determination of irregularities in the
structure =ince they combine the coefficients of
the intact system with the dynamic characte-
ristics of the modified system.
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Proces analize v prispevku zajema sestavo
dinami¢nega modela fizikalnega sistema s kon-
Enimi elementi in numeriéni algoritern za dologi-
tev frekvenc in nihajnih oblik nedusenega linear-
nega nosilea oz, okvira. Sprememba konstrukecije
je sistemati¢no modelirana na vseh elementih in
opazovan je vpliv razlitnih velikostl spremembe
na isti lokaciji. V Ztudiji so, v nasprotju s Studi-
jami iz literature, zajete vse prostostne stopnje
(vzdolZni in pre¢ni pomiki ter rotacijske prostost-
ne stopnjel. Sistematiénost Studije vodi do ugoto-
vitev, ki sklepe iz literature dopolnjujejo in raz-
girjajo. Poglavitna pozornost je posvetena razlic-
nim tipom sprememb, ki se na razline naéine
kaZejo v nihajnih oblikah. O nekaterih spremem-
bah je mogote soditi 2e neposredno na podlagi ni-
hajnih oblik, za druge pa je treba poznati odvode
komponent nihajnih oblik. Amplituda sprememb
nihajnih oblik narag®a z velikostjo spremembe
in lahko take rabi kot kazalec wvelikosti spre-
membe.

Za ugotavljanje morebitne spremembe kon-
strukcije med uporabo potrebujemo rezultate me-
ritev, ki jih izvedemo na sami konstrukeiji in jih
nato primerjamo z rezultati prejsnjih meritev. Ce
#elimo preveriti izvedbo, potem za primerjavo upo-
rabimo podatke, ki jih dobimo z uporabo ratunske-
ga modela. Pri tem je vedno potrebna previdnost,
saj vzroki za razlikovanje izmerjenih in izratuna-
nih yrednosti niso vedno v spremembi konstrukeci-
je, temvet lahko izvirajo bedisi iz neprimerno iz-
branega ratunskega modela ali pa iz pomanjkljive
izvedenih meritev. Napakam zaradi neustreznega
ratunskega modela se je obifajno mogote izogniti
z zapletenejsimi ratunskimi modeli, kar omogotajo
vedno hitrej3i in zmogljivej$i ratunalniki. Drugi
vir napak lahko omilimo z nabavo dobre merilne
opreme, Katere zmogljivost je navadno sorazmerna
njeni ceni.

1 POSTOPEK ANALIZE

Za konstrukcijo izberemo rafunski model in z
metode konénih elementov sestavimo togostno
matriko K in masno matriko M, ki sta reda N.
Refevanje problema lastnega nihanja za osnovnd
sistemn se lahko prevede v iskanje resitev pro-
blema lastnih vrednosti (K - A,. M) u, = 0.
Resitve te enafbe so vrednosti A., ki pomenijo
lastne vrednosti (povezane z lastnimi frekvenca-
mi sistema) in njim pripadajoti lastni vektorji
u, (r=12.N). Za spremenjeni sistem lahko
podobno zapidemo enatbo: (K' - X', M') v, = 0,
kjer sta K' in M' togostna oziroma masna ma-
trika spremenjenega sistema, A', r-ta lastna

vrednost in ¥, njej pripadajodi lastni wvektor
ir=12.N).

The analysis process in the presented paper
consists of determination of an appropriate dyna-
mic model by finite elements of the physical sy-
stem, determination of the eigenfrequencies and
corresponding eigen-vectors (modal shapes) of un-
damped linear beam or frame-like structure. The
modification of the structure is systematically
madelled on all finite elements, and the influence
of different changes at the same location is super-
vised. All three degrees of freedom (lateral and
transverse displacements and rotational degrees of
freedom) are considered in the study. This syste-
matisation is reflected in some conclusions which
offer a further advance on results already known
from the literature. Main attention is devoted to
several types of modifications which differently

occur in the eigenvectors. Some changes can be
determined directly from eigen-vectors (modal

shapes) and the others can be determined on the
base of derivatives of the eigenvector components.
The amplitude of the modal shape changes incre-
ases with the increase of the structure modifica-

tion, and this can therefore serve as an indicator
of the magnitude of the change.

For the identification of a possible change in
the structure during its utilisation, the results of
the measurements on the structure are needed.
These results are compared to the results of pre-
vious measurements. If the aim of the measure-
ments is to control the integrity of the structure,
then measurements on the structure are compared
with the results obtained from the mathematical
model. The difference in the results may be
caused by a poor choice of the mathematical model
selected, or by a measurement error. The errors
from a badly conditioned mathematical model can
be usually avoided with more complex computa-
tional models. The measurements error can be
reduced by means of high-quality measurement
equipment, which price increases as the quality
improves,

1 THE ANALYSIS PROCESS

For the structure, a mathematical model is
chosen and global stiffness matrix K and global
mass matrix M (both of rank N ) are computed. The
problem of eigenmotion is transformed into the
solution of the eigenvalue problem (K - A . M)u =
= 0. The solutions of this equation are A., that
represent the eigenvalues (directly related to ei-
genfrequencies of the system) and corresponding
eigenvectors u,. (r =1,2,.. N ). For the modified
system a similar equation can be written:
(K'- A'.M') v = 0 where K’ and M' are stiffness
and mass matrices of the modified system, re-
spectively, A',. r-th represents the eigenvalu-
es and V. is the corresponding eigenvector
r=1,2,..N).
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Opozoriti velja, da sta pri iskanju spremembe
sistema matriki K'in M’ neznani (ni nujno, da
hkrati velja K'# K in M' # M). Z meritvami
lahko pridobimo podatke o A'.infoz. v.(r=12,.., 0,
obi¢ajno @ << N). Iz znanih podatkov K, M, A'_in
v, (in morda 8¢ A, in u,) je treba zaznati lokacijo
spremembe in morda Se tip spremembe,

1.1 Postopek analize s kombiniranjem
togostne in masne matrike prvotnega
glstema z dinamiénimi karakteristikami
spremenjenega sistema

Zapidimo izraz:

In the identification process, matrices K and
M' are unknown (it is not necessarily valid that
K#K and M'# M). From the measured data, va-
lues for A’ and/or v, (r =1,2,..,Q, usually
Q< N are obtained. From the known K, M, A",
and v,. (and even A, and u,.) the location and type
of the modification should be determined.

1.1 The process of analysis with the
combination of the stiffness and mass
matrix of the original system having the
dynamic characteristics of the
modified system

Expression:

(K-A.M)v.=R,_#0 (1,

ki pomeni kombinacijo vrednosti iz osnovnega in
spremenjenega sistema. Vpeljimo M' = M - 4M;
in K' = K - JK,, kjer indeks j oznatuje element,
pri katerem se pojavi sprememba. Izraz tako
prevedemo v:

represents the combination of values of the ori-
ginal and modified systems. Let us introduce
M -M- iM;and K = K- JK;, where subscript
j denotes the element where the deformation
occurs. The expression is transferred into:

(5K, - A, 5M,)v,. =R, (2).

Zanima nas, ali (in &e, kako) se v vektorju
R, kalejo posamezne spremembe. Iz enatbe (2)
vidimo, da je vektor R . odvisen od 5KJ in :'J'MJ,
ki ju ne poznamo, zato v analizi moramo uporabiti
enacbo (1),

1.2 Primerjava lastnih vektorjev prvotne
in spremenjene konstrukelje

Lastni vektorji so najprej ortonormirani gle-
de na masno matriko, take da velja uf My, = 1,
nato pa e na pripadajofo kroZno frekvenco. Vsak
vektor je razdeljen v vektorje po komponentah
vedolgnih pomikov X, preénih pomikov Y; in
zasukov ¢, Tak3na lotitev prostostnih stopenj
omogoéa bolj sistematiéno opazovanje vpliva spre-
membe, Nihajne oblike spremenjene konstrukeije
so primerjane z nihajnimi oblikami prvotne kon-
strukcije. Za vsako spremembo konstrukeije se
tako izratunajo naslednji vektorji:

u ¥
NPT i | e o
x-’ 3 wo L

o oy Gy

kjer oznafujejo: indeks i lastno frekvenco, in-
deksa u in v pa prvotno oz. spremenjeno kon-
strukeijo.

The question arising is; if (and if, how)
different modifications are reflected in vector R .
Since it is clear from the equation (2) that vector
R, depends on unknown SK; and M, in the
analysis equation (1) must be used.

1.2 The comparison of eigenvectors of
the original and modified structure

Eigenvectors are first normalised over the
mass matrix: u§ M u; = 1, and further to the
corresponding eigen circular frequency. Each
vector is further divided into three vectors:
components of the longitudinal displacements X ;,
transverse displacements Yl and rotations ¢,
Such separation allows for a more systematic
approach to monitoring of the influence structure
modification, the eigenshapes of the modified
structure are compared with the eigenshapes of
the original structure. For each structural change
the following vectors are computed:

v
B TJ eFlﬂ o tFII-l 1h 'P: (a)
&y ! Mgt :

where index j stands for the eigenfrequency,
while indices u and v indicate the original and
modified structure, respectively.
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1.3 Kriterija KMU in KMUK

Za primerjavo lastnih vektorjev sta predla-
gana dva kriterija. Prvl se imenuje kriterij mo-
dalne usklajenosti KMU (MAC). Oznatuje poveza-
vo med dvema vektorjema. Vrednost koeficienta
KMU med i-tim vektorjem v, in j-tim vektorjem
u; se izratuna kuot:

1.3 The MAC and COMAC criteria

For the comparison of modal shapes two
criteria are suggested. First, the MAC - Modal
Assurance Criterion), represents the correlation
between the two vectors. The value of the MAC
coefficient between vectors v; and u;is computed
as:

(4).

MAC (u;, v;) =

Vrednost koeficienta blizu 1 oznafuje, da sta
oba vektorja dobre usklajena, vrednost blizu 0 pa
oznatuje dva popolnoma neusklajena vektorja.

Drugi kriterij je kriterij modalne usklajenosti
koordinate KMUK (COMAC). Oznatuje usklajenost
posameznih nihajnih oblik za izbrano keordinato.
Ce z L oznatimo Stevilo lastnih vektorjev, ki jih
2elimo uskladiti, in z x koordinato, potem se ko-
eficient KMUK (COMAC)izratuna kot:

(4

i “';} (‘;r 7_;))

The value close to 1 indicates good correlation
of two vectors, while a value close to 0 indicates
completely uncorrelated vectors,

The second criterion is COMAC (Coordinate
Modal Assurance Criterion). It indicates the cor-
relation of the different shapes for a chosen co-
ordiante. If L denotes the number of eigenmodal
shapes to be correlated, and x denotes the coordi-
nate under observation, COMAC is computed as

follows:

(2,0 v,[x]')i

=1

COMACI(x) =

(3).

L
>ux* Y v i

I=1

Vrednost koeficienta KMUK (COMAC) blizu 1
oznatuje dobro usklajenost na izbranem mestu.
Usklajenost se vedno izvede preko vet lastnih vek-
torjev (L>1), saj je pri L=1 vrednost KMUK
(COMAC(x) =1.

2 NUMERICNE STUDIJE ZA RAZLICNE
SPREMEMBE KONSTRUKCILJE

2.1 Prvi primer

Za demonstracijski primer izberimo preprosto
konzolo, vpeto na levem koneu (sl. 1). DolZina kon-
zole in elasticni modul sta privzeta po literaturi
[111, izvirno okrogli prerez je nadomesten s pravo-
kotnim zaradi vpeljave kon¢énega elementa z razpo-
ko. Konzolo diskretiziramo z 21 vozlisti in 20 ele-
menti enakih dolZin (v literaturi s petnajstimi),
osteviléenje vozlide in elementov poteka od levega
roba proti desnemu. Uporabimo standardno formu-
lacijo 5 kontnimi elementi, kjer so kot interpola-
cijske funkcije uporabljeni hermitovi polinomi, kar
omogoda dovolj natancen izratun niZjih frekvenc,
ki so zanimive z inZenirskega vidika. Za izratun
visjih frekvenc in pripadajofih nihajnih oblik je
treba uporabiti drugadnoe formulacijo (p-formulaci-
ja ali me&ana formulacija [81). V posameznem voz-
listu upostevamo tri prostostne stopnje. V prime-
rih iz literature so prostostne stopnje, ki pripadajo

fmy

A value of the COMAC coefficient close to |
indicates good correlation at a chosen point. The
correlation is always computed over several modal
shapes (L> 1), since for L=1 the COMAC(x) = 1.

2 NUMERICAL STUDIES FOR DIFFERENT
STRUCTURE MODIFICATIONS

2.1 First example

As a first demonstration example a simple
cantilever fixed at the left end (Fig. 1) is chosen.
The length and the modulus of elasticity were ta-
ken from the reference [11) and the original circu-
lar cross section was replaced by a rectangular one
for the implementation of the crack finite element
model. The cantilever is discretisised with 21 no-
des and 20 elements (in the ref. with only 15), the
numeration is performed from the left - the clam-
ped nede. For the computation of eigenpairs the
standard formulation with finite elements, with
Hermitean polynomials as interpolation functions
were used. This discretisation allows the compu-
tation of lower eigenpairs with satisfactory ac-
curacy. Lower frequencies are more interesting
from the engineering point of view. For the com-
putation of higher eigenfrequencies and correspon-
ding eigenvectors a different formulation should
be used (p-formulation or mixed formulation [8].)
Three degrees of freedom are used at each node.
This is the first step forward in comparison to
studies from the literature where the degrees of
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L=075m

b= h=1921745 cm

81, 1. Konzolni nosilec
Fig. 1. Cantilever beam

vzdolinim pomikom, zanemarjene. Togostna in
masna matrika sta sestavljeni z lastnim ratunal-
nidkim programom, lastne frekvence in pripada-
jode lastne vektorje pa izraunamo s programskim
paketorn MATLAB.

UspeZnost izbranega modela In rafunskega
postopka preverime s primerjave z znanimi

reditvami za konzolo [13].

freedom belonging to the longitudinal motion were
neglected. The stiffness and mass matrices are as-
sembled with own software, eigenfrequencies and
eigenvectors are further computed with the pro-
gram package MATLAB. The efficiency of both
chosen model and computational procedures was
verified by comparing obtained eigenfrequencies
with known theoretical solutions for cantilever (13).

Preglednica |: Primerjava lastnih frekvenc osnovnega sistema
Table 1: Comparison of eigenfrequencies of the original system

= analitiéno MEKE

analytical FEM

et | 5 i |

1 10096.83848 10097.78
2 63275.81291 B63276.37
3 ITTI74.1084 IT7183.25
4 3471905398 347258.275
5 373830.8394 57423258
[ e L B09832.693 GIO1IL3T9
T B57353,284 85834281

Preglednica 1 podaja najnizjih sedem lastnih
frekvenc za pretno in vzdolino nihanje. Sest
(prvih pet in sedma) jih pripada pre¢nemu nihanju,
Sesta pa vzdolZnemu nihanju. Vidno je, da je na-
tancnost uporabljenega modela dovolj velika, da
omogoci uporabo (vsaj) prvih sedem lastnih frek-
venc in nihajnih oblik za analize. Primerjava re-
zultatov potrjuje pravilnost izbrane diskretizacije
in uspednost numeriénega postopka.

Obravnavajmo naslednje primere sprememby:

— poskodovanost oziroma razpokanost dela
konstrukeije,

— dodatno maso na konstrukcijl — povelanje
mase konstrulicije brez vpliva na njeno togost,

— povetanje dela prereza — hkratno povetanje
mase in togosti konstrukcije.

Obravnavamo torej variacije togostne matri-
ke, masne matrike in njuno kombinacijo. Vsako
izmed nastetih sprememb simuliramo s spremem-
bo lastnosti enega elementa in izratunamo pripa-
dajote vektorje Ry XY in@ (i=1,2,.7).

Table | compares the first seven eigenfre-
quencies for longitudinal and transverse motions.

Six of them (first five and seventh) belong to
transverse motions, and the sixth belongs to

longitudinal motion. The accuracy of the chosen
medel is evidently high enough to allow (at least)
for the first seven eigenpairs in the analysis.
The comparison of the results confirms both
the choice of the mathematical model and the
numerical procedures.

Let us consider the following modifications:

— damaged or cracked part of the structure,

— added mass on the structure — the incre-
ase of the mass on the structure without affects
on the stiffness of the structure,

— enlargement of the cross-section of the
structure — with simultaneous increase of the
mass and stiffness of the structure.

The wvariations of stiffness matrix, mass
matrix and simultaneous variation of both ma-
trices are considered. Each modification is simu-
lated with a change of properties of a single ele-
ment, and the corresponding vectors R, ]{,‘, :
% (i=1,2, .., 7) are computed.
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2.1.1 Poskodovanost dela konstrukcije

Majpreprostejsi nadin modeliranja poskodbe
konstrukeije izvedemo z zmanjSanjem elastiénega
modula elementa (E, . < Egiari)- Tak preprost
natin terja samo minimalno spremembo podatkov
pri opisu konstrukcije s konénimi elementi in ne
zahteva vpeljave posebnega elementa. Primeren
je predvsem za opis plastifikacije dela konstruk-
cije. Taksno modeliranje poZkodbe konstrukcije
je razsirjeno v literaturi.

Slika 2 prikazuje vektor R,, ki pripada prvi
nihajni obliki. Poskodba je modelirana na enajstem
elementu.

10

25

W ratunska prostostna stopnja
computed degree of freedom
10 20 i 40 50 60

Sl. 2. Vektor R,

Fig. 2. Vector R,

S slike 2 je razvidno, da se motnja pojavi v
30. (zasuk vozliZ&a 11) in 33. (zasuk vozliséa 12)
ratunski prostostni stopnji. Se jasnej%a je slika 3,
kjer je vektor R, razdeljen po posameznih kompo-
nentah. Ker prva nihajna oblika pripada preénemu
nihanju, so komponente vzdolZnih pomikov enake
nit. S slike 3 je dalje razvidno, da komponente
pomikov monotono narasfajo (izjema je =zadnji
element). Komponente zasukov doseZejo ekstremni
vrednosti v vozligtih 11 in 12, torej v vozlistih, ki
omejujeta element 11, kjer se sprememba togosti
dejansko pojavi. Vektorji, ki pripadajo vigjim ni-
hajnim oblikam, izkeazujejo podobno obnasanje,
Vrednosti pomikov so numeri¢no vedje, vendar ne
omogotajo identifikacije motnje.

Slika 4 prikazuje vektorje X Y in @"
Vektor ql,' jasno kaZe vpliv spremembe konstruk-
cije: na plastificiranem elementu naredi vektor
@, preskok. Yuen [11] ne analizira vigjih nihajnih
oblik, vendar trdi, da poskodbe dela konstrukcije
v vigjih nihajnih oblikah ni mo¢ zaznati. Vendar
je sprememba konstrukcije opazna tudi v visjih

Fig. 3.
- the presence of the damage is obvious

2.1.1 Damaged part of the structure

The simplest way to model the damaged part
is to reduce the modulus of elasticity of the da-
maged part (E, . < E,q4). Such an approach re-
quires only minimum change in the description of
the structure by the finite elements, and does
not necessitate introduction of a special element.
It is efficient especially for the description of the
plastification of the part of the structure. This
approach is widely used in the literature.

Figure 2 shows vector R,, which belongs to
the first modal shape (transverse displacements).
The damage is modeled at the eleventh element.

1.5"“’}
2 o e ---Em--l.EnLe--mmikuv ...E.‘.;:a.........:.
— :displacement components
.1 ST ewes nes e sk DTN ante '!ﬂSl.Ikﬂ\l"_"""';"'""'---"' o
: rotation components”
1| R .........................
of- L -
: wvozlisde
- 5 node
iy 5 1 15 21

S1. 3. Vektor R,, razdeljen po kemponentah
- motnja je ofitna
Vector R,, divided into components

From figure 2 it iz evident that the damage
is introduced in the 30th (rotation of node 11) and
33rd (rotation of node 12) computational degree of
freedom. Figure 3 confirms this fact most clearly
- vector R, is divided into components. Since the
first modal shape belongs to the transverse mo-
tion, all components of longitudinal motions are
equal to zero. From figure 3 it is further evident
that the components of the displacements are
monotonously increasing (the exception is the last
element), The components of the rotations achieve
their maximums at nodes 11 and 12. These are the
nodes that bound the element 11, where the
change of stiffness is actually modelled. The vec-
tors that belong to higher modal shapes exhibit
similar behaviour. The values of the displacements
are numerically higher but they do not allow for
identification of the change.

Figure 4 shows vectors X% Y] and @
Vector ¢, clearly indicates the influence of the
modification on the structure: on the plastificated
element there is a jump of vector @%. Yuen[11]
does not analyse higher flexural modes since he
states that the damage cannot be determined in
higher modes. However, the medification of the
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Sl 4. Vektorji X 5, Y " in @' za plastifikacijo
elementa I
Fig. 4. Vectors X, Y and @ for
the plastification of the IIth efement

Sl. 6. Vektorji K'. Y ine;
Fig. 6. Vektors X, Y andq:i

nihajnih oblikah (sl. 6, 7). Slika 7, ki prikazuje
razliko nihajnih oblik za vzdolZno nihanje, potrjuje,
da se sprememba konstrukcije kate tudi v vzdolz-
nem nihanju (vektor X;').

Jasno je vidno, da tudi vigje modalne oblike
kaZejo lokacijo pofkodovanega dela. V analizi, ki
jo podajajo Pandey in drugi [6], so v ratunskem
modelu upoftevani samo preéni pomiki brez zasu-
kov in vzdolinih pomikov, lastni vektorji pred
primerjave nihajnih oblik niso normalizirani na
lastno frekvenco, opazovana pa je absolutna vred-
nost vektorjev Y * Za lociranje poskodb je upo-
rabljena aproksimacija drugih odvedov preénih
pomikov, Najveéja absolutna vrednost spremembe
nihajne oblike naznatuje lokacijo spremembe na
konstrukciji. Absolutne vrednosti razlik nihajnih
oblik in aproksimacij odvodov zasukov sicer pou-
darijo lokacijo spremembe, vendar za ratun z ab-
solutnimi vrednostmi ni fizikalne osnove.

S slik 4, 6 in 7 je razvidno, da je spremembo
togosti mogode locirati Ze s slike vektorjeve®.

xwt
L]

' element
& .
0

5 10 B 20
Sl. 5. Odvodi vektorja @ | po elementih

Fig. 5. The derivatives of vector @ over
the elements
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SI. 7. Vektorji X, X" in lpu
Fig. 7. Vectors X, Y ﬂ“‘-'f‘f"a

structure is evident even in higher modal shapes
(Figs. 6, 7). Figure 7, showing the difference of
the modal shapes for the longitudinal motions, con-
firms that the meodification on the structure is
evident even in longitudinal motion (vector X3 ).

It is clearly evident that even higher modal
shapes expose the location of the damaged part. In
the analysis given by Pandey et al. [6] only trans-
verse displacements (neglecting longitudinal dis-
placements and rotations) are considered. Eigen-
vectors are not normalised by the elgenfrequency
prior to the comparison of modal shapes, and only
absolute values of vectors Y * are considered. To
locate the damage the approximation of second de-
rivatives of transverse displacements is used. The
maximum absolute difference of the modal sha-
pes' change indicates the location of the damage
on the structure. The absolute values of the mo-
dal shapes' differences emphasise the location of
the change, but there is no physical interpretation
for absolute values.

From Figures 4, 6 and 7 it is evident that the
stiffness change can be determined from the figure



44 STROJNISKI VESTNIK — JOURNAL OF MECHANICAL ENGINEERING, LJUBLJANA (42) 1996/1-2

Spremembo namre¢ enolitno dolota preskok na
mestu spremembe (ne samo sprememba predzna-
ka). Odvod vektorja ¢ 7 oznacen kot 8; — ekvi-
valent drugemu odvedu pomikov, ki so ga vpeljali
Pandey in drugi [6], ima pomembno vlogo pri
odkrivanju lokacije spremembe. Za natanénejso
analizo odvedov wvektorja ¢* lahko uporabimo
naslednje prijeme.

— Vektor @ ;* je mogote aproksimirati s poli-
nomom (N-1) tega reda, kjer pomeni N 3tevilo
¢lenov vektorja, in nato analizirati polinom. Pri

vet:jih N ta metoda ne daje pri¢akovanih rezultatev-

— Po vzoru Pandeya lahko odvod vektorja @ *
izratunamo iz vektorja y ; » vendar se je treba pri
tem zavedati, da ne moremo izrafunati vrednosti
odvoda v najmanj Stirih totkah (zaradi postopka
numeriénega odvajanja).

IzkaZe se, da je za analizo dovolj pribliZno iz-
ratunati konstanten odvod vektorja prek elementa.
Izratunamo ga kot razliko vrednosti vektorja «,*
med konénim (j+1) in zatetnim (j) vozlistem ele-
menta, deljeno z dolino elementa ali;

d

kjer z j oznatujemo Stevilko elementa, z I; pa
njegovo dolZino. Vektor O, katerega elementi so
dief )/dx (j=1. 2, .... N-1) ima tore] en tlen
manj r njegov predhodnik vektor ¢

Sliki 5 In 8 jasno izkarujeta element 11 pri
katerem se vrednost odvoda sunkovito spremeni
(lokalni ekstrem).

0 5 10 15 20
Sl. 8. Odvod vektorja @

Fig. 8. Derivative of the vector @

of vectors ¢* only. The change is in fact clearly
determined by an interruption at the change lo-
cation (not only the change of the sign). The de-
rivative of the vector @ denoted by 8; —
equivalent to the second derivative of the displa-
cements that has been introduced by Pandey et al.
[6] plays a significant role in the detection of the
change. For more accurate determination of the
derivatives of the vector ¢" the following appro-
aches can be useii.

— Vector @, is approximated by a polynomial
of a (N-1) degree, where N represents the number
of terms of the vector. The polynomial is then
analysed. At large values for N the meathod does
not exhibit the expected results.

— Following the idea by Pandey the derivati-
ve of the vector ¢* can be computed from the
vector Y (bearing in mind that the value of the
derivative cannot be computed in four points due
to the process of the numerical derivation).

From the engineering point of view it is
sufficient to compute the derivative as being con-
stant over an element. It is computed as 2 diffe-
rence between the values of the vectnrq'v in the
ending (/ +1) and starting node (j ) of the element.
divided by the length of the element:

o (F;Jj & (F:._,H-I ¥ ‘F'.'._.r)'”_.i (6],

where subscript j denotes the number of the ele-
ment and .*Ijs its length. Vector ©; with ele-
ments d (@5 ;)/dx(j =1, 2, ..., N-1) has one term
less as vector @

Figures 5 and 8 clearly indicate element 11 as
the element where the value of the derivative
abruptly changes (local peak).

globina razpake
P depth of crack

15 ® (m)
0 0.2 0.4 0.6 0.8

Sl. 9. Primerfava vektorjev @
za razlicne globine razpok
Fig. 9. Comparisen of vectors ¢}
for several crack depths
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Za simuliranje razpoke uporabimo tudi po-
seben konéni element za ravninske konzole pra-
vokotnega prereza [9] s preéno razpoko. Pred-
postavimo, da se wvelikost potkedbe = Zasom ne
spreminja in podkodba vpliva samo na togostno
matriko, ne pa tudi na masno. Uporaba takepa

elementa terja podatka o natantni lokaciji in
globini razpoke.
Sklepi, wugotovljeni pri analizi zmanj%anja

elasti¢nega modula, so potrjeni tudi tukaj. Veli-
kost vektorjev se zvetuje z globino razpoke. Slika
9 prikazuje vektorje ¢,* za globine razpoke 1/10,
2710, 3710 in 4/10 vigine prereza.

Globoke razpoke so zelo prilagodljive in se
obnasajo bolj ali manj kot &lenki. V primeru ob-
ravnavane konzole se to kaZe tako, da del desno
od razpoke oscilira v pribliZno enaki obliki kakor
pri nepodkodovani konstrukciji, le z vefjo ampli-
tudo. To je razvidno s slike 8, kjer so vrednosti
desno od razpoke bolj ali manj linearne.

Faktorji KMU (MAC) in KMUK (COMAC) so
Zza primer zmanjsanja togosti izratunani v Studiji
[6]. Vse vrednostl so enake 1 in kot take ne dajejo
nobene podlage za analizo spremembe,

2.1.2 Dodatna masa na konstrukeifi

Kot drugi primer obravnavajmo lokalno spre-
membo mase konstrukcije. V rafunskem modelu
jo doselemo s povedanjem mase enega elementa.
Taka sprememba konstrukcije obitajno vodi do
zmanjianja lastnih frekvenc sistema (podobno
kakor wvpeljava pofkodbel, zato lastne frekvence
same zase ne morejo bitl enoli®ni pokazatel]
spremembe konstrukecije. V ratunskem zgledu
je masa Zestega elementa povedana skoraj za
100 odstotkov.

JIAlE

L

; rl‘-unﬂce prman:-slm smpnje
5 ; : computed degrees of freedom

o 10 20 30 40 fnﬂ 1]

SI. 10. Vektor R, za primer dodatne mase
na elementu 6
Vector R, for the case of the added mass
on the element 6

Fig. 10

For the simulation of the crack a special fi-
nite element for plane beams with a rectangular
cross-section [9] with a uniform transverse crack
was used. This model supposes that the crack
depth remains constant with the time, and that
the crack influences only the stiffness without
affecting the mass matrix. The implementation
of such an element requires data about the pre-
cise crack location and crack depth.

The conclusions obtained from the analysis
with the reduction of the modulus of the elasti-
city are valid also for such a model of the dama-
ge. The amplitude of the vectors increases to-
gether with the crack depth. Figure 9 shows
vectors @ % for crack depths 1/10, 2/10, 3/10
and 4710 of the beam height.

Deep cracks are very flexible and they behave
more or less as pins. In the cantilever under con-
sideration this is reflected in the fact that the
part to the right of the crack oscillates in approxi-
mately equal shape as in the undamaged case. Only
the amplitude of the oscillations is larger. This is
clearly seen from the figure 9, where the values
to the right of the crack are more or less linear.

MAC and COMAC factors for the case of
the stiffness reduction are given in [6]. All values
are equal to | and therefore do not offer any
foundation for analysis of the change.

2.1.2 Additional mass on the structire

As a second case let us consider the local
variation of the mass of the structure. In the
computational model the added mass is introduced
as an increase of the mass of a single element.
Such a modification leads to a decrease of eigen-
frequencies (similar as damage). Therefore eigen-
frequencies alone cannot be an unique indicator
of the structure change. In the numerical example
tag xrnnss of element B is enlarged by almost
1 3
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Sl. 11. Vektor R, za primer dodatne mase,
razdeljen po komponetah
Fig. 11. Vector R, divided into components
for the case of the added mass
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S slike 10 je ponovno prakticno nemogole
ugotoviti motnjo, njeno lokacijo ali vzrok. Slika
11 daje nekaj vet informaclj: lokacija motnje je
zelo grobo nakazana. Opozoriti je treba, da so
komponente prec¢nih zasukov take majhne, da
so v primerjavi & komponentami pomikov pred-
stavljene kot premica z vrednostjo 0 (vse kom-
ponente so prikazane v istem merilu). Sele lozena
slika zasukov (sl. 12) daje pravo sliko o lokaciji
spremembe.

From figure 10 it is practically impossible
to identify the change, neither the location nor
its cause. Figure 11 offers more information: the
loeation of the change is very roughly indicated.
MNote that the components of the transverse
displacements are so small that the vector of
transverse displacements appears as a straight
line with a value 0 (all components are plotted on
the same scale). Only a separated picture of
the displacements (Fig. 12) exhibits the real si-
tuation about the change locations.

100

s
100}
200l -
300
400

- ki féfite Zasukov
-+ rotation components
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Sl. 12. Kempeonente zasukov vektorja R, za primer dodatne mase
Fig. 12. The components of the rotations of the vector ﬁ‘J for an added mass

Lokacija spremembe je sedaj ofitna. Ce zane-
marimo skok na prostem koncu, pozornost takoj
vzbudi cbna%anje funkeije med vozlit€ema 6 In 7,
torej na elementu 6, ki ima tudi povetans maso.
Podobno obnaganje kateta tudi sliki 13 in 14, ki
prikazujeta vektor R,. Ker na sliki 13 komponente
pomikev popolnoma prekrijejo sliko komponent za-
sukov, so ti lofeno prikazani na sliki 14.

x 10
E.—. ................ k t&‘wﬂtkﬁ\" .é. & Ll
diﬂF acement components .
| STTTTIT I s} :uu!-.'w .':.
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S1. 13. Vektor R, za primer dodatne mase,
razdelfen po komponetah; pomiki spet prevladujejo
Fig. 13. Vector R, divided into components
for the case of an added mass;
the displacements components are favorised

The change location is now obvious. Neglec-
ting the jump at the free end, full attention is im-
mediately directed towards the behaviour of the
function between the nodes 6 and 7 that bound
element B, where the mass was actually increased.
Similar behaviour iz also exhibited in figures 13
and 14, which present vector R,. Since in figure
13 the components of the displacements totally
overlay the components of rotations, they are
presented separately in figure 14.

. : kemponente zasukov
38 : === . rotation compoments
™ 8 T 5 2

Sl. 14. Komponente zasukov vektorja R,
za primer dodatne mase
Fig. 14. Rotational components of the vector R,
for the case of an added mass
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Tudi v primeru dodatne mase je sprememba
konstrukcije opazna v viZjih nihajnih oblikah v
komponentah zasukov. Motnja se delno kaZe tudi v
sliki komponent pomikov, vendar ni tako ofitna,
da bi se lokacija motnje dala natanéno doloditi -
pojavi se namre¢ v sosednjem elementu. Dokaj
grobo lahko ocenimo lokacijo, ki je lahko name-
njena za nadaljnje iskanje. Komponente pomikov,
risane v istem merilu kakor komponente zasukov,
popolnoma zakrijejo komponente zasukov, podobno
kakor se to zgodi pri poskodbi konstrukcije.

x10°
111, Y.\- ’.1

G

I:gcnda.-'lcg;nd

¥ (m)

0 02 0.4 05 08

SI. 15. Vektorji X,', T'm np,
Fig.15. Vekmrsx Y 111

Slika 15 prikazuje vektorje X%, Y' in @}
za primer, ko se na elementu 11 pojavi dodatna
masa. Slika ne kaze lokacije spremembe tako
ofitno, kakor je to v primeru poskodbe konstruk-
cije. Vendar tudi tu vektor ¢% ponuja zadostno
informacijo o tem, kje je dodatna masa. Medtem
ko se lokalna sprememba togostne matrike izrala
s preskokom wvektorja na mestu nepravilnesti,
se lokalna sprememba mase kale s prevojno tocko
na mestu dodatne mase. Za dolofitev mesta
spremembe  potrebujemo odved vektorja . Tudi
sedaj se pojavi na elementu spremembe lokalni
ekstrem. Razlika je samo v naéinu: pri spre-
membi togosti se najvetja vrednost pojavi sko-
kovito na elementu, ki je spremenjen, pri spre-
membi mase pa funkcija enakomerno narasa
(0z. pojema) do ekstremne vrednosti. Podobno
obnaanje se opazi tudi v vlsjlh mhamlh ohllkah
Slika 17 prikazuje vektorje X5, Y% in 9 o slika
I8 pa odvod vektorja e °,.

Ker se razpoka v koeficentih KMU (MAC) in
KMUK (COMAC) ne kafe, je bila izvedena Studija
koeficientov za primer dodatne mase.

Izratunana je tudi vrednost koeficienta KMU

(MAC) za vektorja vzdolznih pomikov; vrednost
Znasa 1.

Even in the case of an added mass the change
on the structure is demonstrated in higher flexural
modes in the rotational components. The change is
slightly indicted also in the picture of the displa-
cement components. However, it is not so evi-
dent as to allow for identification of the change; it
appears namely in the neighbouring element. The
location can therefore be very roughly indicated.
The displacement components presented in the
same scale as the rotation components completely
overlie the components of the rotations, similarly
as in the case of a damaged structure.
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S1. 16. Odvod vektorja @
Fig. 16. Derivative of the vector :pr

Figure 15 shows vectors X" Y,* and @ % for
the case of an added mass on the element 11. The
figure does not exhibit the location of the change
s0 evidently as in the case of the damaged struc—
ture. However, also in this case the vector ¢}
offers enough information about the location of
the added mass. While the local reduction of the
stiffness is reflected as an interruption of the
vector at the location of the irregularity, the
added mass, by cotrast is determined by a reflec-
tion point at the added mass location. To deter-
mine this point the derivative of the vector ¢ is
needed. Also in this case there is a local peak
at the modification location. The essential diffe-
rence lies in the way in which this extreme is
reached. While in the case of the stiffness re-
duction the peak is reached only at the location
of the modification, in the case of an added mass
the values are smoothly increasing (or decreasing)
to finally reach the peak walue at the element
where the added mass actually appears. Similar
behaviour is detected also ln hlnher modal shapes,
Fig. 17 presents vectors X3, Y.,” and ¢* nnd fig. 18
displays the derivative of the ‘vector P

Since the damage is not reflected in the MAC
and COMAC coefficients, a study of the coeffi-
cients for the added mass was performed.

The MAC coefficients for the case of longitu-
dinal displacements were also calculated; the
value is equal to 1.



48 STROJNISKI VESTMK — JOURNAL OF MECHANICAL ENGNEERING. LJUBLJANA (42) 1996/1-2

x {(m}

0 02 04 0.6 0.8

SI. 17. Vektorji X5, X3 in P,
Fig. 17. Vektors X,, Y, and ¢,
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SI. 18. Odvod vektorja ¢
Fig. 18. Derivative of the vector ¢

Preglednica 2: Primerjava koeficientov KMU komponent zasukov za primer dodatne mase na elementu 1]
Table 2: Comparison of the MAC coefficients of the rotation components
for the case of an added mass at the element I

mnovni nozilec

original beam

nozilec z dodatno maso
beam with an added mass
vektor v; — vector v,

vektor u, - vector u; Jj=1
=1 1.000
i=2 0.008
Ii=3 0.008
i=4 0.010
i=5 0.010

g o M [ L s i @i
0.019 0.010 0.005 0.007
0.998 0.007 0.029 0.015
0.011 1 0.015 0.02
0.01 0.010 0,993 0,005
0.011 0.01 0.011 0,998

Preglednica 3: Primerjava kosficientov KMU komponent pormnikov za primer dodatne mase na elementu 11

Table 3: Comparison of the MAC coefficients of the transverse displacement components
for the case of an added mass at the element 11

osnovni nosilec

nosilec z dodatno maso
beam with an added mass
vektar v, — vector ¥

original beam

vektor u;— vector u; U=l
P= i 1,000
i=2 0,383
i=3 0,062
i=4 0,088
=0 0,035

J J
s S b I i R
0,396 0.060 0.095 0.033
1.00D 0.229 0.085 0.103
0.235 1 0.167 0.044
0.065 0.148 0.995 0.081
0.101 0.045 0.120 0.923

Opazimo lahko, da so vrednosti zunaj diago-
nalnih élenov pri zasuku mnogo manjse v primer-
javi 5 komponentami pomikov, diagonalne vrednosti
pa so praktiéno enake 1, kar ni primerno za ugotav-
ljanje spremembe na konstrukciji. Vrednosti koe-
ficientov KMUK so bile izratunane v 20 vozlistih
(razen v vpetem). Upostevanih je est nihajnih ob-
lik (L=6), ki pripadajo preénemu nihanju. lzratu-
nane vrednosti so bile prakti¢no enake 1 (vrednost,
ki je najbolj odstopala je bila 0,99065104440336).

It is noted that the off-diagonal terms for
the displacements are essentially smaller than
in the comparison of rotations. The diagonal
values are more or less practically equal to 1,
and that is a very poor basis for the determina-
tion of an eventual medification of the structure.
The COMAC coefficients were computed in 20 no-
des (except in the clamped one) and the first six
(L=6) transverse eigen modes were considered.
The computed values were more or less equal to |
ithe best distinguished value was 0,99065104440336)
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2.1.3 Oslabitve/vkrepitve prereza

Obravnavane so bile tudi oslabitve in okre-
pitve prereza, kjer se pojavi hkrati sprememba
togostne in masne matrike. Pojavijo se lahko kot
rezultat proizvednega procesa zaradi nenatanéne
izdelave konstrukcije, npr. kot povelanje oz.
zrmanj3anje prereza. Taka Studija je torej zanimiva
predvsem z vidika potrditve ratunskega modela.

x 10"

ratunske prostestne stopnje
5 : ] computed degrees of freedom
0 10 20 fii] 40 50 B0

S1. 19. Vektor R, za primer povelanja prereza
elementa 5; motnja fe otitna

Fig. 19. Vector R, for the case of enlargement
of the cross section at the element 5;
the disturbation is obvious

Na sliki 20 je motnja zelo ofitna. Bistvena
razlika med sliko 20 in drugimi slikami, ki prika-
zujejo vektorje R po komponentah, je, da tudi kom-
ponente pomikov na sliki 20 jasno (2e ne celo jas-
neje) izkazujejo lokacijo motnje. Enaka teZnja je
opazna tudi pri vektorjih R, ki pripadajo preostalim
visjim frekvencam. S slike 20 je tudi razvidno, da
so komponente pomikov e bistveno vetje od kom-
ponent, ki pripadajo zasukom.
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SI. 21. Vektorji X!, Y in @ ? za primer
oslabitve prereza

Fig. 21. Vectors X, Y, and @ for reduction
of the cross-section

2.1.3 The weakening.” hardening of the cross-section

The weakening and hardening of the cross-
sections were also considered. In such cases the
change of stiffness occurs simultaneously with
the variation of the mass matrix. They may be the
result of a manufacturing process due to an unpre-
cise production as a reduction or enlargement of
the cross-section. Such a study is therefore inte-
resting mostly from the point of supervision and
validation of the computational model chosen.
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: ciplacamants Compomnts
154 e g g 28 8ukov] 1
i

A Bl reassarsaneadi e = .......{................1:...

, vorliste |
2 . . i__node
1 6 11 18 21

Sl 20. Komponente vektorja R, ; komponenti
zasukov in pormnikov izkazujeta lokacijo motnje
Fig. 20. Components of the vector R ;
the components of the rotations and displacement
exhibit the location of the disturbance

The location of the disturbance from fig. 20 is
evident. The essential difference between fig. 20
and other figures, presenting vectors R by their
o0 ents, Is that also the displacement compo-
nents clearly exhibit the location of the distur-
bance. The location is somehow even more evident
from the displacement components than from the
rotation components. The same stands for vectors
R that belong to higher frequencies. It is also ap-
parent from figure 20 that the displacement com-
ponents are higher than the rotation components.
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g R legendajlegend |
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S1. 22. Vektorji X7, Y ; in@ 3 primer okrepitve

prereza

Fig. 22. Vectors X' Y : ﬂﬂd?: for enlargement
of the cross-section
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Slika 21 prikazuje drugi vektor za primer
oslabitve prereza, slika 22 pa prikazuje prvi vektor
za primer okrepitve prereza. Razvidno je, da je
sprememba togostne matrike previadujodéa v pri-
merjavi s spremembe masne matrike, saj so re-
zultati podobni kakor pri spremembi togosti.

2.2 Drugl primer

Prvi primer, dokaj preprost, je postregel s
kopico informacij, katerih sploZne veljavnost je
treba preveriti e na zapletenejsih konstrukeijah.
Kot drugi primer cbravnavajmo konstrukcijo na
sliki 23.

1.2 3 4" & B Tu B

@Il.lilllll'
I-|.|5||-|||

9 10 1112 13 4
1 L

Figure 21 shows the second vector for the
reduction of the cross section, and figure 22 dis-
plays the first vector for the case of enlargement
of the cross section. It is evident from both figu-
res that the change of the stiffness is dominant
over the change of the mass. The results obtained
are in fact similar to those obtained for the mo-
dification of the stiffness only.

2.2 Becond example

The first example, although simple, offered a
considerable amount of information. The next
example was used to verify the data on a more
complex structure. As the second example the
following structure was chosen (Fig. 23):

£ g0m E=310" N/m?
L = 3
T ¢ = 2650 kg/m
20
e T
] 4.0 m JI- 100m -

Sl. 23. Drugi primer
Fig. 23. Second structure

izmere; elementi 1-4 b/h = 020020 m
5=14: b/h = 0.20/0.30 m

15-20: b/h = 0,20/0,25 m

nosilec
steber

¥ prejin,lmn podpoglavju =e je izkazalo, da so
vektorji @ oziroma ©; najzanesljivejsi kazalec
sprememha na konstrukciji, zato sedaj vektorji
R, x" i T, niso ve¢ prikazani. Slika 24 prikazuje
vektor np._ za primer poskodovanosti elementa §
lzmanj3anje elasti¢nega modulal., Vektor je izrisan
pravokotno na konstrukcijo (narisana s értkano
¢rto) v povetanem merilu zaradi dvojnega merila.
S slike 25, ki prikazuje odvod %, po nosilcu, je
jasno razvidno, da prihaja do skoka na elementu 5
zaradi poskodbe. Motnja je opazna tudi v visjih
nihajnih oblikah (sl. 26).

-4
% 5 10 5
Sl. 24. Vektor g : za primer poskodovanosti
elementa §
Fie. 24. Vector @}, for the case of damaged
element &

dimensions: elements 1-4 b/ h = 0.20/0.20 m beam
5=14: b/h = 0.20/0.30 m

15-20: b/h = 0.20/0.25 m column

Previous studies showed that the vectors @}
and B, are the most reliable indicators for the
change on the structure, and therefore in this
example the vectors R, K;'and Y7 are no longer
considered. Figure 24 shows vector @, for the case
of damaged element 8§ (reduced elasticity modulus).
The vector values are plotted transversely to the
main axis of the elements [indicated by a dashed
line) in a multiplied scale due to the dual scale.
From figure 23, showing the derivative of the vec-
tor ¢F, over the beam, it is evident that there is
interruption on element 8. This interruption re-
flects the damage at this element. The disturbance
is also evident at higher modal shapes (Fig. 26).

1
L

1]

!

-2

=3

.,,‘.-

‘51 shoment nosdca |

-G- baam’s slemants.
10 15

5L Eﬁ Odvod mi:tar;& zasukov po precki

Fig. 25. The derivative of the vector
of rotation components over the element 8§
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m

10 15

Sl. 26. Vektor @' za primer poskodovanosti elementa 8
Fig. 26. Vector 1:: for the damaged element 8

Sliki 27 in 29 prikazujeta spremembi nihajnih
oblik za primer dedatne mase na elementu 10,
sliki 28 in 30 pa vektorja 8, in 8, na vodoravnem
nosileu. Lokacija dodatne mase je ponovno razvid-
na, le da to mesto ni vel tako ofitno, kar Je po-
sledica premajhnega Stevila elementov, uporablje-
nih za diskretizacijo.

m P9

of== " -

3

& & L L

0 o 15

Sl. 27, Vektor @ | za primer dodatne mase
na elementu 10

Fig. 27. Vector @ for the case of an added mass
on element 10

m
10 15

Sl. 29. Vektor ¢ za primer dodatne mase
na elementu 10
Fig. 29. Veetor @ for the case of an added mass
on element 10

Podobne rezultate dobimo,
spremembo na stebru.

¢e  modeliramo

Figures 27 and 29 show the modal shape
change for the case of an added mass on element
10. Figures 28 and 30 show vectors 8, and 8, on

the horizontal beamn. The location of an added
mass Is evident, but it is not so clear owing to
the too small number of the elements used in the
discretisation,

0.8 v .

0.4

02

0 5 10 15
Sl. 28. Odvod vektorja ¢ | po vodoravnem nosilcu

Fig. 258. The derivative the vector ql: over

the horizontal beam
0.4
0.2
pregsed
4]
0.2
0.4
semant nosica
0.8
o 5 10 15

Sl. 30. Ovod vektorja @3 po vodoravnem nosilcu
Fig. 30. The derivative the vector @} over
the horizontal beam

Similar results are obtained if the modifica-
tion is modelled on the column.
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3 OBRAVNAVA REZULTATOV

Iz &tudije je jasno razvidno, da se vsaka spre-
memba konstrukeije kaze tudi v nihajnih oblikah.
Posamezne komponente lastnih vektorjev razliéno
prikazujejo spremembo konstrukcije, najbolj izra-
zito pa je ta razvidna iz komponent zasukov oz.
njihovih odvodov. V literaturi opazimo, da sepri
numeri¢nih simuliranjih pogoste uporabljajo samo
komponente pre¢nih pomikov,

V pridujosi studiji je pokazano, da prvi odvod
zasukov (ki je ekvivalent drugemu odvodu kompo-
nent pomikov } daje zadostne informacije ne sameo
o lokaciji spremembe konstrukcije. temvel je iz
oblike mogofe sklepati o tipu spremembe. Spre-
memba mase, ki je v literaturi popolnoma zane-
marjena, se namred¢ v vektorju odvodov zasukov
kaZe popolnoma drugate kakor npr. variacija to-
gosti.

Nadalje se je izkazalo, da se sprememba
konstrukeije ka?e tudl v vzdolinemn nihanju, ki v
literaturi nl obravnavano. Dejstve, da je spre-
memba konstrukcije opazna tudi v vzdolinem
nihanju, je bilo sicer pritakovano, vendar obrav-
navanje vzdolinega nihanja odpira nove poglede na
pomen krivulje, ki omogota razpoznavanje motnje.
Razvidno je, da se prvi odvod vzdolZnih pomikov
u obnaga enako kakor drugi odvod preénih pomi-
kov v (prvi odvod zasukov), kar naznatuje, da gre
v bistvu za Zirsi pojem od zakrivljenosti nihajne
oblike. Oba odvoda imata namred skupno lastnost,
da sta sorazmerna specifitnim deformacijam,
saj velja:

g-a_u __LE!['}’ )
d X dx

Vidimo, da je za dolotitev lokacije in tipa
spremembe na konstrukeiji treba poznati specific-
ne deformacije, ki pripadajo posameznim lastnim
nihajnim oblikam. Te mnogo laZe izmerimo kakor
zasuke. lzmerimo jih npr. z merilnimi listi¢i, ki
jih prilepimo na konstrukeijo. Postopel je natand-
nejéi od meritev preénih pomikov (in morda zasu-
kov] in nato njihovega odvajanja, hkrati pa zaja-
memo tudi obe nihanji (preéno in vzdolZno).

Studija nadalje pokaZe, da upraviteno lahko
pri¢akujemo, da bi z meritvami deformacij laZe
razpoznali dodatno maso kakor spremembo togosti,
=aj bi v tem primeru morali imeti merilna mesta
skoraj v neposredni blizini pozkodbe, kar bi zahte-
valo veliko &tevilo merilnih mest. Ta problem pri
razpoznanju dodatne mase ni tako izrazit. Ko sta
lokacija in tip spremembe na konstrukeiji znana,
je treba poiskati Ze podatke o velikosti spremembe.
V ta namen uporabimo prilagojene postopke iz lite-
rature, saj je lokacija spremembe e znana.

3 DISCUSSION OF THE RESULTS

Fromthe study presented it is evident that
each modification is reflected in the modal shapes.
Different components of the eigenvectors exhibit
the modifications differently, but the modification
is mostly apparent from the rotation components
and their derivatives. From the literature it is evi-
dent that only transverse displacement components
are taken into account in numerical simulations.

From the study presented it is also evident
that the first derivative of the rotations (which
is equivalent to the second derivative of the dis-
placement components) gives enough information
not only about the location of the structure mo-
dification, but also about the type of modification.
The change of the mass, which has been totally
neglected in the existing literature, in fact ref-
lects completely differently than the damage —
the variation of the stiffness.

It became further evident that the modifica-
tion is reflected in the longitudinal motions, and
this, too, has been neglected in the literature. The
fact that the modification will reflect itself in the
longitudinal motion was expected, but it has con-
tributed some new aspects to the meaning of the
curve, thus alowing for identification of the mo-
dification. Evidently, the first derivative of the
longitudinal displacements u exhibits the same
properties as the second derivative of the trans-
verse displacements v (the first derivative of the
rotations). This indicates that we are discussing
a much broader termn than the curvature of the
modal shape. Both derivatives have in common
the fact that they are proportional to the specific
deformations:

o O (7).

We see that for the determination of the
location and type of the maodification it is enough

to know the specific deformations that belong
to the corresponding modal shapes. These are more
easily measured as rotations since they can be
measured by strain gauges that are attached to

the structure, The procedure is much more ac-
curate than measurements of transverse displa-
cements (or even the rotations) followed by the de-

rivation. In such a way, both longitudinal and
transverse motions are considered.

The study further indicates that when measu-
ring specific deformation it would be easier to
identify an added mass as a local change of stif-
fness. The identification of local stiffness change
would actually require the transducers to be loca-
ted very near the damaged part, thus requiring a
large number of transducers. This problem is not
present in the identification of an added mass.
Once the location and the type of the modification
are known, the magnitude of the modification can

be identified by adapted methods known from the
reflerences.



4 SKLEP

Predstavljena %tudija ZirZe predstavija vpliv
spremenjene konstrukeije na lastne vektorje kakor
je to znano iz literature, V analizi so upo&tevani
tudi vzdolini (osni) pomiki, opazovan pa je vpliv
razlitnih lokalnih sprememb konstrukeije. Prika-
zani rezultati potrjujejo, da se vse spremembe
konstrukecije ka?ejo tudi v vigjih nihajnih oblikah
in ne samo v prvi nihajni obliki. Zaradi sistema-
ticnosti studije z uporabo razlitnih modifikacij je
razvidno, da se razlitne spremembe razlicno ka-
#ejo v posameznih nihajnih oblikah oziroma v po-
sameznih komponentah prostostnih stopenj. V
idealnem primeru je mof iz oblike spremembe
lastnih vektorjev dolo¢iti lokacijo in tip spre-
membe konstrukcije, za dolofitev njene amplitude
pa so na voljo drugi postopki.

Upostevanje osnih pomikov je pokazalo, da se
doloene zakonitosti poznajo tudi v nihajnih obli-
kah, ki pripadajo vzdolZnemu nihanju. Prav opa-
zovanje vpliva spremembe v vzdolZnem nihanju je
pripeljalo do sklepa, da je za dolofanje mesta in
tipa spremembe dovolj, &e poznamo specifiéne
deformacije, ki pripadajo lastnim nihajnim obli-
kam.

Rezultati so pokazali, da spremembe nihajnih
oblik podajajo dovel] podatkov za dolofitev tipa in
lokacije sprememb konstrukcije. Lo€imo lahko
dva osnovna primera: spremembo togostne matrike
in spremembo masne matrike. Vsaka izmed njiju
se drugate kate v spremembi lastnih nihajnih
oblik. Sprememba togosti se kaZe s skokom vek-
torja q:j na mestu spremembe in 2 ostrim vrhom
v sliki odvodov. Sprememba mase se izraZa s pre-
vojno totko na mestu spremembe. Prav tako lahko
trdimo, da je sprememba togostne matrike previa-
dujota nad spremembo masne matrike, saj pri
kombinaciji obeh sprememb postane ofitna samo
sprememba togosti. Prikazani rezultati in podani
cklepi veljajo za spremembo poljubne totke
konstrukeije, vendar je treba za prikaz njihove
veljavnosti v bliZzini vpetih delov konstrukeije
uporabiti gostejgo diskretizacijo.

4 CONCLUSION

The study presented offers a wide illustra-
tion of the influence of structure modification
on eigenvectors. In the analysis longitudinal (axial)
displacements are also included, and the influence
of several types of modification is investigated.
The results obtained confirm the fact that all
maodifications reflect in all modal shapes, and not
only in the first one. The systematisation of the
study confirms that different modifications re-
flect differently in modal shapes or components
of displacements (degrees of freedom). In the
ideal case it is possible to determine the location
and the type of modification from the eigen-
vectors change, For identification of the magni-
tude of the modification some other methods are
known.

Consideration of the axial (longitudinal] dis-
placements showed that the principles are valid
also for longitudinal motion. In fact, monitoring
the medification change in the axial motion leads
to the conclusion that specific deformations are
needed for identification.

The results have shown that the changes of
the modal shapes offer enough information for
identification of the location and type of the mo-
dification. Two basic cases can be considered: the
change of the stiffness and the change of the
mass. Each of them reflects differently in the
eigenvector change. The change of the stiffness is
characterised by an interruption of the vector ¢}
at the maodification location and with a narrow
peak at the derivatives. The change of the mass
iz marked by a reflection point at the modification
location. Further, it is evident that the modifica-
tion of the stiffness is superior over the modifi-
cation of the mass since the combination of
both modifications reflects as stiffness modifi-
cation only. The results presented and the con-
clusions drawn are valid for all pointz of the
structure; however for demonstration of their
validity at locations near a clamped point, a finer
mesh of finite elements should be used.
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