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The paper presents the topology and standard sizes optimization o f  a single-storey industrial steel 
building, made from  standard hot rolled I  sections. The structure consists o f  main portal frames, 
connected with purlins. The structural optimization is performed by the Mixed-Integer Non-linear 
programming approach (MINLP). The MINLP performs a discrete topology and standard dimension 
optimization simultaneously with continuous parameters. Since the discrete/continuous optimization 
problem o f  the industrial building is non-convex and highly non-linear, the Modified Outer- 
Approximation/Equality-Relaxation (OA/ER) algorithm has been used fo r  the optimization. Alongside the 
optimum structure mass, the optimum topology with the optimum number o fporta l fram es and purlins as 
well as all standard cross-section sizes have been obtained. The paper includes the theoretical basis and  
a practical example with the results o f  the optimization.
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0 IN T R O D U C T IO N

S ing le-sto rey  fram e structu res are 
extensively  u sed  fo r industria l, le isure  and 
com m ercial bu ild ings. In o rder to ob ta in  effic ien t 
fram e designs, researche rs  hav e  in troduced  
various o p tim iza tion  techn iques, su itab le  e ither 
for con tinuous o r d iscre te  op tim ization . O ’B rien  
and D ixon  [1] have  p ro p o sed  a linear 
program m ing  approach  fo r the op tim um  design  o f  
pitched ro o f  fram es. G uerlem en t e t al. [2] have 
in troduced a p rac tica l m e th o d  fo r sing le-sto rey  
steel structu res, b ased  on a d isc re te  m in im um  
w eight design  and  E u rocode 3 [3] design  
constraints. R ecen tly , S aka  [4] has considered  an 
optim um  design  o f  p itched  ro o f  steel fram es w ith  
haunched rafte rs  b y  u sin g  a g ene tic  algorithm . 
One o f  the la tes t researches rep o rted  in  th is  field  
is the w ork  o f  H ern an d ez  et al. [5], w here the 
authors have  considered  a m in im um  w eigh t 
design o f  th e  steel p o rta l fram es w ith  softw are 
developed fo r th e  s truc tu ra l op tim iza tion . It 
should be  n o ted  th a t a ll the  m en tio n ed  au thors 
deal w ith  th e  d isc re te  sizes op tim iza tion  on ly  at 
fixed structu ra l topo log ies.

T h is p ap e r d iscusses  the  sim ultaneous 
topology, standard  sizes and  con tinuous 
param eter o p tim iza tion  o f  an u n b raced  sing le­

sto rey  industria l steel bu ild ing . T he  o p tim iza tio n  
o f  the p o rta l fram es and  purlin s w as p e rfo rm ed  by  
the M ix ed -In teg er N o n -lin ea r P rog ram m ing  
app roach  (M IN L P ). T he M IN L P  is a co m b in ed  
d isc re te  and  con tinuous op tim iza tio n  techn ique . 
In  th is w ay , the M IN L P  p erfo rm s th e  d isc re te  
topo logy  (i.e. the  n um ber o f  fram es an d  p u rlin s) 
and  the s tandard  d im ension  (i.e. th e  s tandard  
c ro ss-sec tion  sizes o f  th e  co lum ns, beam s and  
pu rlin s) op tim iza tion  sim u ltan eo u sly  w ith  the 
con tinuous op tim iza tion  o f  th e  param ete rs  (e.g . 
the struc tu re  m ass, in te rnal fo rces, deflec tions, 
etc.).

T he M IN L P  d isc re te /co n tin u o u s  
op tim iza tion  p rob lem s o f  fram e stru c tu res  are  in 
m ost cases com prehensive , n o n -co n v ex  and  
h igh ly  non-linear. T he o p tim iza tio n  is p ro p o sed  
to  be perfo rm ed  th ro u g h  th ree  steps. T he  firs t one 
inc ludes th e  g enera tion  o f  a m ech an ica l 
superstruc tu re  o f  d iffe ren t to p o lo g y  and  s tandard  
d im ension  a lternatives , the second  one  invo lves 
the d eve lopm en t o f  an M IN L P  m o d e l fo rm u la tio n  
and  the last one consists  o f  a  so lu tio n  fo r the 
defined  M IN L P  op tim iza tio n  p rob lem .

T he ob jec tive  o f  the o p tim iza tio n  is to  
m in im ize  the m ass o f  th e  s ing le -sto rey  in dustria l 
bu ild ing . T he m ass o b jec tive  function  is sub jec ted  
to  the set o f  equa lity  and  in eq u a lity  co nstra in ts
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know n from  the structu ra l analysis and  
d im ensioning. T he d im ension ing  o f  steel 
m em bers is perfo rm ed  in accordance  w ith  
E urocode 3.

T he M odified  O uter-A pprox im ation  
/E qua lity -R elaxa tion  algo rithm  is u sed  to perform  
the op tim ization , see K ravan ja  and  G rossm ann
[6], K ravan ja  et al. [7] and [8], T he tw o-phase 
M IN L P  optim ization  is p roposed . It starts w ith  
the topo logy  op tim ization , w h ile  the standard  
d im ensions are tem porarily  re laxed  into 
continuous param eters. W hen  th e  op tim um  
topo logy  is found, the standard  d im ensions o f  the 
cross-sections are reestab lished  and  the 
sim ultaneous d isc re te  topo logy  and  standard  
d im ension  op tim iza tion  o f  the beam s, co lum ns 
and purlin s is then  con tinued  un til the  op tim um  
so lu tion  is found.

1 S IN G L E -S T O R E Y  IN D U S T R IA L  B U IL D IN G

T he p aper p resen ts the topo logy  and 
standard  sizes op tim ization  o f  unbraced  rig id  
sing le-sto rey  industria l b u ild ing  steel structures, 
Fig. 1. T he co lum ns, beam s and  purlin s are 
p roposed  to  be  bu ilt up  o f  standard  h o t ro lled  
steel I sections.

T he considered  p o rta l fram e structu res are 
op tim ized  u n d er the com bined  effec ts o f  the se lf­

w eig h t o f  the  fram e m em bers, a  un iform ly  
d istribu ted  surface v ariab le  load  (snow  and  w ind), 
a concen tra ted  h o rizon ta l v ariab le  load  (w ind) 
and  an  in itial fram e im perfection . T he purlin s are 
des igned  to tran sfe r the perm an en t load (the se lf­
w eig h t o f  the pu rlin s and  the w eig h t o f  th e  roof) 
and  the v ariab le  load  (snow  and  w ind). The 
in ternal fo rces are ca lcu la ted  b y  the elastic  first- 
o rd er m ethod . T he d im ension ing  o f  the steel 
m em bers is perfo rm ed  in  accordance  w ith  
E urocode 3 fo r the cond itions o f  bo th  the u ltim ate  
lim it sta te  (U L S) and  the  se rv iceab ility  lim it state 
(SL S).

W hen  the U L S is considered , the elem ents 
are checked  fo r th e  ax ial, shear and  bending  
m om en t resis tance , fo r the in te rac tion  betw een  
the bend ing  m om en t and the ax ial force, the 
in teraction  betw een  the axial
co m p ression /buck ling  and  the b uck ling  resistance 
m om ent.

T he to ta l d eflec tion  ömax sub jec t to  the 
overa ll load  and  the deflections S2 sub jec ted  to  the 
v ariab le  im posed  load  are ca lcu lated  to  be  sm aller 
than  the lim ited  m ax im um  values: span /200  and 
span /250 , respective ly . T he fram e horizontal 
deflec tions are also  checked  fo r the recom m ended  
lim its: th e  re la tive  ho rizon ta l deflection  o f  the 
po rta l fram e sh o u ld  b e  sm a lle r th en  the  fram e 
heigh t/150 .

F ig . 1. Single-storey industrial steel building



2 M IN L P  M O D E L  F O R M U L A T IO N  FO R
M E C H A N IC A L  SU P E R S T R U C T U R E S

It is assum ed  tha t a  non-convex  and  non­
linear d isc re te /con tinuous op tim ization  p rob lem  
can be  fo rm ula ted  as a general M IN L P  problem  
(M IN L P-G ) in  the form :

m in z  =  cTy +  f ( x )  

s.t. h (x )= 0

g { x )< 0  (MINLP-G)
B y + C x< b

X e  X =  {x e  R : jcl0  <  x  <  jcup} 

y  e  y = { 0 , l} m

w here x  is a  vec to r o f  con tinuous variab les 
specified in the com pact set X  and  y  is a  vec to r o f  
discrete, m ostly  b in a ry  0-1 variab les. F unctions 
fix ), h(x) and  g(x) are non -linear functions 
involved in the ob jective function  z, the equality  
and inequality  constra in ts , respectively . A ll 
functions fix ) , h(x) and  g(x) m ust be con tinuous 
and d ifferen tiab le . A ll functions fix ) , h(x) and  
g(x) m ust be  con tinuous and  d ifferen tiab le . 
F inally, By+C x< b  rep resen ts a subset o f  m ixed  
linear equa lity /inequality  constrain ts.

T he above general M IN L P -G  m odel 
form ulation  has been  adap ted  fo r the op tim ization  
o f  m echan ica l superstructures. T he resu lting  
M IN LP fo rm ulation  fo r m echanica l 
superstructures (M IN L P -M S ) th a t is m ore 
specific, p articu la rly  in  variab les and  constrain ts, 
can be  u sed  also  for the m odelling  the steel 
industrial bu ild ings. It is g iven  in the fo llow ing  
form:

m in  z  =  c Ty  +  f( je )

s.t. h (x)  = 0 
g { x )< 0  
A (x )< a

E y < e  (MINLP-MS)
Dye + R ( x ) < r

K ye + L [d cn) < k  

Py + S  (</st ) <  s

*  e  X =  e  Rn: x L0 <  x  <  x up}

f e H 0 , l } m

T he M IN L P  m odel fo rm ulation  fo r m echan ica l 
superstructures is p roposed  to  be  described  as 
follow s:

Included  are con tinuous variab les  x={d, p) 
and  discre te  b ina ry  variab les y =  Jyc, y st}. 
C ontinuous variab les are partitioned  into 
design  variab les d={(fn, (f'} and  into 
perform ance (non-design) variab les p , w here  
subvectors d "  and  d'{ stand fo r con tinuous 
and standard  d im ensions, respectively . 
S ubvectors o f  the b inary  variab les  y c and  y st 
denote  the po ten tia l ex istence o f  structura l 
e lem ents inside the superstruc tu re  (the 
topo logy  determ ination ) and  the po ten tia l 
se lec tion  o f  standard  d im ension  a lternatives , 
respectively .
T he m ass o r econom ical ob jective function  z 
involves fixed  m ass or cost charges in the 
linear te rm  cTy  and  d im ension  dependan t 
m ass o r costs in  the te rm ^ x ) .
P aram eter n on -linear and  linear constra in ts 
h{x)=0, g (x )< 0  and  A(x) < a rep resen t a 
rigorous system  o f  the design , loading, 
resis tance, stress, deflection , etc. constra in ts 
know n from  the structural analysis.
In teger linear constra in ts E y < e  are p roposed  
to  describe the rela tions betw een  b inary  
variab les.
M ixed  linear constra in ts Dyc+R(x) < r resto re  
in te rconnec tion  rela tions be tw een  cu rren tly  
se lec ted  o r ex isting  structural e lem ents 
(co rrespond ing  y e= l )  and cancel re la tions for 
cu rren tly  d isappearing  or nonex isting  
elem ents (co rrespond ing  y c=0).
M ixed  linear constra in ts Kyc+L((fn) < k  are 
p roposed  to  define the con tinuous design 
variab les fo r each  ex isting  structu ra l elem ent. 
T he space is defined  on ly  w hen  the 
co rrespond ing  structu re  e lem en t exists 
(ye= l ) ,  o therw ise it is em pty.
M ixed  linear constra in ts Py+S((tl) < s define 
standard  design  variab les (fl. E ach standard  
d im ension  </' is de term ined  as a scalar 
p roduct be tw een  its vec to r o f  i, ie l ,  d isc re te  
standard  d im ension  constan ts q={q\, qj, <73,.., 
<7i} and  its vec to r o f  sub jected  b inary
v a r ia b le s y st={yst1, y st2 , y s\ ...Z'i}, see Eq. (1).
O nly  one d iscre te  value can be se lec ted  for 
each  standard  d im ension  since the sum  o f  the 
b inary  variab les m ust be  equal to  1 Eq. (2):
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3 O P T IM IZ A T IO N  M O D E L  F R A M E O P T

T he M IN L P  op tim iza tion  m odel 
F R A M E O P T  (FR A M E  O P T im iza tion ) for the 
op tim ization  o f  the sing le  sto rey  industria l steel 
bu ild ings has been  deve loped  w ith  re la ting  to the 
above M IN L P  m odel fo rm ulation  for m echan ica l 
structures.

T he fo llow ing  assum ptions and 
sim plifica tions have  been  d efined  in  the m odel 
F R A M E O P T  and  considered  in  the op tim ization : 

C onsidered  w as a  sing le  load case only, 
w here  the partia l sa fe ty  fac to rs and  
com bination  o f  ac tions w ere  defined  
accord ing  to  E urocodes. T he op tim iza tion  o f  
th e  s tructu re  w as p erfo rm ed  u n d er the 
com bined  effec ts of:

th e  se lf-w eigh t o f  the struc tu re  (the line
un ifo rm  load o f  co lum ns, beam s and
purlins) and  the w eigh t o f  the ro o f  (the
v ertica l surface load) p lus
snow  and  vertical w in d  (the un ifo rm ly
d istribu ted  vertica l su rface v ariab le  load)
plus
h o rizon ta l w in d  (the  h o rizon ta l fo rce  at 
the top o f  the colum ns).

E qual steel po rtal fram es and  equal purlins 
w ere p roposed  to  com pose th e  structure.
S teel m em bers w ere p roposed  to  be  m ade 
from  standard  h o t ro lled  E u ropean  w ide 
flange I sections (H E A  sections).
T he g lobal po rtal fram e geom etry  inc lud ing  
the span, he igh t and  th e  b eam  inc lina tion  w as 
proposed  to  be  fix  th rough  the op tim ization . 
V ertical and  horizon ta l b rac ing  system s as 
w ell as w all sheeting  ra ils  w ere  n o t inc luded  
in th is ca lcu lation /op tim ization .
T he in te rnal fo rces and  deflec tions w ere 
ca lcu lated  b y  th e  elastic  firs t-o rd e r m ethod . 
T he portal fram es w ere c lassified  as n o n ­
sw ay steel p o rta l fram es. T he ra tio  betw een  
the design  value o f  the to ta l v ertica l load Vsd 
and  the elastic  critica l va lue  fo r fa ilu re  in  a 
sw ay m ode NCI w as constra ined : Vsd/V cr<  0.1. 
T he po rta l fram e w as ca lcu la ted  as a la terally  
supported  fram e. H ereby , the steel m em bers

w ere  checked  on ly  fo r the in -p lane 
instab ility . C o lum ns w ere  designed  for the 
co m p ression /buck ling  resis tance  p lu s the 
la tera l to rsiona l buck ling . B eam s w ere 
checked  fo r the in -p lane  bend ing  m om ent 
resis tance.
B uck ling  leng ths o f  co lum ns w ere ca lcu lated  
as the in -p lane  b uck ling  leng ths fo r the non­
sw ay  m ode.

A s an  in te rface  fo r m athem atical 
m ode lling  and  data  inpu ts /ou tpu ts  G A M S 
(G enera l A lgeb ra ic  M odeling  S ystem ), i.e. a  high 
level language , w as u sed  [9]. T he p roposed  
op tim iza tion  m odel inc ludes the s tru c tu re ’s m ass 
ob jec tive  function , param ete r struc tu ra l no n ­
linear and  linear constra in ts , in teger and  m ixed 
in teger log ical constra in ts , sets, inpu t data 
(constan ts) and  variab les.

3.1. Mass objective function

T he m ass ob jec tive  function  o f  the 
industria l bu ild in g  structu re  is d efined  b y  Eq. (3). 
T he  m ass o f  the struc tu re  MASS  com prises  the 
m asses o f  co lum ns, beam s and  purlin s. A c, A B and 
Ap rep resen t th e  cro ss-sec tion  areas o f  the 
co lum n, b eam  and  purlin s, respective ly , h denotes 
the he ig h t o f  the co lum n, LB is the leng th  o f  the 
fram e b eam  and  Ll is the leng th  o f  th e  industria l 
bu ild in g  (and  pu rlin s). NOFRAME  rep resen ts  the 
n um ber o f  po rta l fram es and  NOPURLIN  denotes 
the nu m b er o f  pu rlin s. E ach  p o rta l fram e is 
construc ted  from  tw o  co lum ns and  tw o  beam s, 
see F ig . 2.

M A S S  =  2 • ( 4  • h ■ p )  ■ N O F R A M E  +

2 • (A b ■ L b • p )  ■ N O F R A M E  +

[A p ■L L - p )• N O P U R L IN  (2 )

3.2. Parameter structural non-linear and 
linear constraints

T he firs t co nstra in ts  o f  the m odel rep resen t 
the constra in ts (4) to  (7) w h ich  determ ine  the 
re la tio n s  b e tw een  the  con tinuous cross-sectional 
d im ensions and  the c ro ss-sec tional he igh t o f  the 
co lum n hc- T hese  equa tions acce le ra te  the 
convergence  o f  the  op tim iza tio n  w h en  standard  
d im ensions are  re-estab lished . T hey  d efine  the 
sec tion  b read th  bc, th e  f lange  th ickness  tf,c, the
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Fig. 2. Portal fram e and cross-sections o f  elements

web th ickness ?w>c and  the cross-sec tion  area Ac 
(see F ig. 2 ) fo r the colum n. T he  second  m om ents 
o f  the area  abo u t the y -y  and  z - z  axis, Iy, C and 
Iz,C, the to rsiona l co nstan t It, C  and  the w arp ing

constan t Ico, C fo r the fram e co lum n are  g iven  by  
Eqs. (8) to (11). S im ilar cross-sectional constraints 
are defined for the fram e beam , Eqs. (12) to  (16), 
and for the purlins, see Eqs. (17) to  (24).

èc =  — 8.7681 • 10“12 -h^ +3.5913-10~9 -h£ —5.9883T O '7 -h£ + 5 .1 8 9 7 -10“6 • /tc4 -  2 .4578-KT3 -A3 +  

+6.007 • 10^2 ■ hi -  5.8757 ■ hc +  29.294

t[C = 1.5801-10-8 • h*c +  3.4958• 10~6 • A3 +  2.3488• 10“4 • A2 - 1.9322 • 1 O’ 3 ■ Ac +  0.76681

tv c =  -1 .0 5 9 8  • 10 '5 • A2+2.4652• 10“3 • Ac +  0.23804
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4 P =  2 • èP • Jf P +  (èp — 2 ■ /f p ) • ?w p

2-bc -t\p twB (/tp 2 -Jfp) ,
7,r  — I T —  +  +  ̂  ^

r 2 - ^ p  bi [br — 2-tf, P ) ’ fw 
i? p n  I n

^f, p

2 2
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T he leng th  o f  th e  fram e beam  Z,B is 
ca lcu lated  accord ing  to  Eq. (25) and  the ang le  o f  
the inc lina tion  o f  the beam  a  is d efined  b y  Eq. 
(26). L  rep resen ts the fram e span  and /  denotes 
the overheigh t o f  th e  fram e beam :

LB=J(L/2)2+ f 2 (25)

a = arctan ( / / ( i / 2 ) )  (26)

T he un ifo rm ly  d istribu ted  vertica l surface 
variab le  load qz, the un ifo rm ly  d istribu ted  
horizon tal surface variab le  load qy, the  se lf­
w eigh t p e r un it leng th  o f  the portal fram e g , the 
concen tra ted  design  horizon ta l v ariab le  w ind  load 
P  (fo r the U L S) and  w ind  load Pw (fo r the SLS) 
are defined  b y  Eqs. (27) to  (31):

gz=(.s-cos2(a )  +  wv)-ef (27)

g,y= s -c o s (a ) -s in (a ) -e f (28)

g=AB-p + (Ae -p-ef )/ep (29)

P = rq-wh-er h/2 (30)

p*,=wh et hl 2 (21)

W here s, wv and  wh rep resen t snow , the 
vertica l and  horizon tal w ind  p e r  m 2 (the variable 
im posed  load); stands fo r the interm ediate 
d istance betw een  the p o rta l fram es, p  is the 
density  o f  steel, yC| is the partia l safe ty  fac to r for 
the variab le  load  and  h rep resen ts the heigh t o f  
the co lum ns. T he n um ber o f  th e  p o rta l fram es 
NOFRAME, th e  nu m b er o f  pu rlin s NOPURLIN  
and  the m ax im al in te rm ed ia te  d istance  betw een  
the pu rlin s ep are de term ined  by  E qs. (32) to (38), 
w here  L l rep resen ts the  leng th  o f  th e  industrial 
bu ild ing , MINNO{mme and  MAXNOtmme d eno te  the 
m in im al and  m ax im al n um ber o f  d efined  portal 
fram es, and  MINNOpmlm and  MAXNOpmhn stand 
fo r the m in im al and  m ax im al nu m b er o f  purlins.

NOFRAME=Ll /e f + 1  (32)

NOFRAME > M 1 N N O (33) 

NOFRAME < MAXNO6ame (34)

NOPURLIN= 2 -[l b/e  + l )  (35)

NOPURLIN > MINNO^"" (36)

NOPURLIN <  MAXNOpurlin (37)

ep <250  [c/w] (38)



Eqs. (39) to  (45) rep resen t the constra in ts 
w hich determ ine the po rtal fram es to  be non-sw ay 
frames. T he co lum n stiffness coeffic ien t Kc, the 
effective beam  stiffness coeffic ien t KB, the 
distribution  fac to r o f  the co lum n for the sw ay 
frame rj f , and  the p lane buck ling  length  o f  the 

colum n fo r a sw ay  fram e m ode ß smy are 
calculated  by  E qs. (39) to  (42). T he value o f  the 
d istribution fac to r is taken  to  be 1 because  o f  

the p inned  connection  o f  the colum ns.

7c
K^ f

(39)

* B = - (40)
5

* Kc 
7,1 a:c 1.5-atb

(41)

I1 — 0.2 - (t7,s + rj2)~  0.12-rjf-rj2

+ '& ) +  °-6-7?r»72
(42)

Eq. (43) rep resen ts the elastic  critical load 
ratio (Nsd/Ncr) w h ich  defines the steel po rtal fram e 
to be a  non-sw ay  fram e. T he d istribu tion  fac tor o f  
the colum n for the non -sw ay  fram e n r  and the 

plane buck ling  leng th  o f  the co lum n for the no n ­
sway fram e m ode ß  non.sway are  g iven  by  Eqs. (44)

to (45):

p-h , ( v ? z + r g-g)-7, / * 2-£-7y.C
L + 2 / (Away ' hf

,NS __________ ____________

1 ~ K c +  0 . 5 K b

(43)

(44)

Aon-sway =0-5 +  0.14- ( j/»  +  % ) +  0-055 • ( f  +  % f  (45)

T he U L S  constra in ts fo r the fram e 
colum ns are  d efined  b y  E qs. (46)-(52). Eq. (46) 
represents the cond ition  fo r the design  bending  
m om ent resis tance  o f  the co lum n (M sd< M ei>Rd), 
w here the substitu ted  expressions A, B  and  C  are 
given by  Eqs. (46  a,b ,c). / y is the y ie ld  strength  o f  
the structural steel, yg is th e  partia l safe ty  fac to r 
for the p erm anen t load, yq is the partia l safety  
factor fo r the v ariab le  load  and  yM0 is the 
resistance partia l sa fe ty  factor. T he design  shear

resis tance (F sd< F pUd) and  the  design  ax ial 
resis tance (iVsd<fVpi>Rd) o f  the co lum ns are checked  
by  E qs. (47) to  (48).

T he reduction  fac to r resu lting  from  the 
flexural buck ling  k, the  e lastic critical m om en t fo r 
la teral to rsional buck ling  M CR and the reduc tion  
factor resu lting  from  la teral to rsiona l b uck ling  kLt 
are determ ined  by  Eqs. (49) to (51). T he 
substitu ted  expression  D  in the constra in t (49) is 
defined  by  Eq. (49 a). Cj and  C2 are the 
equ ivalen t un iform  m om ent fac tors, E  is the 
elastic m odulus o f  steel, G is the shear m odu lus 
o f  steel, k  and  kw are effec tive length  fac tors, jr is 
the L u d o lfs  num ber, k\ is slenderness, and  a d and 
a LT are the im perfection  factors. T he requ irem en t 
fo r the in teraction  betw een  ax ial 
com pression /buck ling  and  bend ing  m om en t 
la teral-to rsional buck ling  is h and led  by the 
constra in t in Eq. (52).

Eqs. (53) to  (56) rep resen t the U L S 
constra in ts fo r beam s o f  the po rtal fram es. T he 
design  bend ing  m om ent resis tance  o f  the beam  
(A-/sd<A/dRd), the design  shear resis tance  
(F sd<Fpi>Rd) and  the design  ax ial resis tance  
('Vsd^pi.nd) are de term ined  by  Eqs. (53) to (55). 
T he in teraction  betw een  axial com pression  and  
bending  m om ent is checked  by  Eq. (56).

P urlins run  con tinuously  o v er th e  po rtal 
fram es. T he design  bend ing  m om en t resis tance  
abou t the y -y  axis (M y,sd< M e| Rd), and  the design  
bend ing  m om en t resis tance  abou t th e  z-z  axis 
(4TZjSd< M eijRd) o f  the  pu rlin s are ca lcu la ted  b y  E qs. 
(57) to (58). T he requ irem en t fo r the in teraction  
betw een  b o th  the m en tioned  bend in g  m om en ts  is 
hand led  by the constra in t in  Eq. (59) T he design  
shear resis tance  (F sd< F p| Rd) o f  the p u rlin s  are 
checked  by  Eq. (60).

T he SLS constra in ts fo r the p o rta l fram es 
and  the pu rlin s are defined  by  Eqs. (61) to  (65). 
T he horizon ta l deflection  o f  the p o rta l fram e A 
and  its m axim al value are  defined  b y  E qs. (61) to 
(62). T he substitu ted  expressions U  and  F  in 
constra in t (61) are de term ined  by  E qs. (61 a,b).

T he vertical deflec tion  o f  th e  po rta l fram e 
S¥ is defined  b y  Eq. (63). T h is d eflec tion  m u st be 
sm aller than the recom m ended  u p p er value: the 
fram e span L /250 , see Eq. (64). T he v ertica l 
deflection  o f  the pu rlin s is a lso  checked , see Eq. 
(65).



{ra- ^ +  rg-g)-L2-^ +  5-A) | p . h j B  + C) 2-1,x . f y 

16*(ß + A • C) 2-(ß +  yl-C) *ymo

A = l  + f / h ; B=2 A v. B h— +  1
(7y,C A'b

+  A--

(ra-9, +  re - g ) ^ 2-(3 +  5-A) p - h ( B  +  c )  
16-(B +  A-C)  2 -(B + A-C)

h<
(1.04 -hc -L c ) - f y

S - Xmo

P-h | g)-L ^ Ac-f,
L 2 yM0

C  = \ + 2- A

(46)

(46 a,b,c)

(47)

(48)

O.S-ll +  ^ ^ D - O ^  +  D ^  +  ^O .S^l +  ^ - l D - O ^  +  D2)] - D 2

D = n̂on-sway ^

-\/7y,c/-4: '̂ l

, ,  „  ^ - £ - 7 z,c L,c , { K- hf - G- I ,c f /t)2 ( A)MCR=Cr ^ ^ . ] A|— + ̂ r 7 — + [C2. - j  - |C 2.- j
(*■*)

(49) 

(49 a)

(50)

0.5- 1 + aLT ■ /2 '7y,C'/y _ 0  2 , 2-/y,c'/y 0.5- 1 + CCLJ • I2 Iy,c ' — 0.2 , 2'7y.c-/y
V ĈR ’ ^CR ' 1  ̂ ^CR ' ^CR '

• Ä (/q ' ‘h  +  'g ) '^ (? V g z+ 7 V g )'-£  , (3 +  5 '^) P-h- (B +  C)
—  + ------------; ------------ 1 6 - ( 5 - M - C )  o. I r m  À .r )2 -(B +  A-C)

K ' Â  ' f y / / m ' 2  ’ 7yiC * fy / (^C  ' yMO )

< 1.0

(r,-q1 + ys -g)-L2-(3 + 5-A) | p-h-{B +  c ) < 2-iyB- f y 
16-(B +  A-C) 2 -{B + A - C ) -  hB-yM 0

P-h , (/,-?z+/g-g)-2.
------- h — --------------- ------cos(a) —

Z, 2

(yq-gz + / s -g)'2-2-(3 +  5 -^ )  P - / , - (g  +  C)

16-(ß +  .4-C) +  2 - ( ß - M - C )
/  A ■ sin(a) . (l-04^B-C.B)-/y

VI-

2-2y,c /y
MCR-/tc (51)

(52)

(53)

(54)

ymo

(rq ■ <?z +  rg ■ g ) ■■ L1J 3  +  5 ■■ A) p-h- (B +  c )
16-(B +  A-C) 2 -(B +  A-C)

(rq-gz+ r B-g)-7'2- (3+ 5-z4) P-h-(B +  C)
16-(B +  A-C) 2 -(B +  A-C)

L  2  T u  o

/  p-h  (rq-9z+ r g-g)-7- . . . /h +  ——  +  ---------- ------------ sin(ar)

* fy/^MO

{rq-gz + r g’g)-L2-(3 +  5-A) p. h- (B +  C) 
16-(B +  A-C) + 2-(B + A-C)

2 -7y,B -/y/(V rM o)
< 1.0

(55)

(56)



0.1057-f g 1 (A p-p +  m, ) ■ e2 +  0.1057-yq -(.s-cos(a)-ep +  wv -ep 2 - v / ,
K  ' / mo

2-7 ,■ f
0.1057-yq •(i +  wr)-s in (a )-e  -e2 < -----z,p ' y

V / mo

0.1057-yg •(•4P-/0 +  fwr)-ef2 +  0.1057 • yq • (s ■ cos(«) • ep +  wv -ep)-e2 

2 '7 y>P '  f y / K  ' / mo

0.1057-rq -(-s +  wr)-s in (a )-ep -ef2 

+  2 - /2>p- / y//tp - r M0

0.567 • r g ' p P )  ' e t  +  0.567 • yq • (s • cos(a)• ep +  wv • ep)• er <  _:04 p fw-p
V 3 -/m„

d = -
1 1

£-7,y , c

- - L - ( ( V - U ) - h )  +
£-7„

i - 7 ,- ( F - 3 - t7 ) - / j - i - 7 ,

!.04--Tip -7W p ■ f y

/ mo

(« +  * K • h

U =
(g + g )-L 2 -{3 + 5- A)

1 6 -{B + A-C ) 

A < h / 150

F = />■/;•(£+ C) 
2 • (5  + A ■ C)

{9 + g)
5 f  2 4 - E - I

L  2 - V

2 ( q  +  g ) - L

L  2 - V
3

2  ' [ q  +  g ) - L
2 - L  +  -

8- F L  2- F 
+  -

I 12-(F — 77) 

, (<? +  *)

2- F

(? +  g) -Fj  [2 ( q  +  g ) - L  

(12-77 - 4 -  F)- 7,

.2 (? +  g )-£
+  Z?

(? +  «)

(57)

(58)

(59)

(60)

(61)

(61 a,b) 

(62)

(63)

S F = L / 2 5 0  (64)

\ls■ c o s (a )■ ep + (w v -ep +  Ar p -ep + mr -ep) -c o s (a ) j- (269/42000)- ef4/(E -7 y p)]- co s(a ) +

+ [(s -e p +  d P ■ p -e f +  m l • ep) -s in (a ) -(269 /42000)-ep / ( £ ,-7^p)]-sin (a) <  (65)

3.3. Integer and mixed integer logical 
constraints

T he log ical constra in t in Eq. (66) defines 
the num ber o f  po rta l fram es, w here  y n denotes the 
b inary  variab le  w h ich  is sub jec ted  to  each  portal 
frame. Eq. (67) defines only  one possib le  vec to r 
o f  b inary  variab les  fo r each  fram e topology . Eq. 
(68) calcu lates the even  nu m b er o f  pu rlin s, w here 
the b inary  variab les y m are sub jected  to  the 
purlins. Eq. (69) defines on ly  one p ossib le  vec to r 
o f  the b in a ry  variab les  fo r each  p u rlin  topo logy .

NOFRAME = Y , y n (66 )

NOPURLIN = 2  -Y ^ y m (68)
m

<  JV i (69 )

Eqs. (70) to (79) ca lcu late  the standard  
cross-sections fo r the co lum ns w ith  the ir d iscre te  
d im ensions and  characteristics. T he la tte r are 
de term ined  as sca la r p roducts be tw een  the ir 
vecto rs o f  i ,  i e l ,  the  d iscre te  standard  constan ts 
(q , q N , . . . )  and the ir vec to r o f  sub jected  

b in a ry  variab les j ; ,  see E qs. (70) to  (78). O n ly  one 
d iscre te  value is then se lec ted  fo r each standard  
section  since the sum  o f  the b inary  variab les m ust 
be  equal to  1, see Eq. (79).

Tn <  T„-l (67) Ac = ^ . y i i G /  (70)



^ c = S ? , hc-Ti i e l (71)

* c = E * bc- *
i e i (72)

?w,c = J 2 ^ r c -yi i e l (73)

* c = E ^  'Vi
i e l (74)

i €  I (75)

Jz , c = J 2 ^ c -y< i e l (76)

/ , c = E ^ c - x i e l (77)

u  = E ^ “,C 'T. i e l (78)

E ^ = i
(79)

S im ilarly , E qs. (80) to  (86) de term ine  the
d iscre te  values 
characteristics for 
to  (96) fo r purlins.

o f  the cross-sec tional 
the fram e beam s and  E qs. (87)

tu 03 II

-M

j  €  / (80)

^b = E E - T j j e J (81)

i

j e / (82)

•T* CO II j e / (83)

CD II
-M

-

j e  J (84)

• y j
j e / (85)

ll (86)

4 > = E  -Tkk
k e K (87)

Är = E ^ P 'Pkk
k e K (88)

è p = E E - A
k

k e K (89)

M5s

"cSII■J k e K (90)

?f , r = E 7 k "  'A
k

k e K (91)

7y,r= E 7 k ,P 'A k e K (92)
k

/ , p = E ^  ' A
k

k € A : (93)

/ , . p = E ^ P 'T k
k

k e K (9 4 )

/ ffi, p = E ' ? E  - A
k

k e K (95)

E a =  1 (96)
k

3.4. Sets, input data (constants) and variables

T he fo llow ing  sets, inp u t da ta  (constants: 
scalars and  p aram eters) as w ell as con tinuous and 
b ina ry  variab les  are invo lved  in  the op tim ization  
m odel F R A M E O P T :

Sets:

; se t fo r the standard  d im ension  alternatives 
fo r co lum ns, i e l

j  set fo r the s tandard  d im ension  a lternatives 
fo r beam s, y 'e J

k  set fo r the s tandard  d im ension  a lternatives 
fo r pu rlin s, k e K

m se t fo r the n u m b er o f  pu rlin s , m e M  
n se t fo r the nu m b er o f  p o rta l fram es (colum ns 

and  beam s), n e N  
Scalars (constan ts, inpu t data):

/  d eno tes  the o v erh e ig h t o f  the fram e beam  
[cm]

f y y ie ld  th e  s treng th  o f  th e  s truc tu ra l steel 
[kN /cm 2]

h h eigh t o f  th e  co lum n  [cm] 
k  effec tive  length  fac to r [-] 
kw effec tive  length  fac to r [-] 
mx m ass o f  the  ro o f  p la tes  [kg /cm 2] 
s snow  (variab le  im posed  load) [kN /cm 2] 
wv v ertica l w in d  (variab le  im posed  load) 

[kN /cm 2]
wh ho rizo n ta l w in d  (variab le  im posed  load) 

[kN /cm 2]
C\,C2 eq u ivalen t un ifo rm  m o m en t fac to rs [-]
E  elastic  m odu lus o f  steel [kN /cm 2]
G  shear m odu lus o f  steel [kN /cm 2]
L  fram e span  [m]
L l leng th  o f  th e  industria l b u ild in g  [m] 
MlNNOtmmc m in im u m  nu m b er o f  defined

po rta l fram es [-]
MAXNOframe m ax im u m  n u m b er o f  defined

po rta l fram es [-]
M N N O puihn m in im um  n u m b er o f  p u rlin s  [-]



MAXNOpmhn m ax im um  n um ber o f  pu rlin s [-] 
ab im perfec tion  fac to r [-]
flLT im perfec tion  fac to r [-]

partia l safe ty  fac to r fo r the v ariab le  load [-] 
yg partia l sa fe ty  fac to r fo r the p erm anen t load 

[-]
yM0 resis tance  partia l safe ty  fac to r [-] 
y]2 d is tribu tion  fac to r [1]

i slenderness [-]
% L u d o lfs  n um ber [-]
p density  o f  steel [kg /m 3]

Parameters (constants, input data):

q*c v ec to r o f  i, ie l ,  d iscre te  standard  constants 

fo r cro ss-sec tion  area  o f  the co lum n 
q v ec to r o f  j , j e J ,  d iscre te  standard  constan ts

fo r cro ss-sec tion  a rea  o f  the beam  
q*r v ec to r o f  k, keK , d isc re te  standard

constan ts fo r cross-sec tion  area  o f  the 
pu rlin

q*c v ec to r o f  i, ie l ,  d isc re te  standard  constan ts 

fo r overa ll b read th  o f  the co lum n 
q b« v ec to r o f  j , j e J ,  d iscre te  standard  constan ts

fo r overall b read th  o f  the beam  
q kr v ec to r o f  k, keK , d iscre te  standard

constan ts  fo r overa ll b read th  o f  the pu rlin  

q t,c v ec to r o f  i, ie l ,  d isc re te  standard  constan ts 

fo r flange th ickness o f  the co lum n 
q'.,B v ec to r o f  j , j e J ,  d isc re te  s tandard  constan ts

for f lange  th ickness o f  the beam  

q kr v ec to r o f  k, k eK , d isc re te  standard

constan ts  fo r flange  th ickness  o f  the pu rlin  
qK.c v ec to r o f  i, ie l ,  d isc re te  standard  constan ts 

fo r w eb  th ickness o f  the co lum n 
qK.B v ec to r o f j , j e J ,  d iscre te  standard  constan ts

for w eb  th ickness o f  the beam  

q (*r v ec to r o f  k, keK , d isc re te  standard

constan ts fo r  w eb  th ickness o f  th e  pu rlin  

q 'bC v ec to r o f  i, ie l ,  d isc re te  standard  constants 

fo r to rs io n a l co n s tan t o f  th e  co lum n 

q \ r v ec to r o f  k, keK , d isc re te  standard

constan ts fo r to rsiona l co nstan t o f  the 
pu rlin

q J1,0 vec to r o f  i, ie l ,  d isc re te  standard

constan ts fo r second  m om en t o f  a rea  abou t 
the y  -  y  ax is o f  the co lum n 

q\yB v ec to r o f  j , j e J ,  d isc re te  s tandard

constan ts fo r second  m om en t o f  a rea  abou t 
the y  -  y  axis o f  the beam  

q \-r v ec to r o f  k, keK , d isc re te  standard

constan ts fo r second  m om en t o f  area  abou t 
the y  -  y  axis o f  the pu rlin  

<7 ; c vec to r o f  i, ie l ,  d isc re te  standard

constan ts fo r m om en t o f  area  abo u t the z
-  z  axis o f  the co lum n

q [)’p vec to r o f  k, keK , d isc re te  standard

constan ts fo r m om en t o f  area  ab o u t th e  z
-  z  ax is o f  the pu rlin

q !",c vec to r o f  i, ie l ,  d isc re te  s tandard

_  constan ts fo r w arp ing  co nstan t o f  the 
co lum n

q k e v ec to r o f  k, keK , d isc re te  s tandard

constan ts fo r w arp ing  co n s tan t o f  the 
pu rlin

C on tinuous variables:

bB overall b read th  o f  the b eam  [cm ]
bc overall b read th  o f  th e  co lum n [cm] 
bp overall b read th  o f  the p u rlin  [cm ]
e{ in te rm ed ia te  d is tance  b e tw een  the p o rta l 

fram es [cm]
ep in term ed ia te  d istance  betw een  the p u rlin s  

[cm]
g  se lf-w eigh t o f  the po rtal fram e [kN /cm ] 
hB c ro ss-sec tional h e ig h t o f  the b eam  [cm] 
hc cross-sec tional he igh t o f  the co lum n [cm] 
hp cross-sec tional he igh t o f  the p u rlin  [cm]
qz un ifo rm ly  d is tribu ted  ho rizo n ta l su rface

variab le  load  [kN /cm ]
q y un ifo rm ly  d istrib u ted  v ertica l su rface

v ariab le  load  [kN /cm ] 
tj B flange th ickness o f  the b eam  [cm ] 
tf£ f lange th ickness o f  the co lum n  [cm ] 
h  p flange th ickness o f  the p u rlin  [cm]
Av.b w eb  th ickness o f  the b eam  [cm ]
/w,c w eb  th ickness o f  the co lu m n  [cm ] 
tw,p w eb  th ickness o f  the p u rlin  [cm]
A B cross section  o f  the b eam  [cm 2]
Ac cross sec tion  o f  the co lum n  [cm 2]
Ap cross section  o f  the p u rlin  [cm 2]



/ t C to rsional constan t o f  the co lum n  [cm 4]
It P to rsional constan t o f  the pu rlin  [cm  ’]
7y B second  m om ent o f  area abou t the y  -  y  axis 

o f  the beam  [cm 4]
Iy C second  m om en t o f  area  abo u t the y -  y  axis

o f  the co lum n [cm 4]
/  p second  m om en t o f  area  abou t the y - y  axis 

o f  the pu rlin  [cm 4]
Iz C second  m om en t o f  area  abou t the z -  z  axis 

o f  the co lum n [cm 4]
/  ■ p second  m om ent o f  area abou t the z - z  axis

o f  the p u rlin  [cm 4]
IaC w arp ing  co nstan t o f  the co lum n [cm 6]
4 jP w arp ing  co nstan t o f  the pu rlin  [cm 6]
Kc stiffness coeffic ien t o f  the co lum n [m 3]
K b stiffness coeffic ien t o f  the pu rlin  [m 3]
Lb length  o f  the beam  [cm]
M cR elastic  critica l m o m en t fo r la teral to rsiona l 

buck ling  [kN cm ]

Afei.Rd design  elastic  m om en t resis tance  [kN cm ] 
NOFRAME  nu m b er o f  the  p o rta l fram es [-] 

NOPURLIN  nu m b er o f  the p u rlin s  [-]

-Wpi.Rd design  p lastic  ax ial resis tance[kN ]
JVsd design  ax ia l fo rce  [kN]
M sd design  bend ing  m om en t [kN cm ]
P  co ncen tra ted  h o rizon ta l v ariab le  load 

m u ltip lied  by  the partia l safe ty  fac to r [kN] 
Pw co ncen tra ted  h o rizon ta l v ariab le  load  [kN] 
fpi,Rd design  p lastic  shear resis tance  [kN]
Vsd design  shear fo rce [kN] 
a ang le  o f  the inc lina tion  o f  the beam  [rad] 
Aion-sway p lane  bu ck lin g  leng th  o f  the  co lum n 

fo r a non -sw ay  fram e [-]
Away p lane  buck lin g  leng th  o f  th e  co lum n  fo r a 

sw ay  fram e [-]
<5f v e rtica l d eflec tion  o f  th e  p o rta l fram e [cm] 
A h o rizon ta l d eflec tion  o f  th e  po rta l fram e 

[m]

d istribu tion  fac tors o f  the co lum n for the 

non -sw ay  fram e [-]
rjf d is tribu tion  fac to rs o f  th e  co lum n fo r the 

sw ay  fram e [-]
k reduc tion  fac to r due  to  the flexural 

b uck ling  [-]
kLt reduc tion  fac to r fo r la tera l-to rsional 

b uck ling  [-]

B inary  variab les:

y\ b inary  v ariab le  assig n ed  to  the i-th , ie l ,  
standard  d im ension  alternative  o f  the 
co lum ns

yj b in a ry  v ariab le  ass ig n ed  to  the j - th , j s J ,  
standard  d im ension  alternative  o f  the 
beam s

y k b in a ry  v ariab le  assig n ed  to  the k-\h, k<=K, 
standard  d im ension  alternative  o f  the 
pu rlin s

y m b in a ry  variab le  ass ig n ed  to  the m-th , m eM , 
topo lo g y  a lternative  o f  the pu rlin s 

y„ b in a ry  variab le  assig n ed  to  the «-th , neN , 
topo lo g y  a lternative  o f  the fram es

S ubstitu ted  expressions:

A,B, C,D  functions w h ich  are  substitu d ed  in  
E qs. 46  a ,b ,c and  49  a

U, V functions w h ich  are  substituded  in 
E qs. 61 a,b

4 O PT IM IZ A T IO N

T he M od ified  O uter-A pprox im ation  
/E q u a lity -R e lax a tio n  (O A /E R ) algo rithm  
(K ravan ja  and  G ro ssm an n  [6]) w as u sed  to 
perfo rm  th e  op tim iza tion . T he O A /E R  algorithm  
consists  o f  so lv ing  an  alternative  sequence  o f  
N o n -lin ea r P ro g ram m in g  op tim ization  
subprob lem s (N L P ) and  M ix ed -In teg er L inear 
P ro g ram m in g  m aste r p rob lem s (M IL P ), F ig . 3. 
T he fo rm er co rresponds to  the o p tim iza tion  o f  
param ete rs  fo r a bu ild in g  structu re  w ith  a fixed 
to p o lo g y  and  standard  d im ensions and  y ie lds an 
u p p er bo u n d  to th e  o b jec tive  to  be  m inim ized. 
T he la tte r in vo lve  a g loba l lin ear approx im ation  
to  the  superstruc tu re  o f  a lte rnatives in  w h ich  a 
n ew  to p o lo g y  and  standard  sizes are  iden tified . 
W hen  th e  p ro b lem  is convex  the  search  is 
te rm in a ted  w h en  the  p red ic ted  lo w er bound  
exceeds the u p p er b ound , o the rw ise  it is 
te rm ina ted  w h en  the N L P  so lu tion  can  be 
im proved  no  m ore. T he O A /E R  algorithm  
guaran tees the g loba l o p tim ality  o f  so lu tions for 
convex  and  q u as i-convex  op tim iza tio n  p roblem s.

T he O A /E R  alg o rith m  as w ell as all o ther 
a lgo rithm s do n o t g en e ra lly  g u aran tee  th a t the 
so lu tion  found  is th e  g loba l op tim um . T h is is due 
to  th e  p resen ce  o f  n o n -co n v ex  functions in  the 
m odels th a t m ay  cu t o f f  the g loba l op tim um . In 
o rd er to  reduce  u n d es irab le  effec ts o f



nonconvexities, the fo llow ing  nonstructu red  and 
structured  co n vex ifica tions are app lied  for the

STOP

Fig. 3. Steps o f  the OA/ER algorithm

decom position  and  th e  deactiva tion  o f  the 
objective function  lineariza tion , th e  use  o f  the 
penalty  function , the use  o f  the u pper bound  on 
the ob jective function  to  be m in im ized  as w ell as 
the g lobal convex ity  te s t and  the valida tion  o f  the 
outer approx im ations. B y  the u se  o f  the 
m entioned  m od ifica tions, the like lihood  o f  
obtain ing b e tte r  resu lts  by  the O A /E R  algorithm , 
is s ign ifican tly  increased . A  m ore  ex tended  
in form ation  ab o u t th ese  m od ifica tions m ay  be  
found e lsew here , see  K ravan ja  and  G rossm ann
[6], and  K rav an ja  e t al. [7].

T he o p tim um  so lu tion  o f  a com plex  non- 
convex and  no n -lin ear M IN L P  p rob lem  w ith  a 
high n u m b er o f  d isc re te  dec isions is in general 
very d ifficu lt to  ob tain . T he op tim iza tion  is thus 
p roposed  to  be  perfo rm ed  sequen tia lly  in  tw o 
different phases to  acce le ra te  th e  convergence  o f  
the O A /E R  algorithm . T he op tim iza tion  is 
p roposed  to  sta rt w ith  the d isc re te  topo logy  
op tim ization  o f  th e  b u ild ing , w h ile  the standard

M IL P  m aste r p rob lem  o f  the O A /E R  algorithm : 
the deactivation  o f  lineariza tions, the 
d im ensions are tem porarily  re lax ed  into 
con tinuous param eters. T opo logy  and  con tinuous 
param ete r op tim iza tion  is so lub le  (a  sm a lle r  
com binato ria l p rob lem ) and  accum ulates  a good  
g lobal linear ap p rox im ation  o f  the superstruc tu re  
(a good  starting  po in t fo r the nex t p h ase  overa ll 
op tim ization). W hen the o p tim um  to p o lo g y  is 
found, the standard  sizes o f  the cro ss-sec tio n s are 
re-estab lished  and  the sim ultaneous d isc re te  
op tim iza tion  o f  the topo lo g y  and  standard  
d im ensions o f  the beam s, co lum ns and  p u rlin s  is 
then con tinued  until the  op tim um  so lu tion  is 
found.

T he tw o-phase  stra tegy  req u ires  th a t the 
b in a ry  variab les shou ld  be d efined  in one un ifo rm  
set. In the firs t phase, on ly  the b inary  variab les  
w h ich  are sub jec ted  to  topo lo g y  a lternatives 
becom e active. B inary  variab les  o f  s tandard  
d im ension  alternatives are  tem porarily  exc luded  
(set on  value  zero) un til the  b eg in n in g  o f  the 
second  phase, in w hich  they  partic ip a te  in the 
sim ultaneous overa ll op tim iza tion . T he sam e 
holds fo r standard  d im ension  log ica l constra in ts . 
In  th e  firs t p hase  they  are  exc luded , w h ile  the 
second  p hase  inc ludes them  in to  the op tim iza tion .

T he data  and  variab les  are in itia liza ted  
on ly  once in the beg inn ing  o f  the op tim iza tion . 
A n advan tage o f  th is s tra tegy  is a lso  in  th e  fact 
th a t b inary  variab les  fo r topo lo g y  and  standard  
d im ensions need  no t be  in itia lized : a fte r th e  firs t 
N L P , the firs t p hase  a lw ays starts  in the subspace  
o f  the topo log ica l b inary  variab les  on ly , w h ile  the 
second  p hase  starts w ith  the M IL P  m aste r 
subprob lem  w h ich  then  p red ic ts  a fu ll se t o f  
b inary  variab les fo r th e  successive  N L P. U n d er 
the convex ity  cond ition , the tw o -p h ase  stra tegy  
guaran tees a  g lobal op tim ality  o f  th e  so lu tion .

T he op tim iza tion  m odel m ay  con ta in  up  to  
thousand  b inary  0-1 variab les  o f  the alternatives. 
M ost o f  them  are  sub jec ted  to  s tandard  
d im ensions. S ince th is  n u m b er o f  0-1 v ariab les  is 
too  h igh  fo r a  norm al so lu tion  o f  the M IN L P , a 
reduc tion  p rocedu re  w as deve loped , w h ich  
au tom atica lly  reduces the b in a ry  variab les  o f  
a lternatives in to  a  reasonab le  num ber. T he 
op tim ization  a t the second  p h ase  inc ludes o n ly  
those  0-1 variab les  w h ich  determ ine  the topo lo g y  
and  standard  d im ension  a lte rn a tiv es c lose  to  the 
values, ob ta ined  a t the firs t M IN L P  op tim iza tio n  
phase.



5 N U M E R IC A L  E X A M P L E

T he pap er p resen ts an  exam ple  o f  the 
topo logy  and  standard  d im ension  op tim iza tion  o f  
a sing le-sto rey  industria l bu ild ing . T he bu ild in g  is 
25 m eters w ide (L), 75 m eters long  ( I L) and  6 
m eters heigh t (H ), see Fig. 4. T he structure  
consists o f  equal non -sw ay  steel p o rta l fram es 
w hich  are m utua lly  connected  w ith  purlins. The 
overheigh t o f  the fram e beam  (/) is 0 .50  m.

T he portal fram e is sub jec ted  to  se lf­
w eigh t o f  the structure  and  the ro o f  g , and  to  the 
variab le  loads o f  snow  and  w ind. T he m ass o f  the 
ro o f  is mr = 0 .20  kg /m 2. T he variab le  im posed  
loads: s =  2 .00 kN /m 2 (snow ), wv =  0.125 kN /m 2 
(vertical w ind) and  wh =  0 .50 kN /m 2 (to tal 
ho rizon tal w ind) are  d efined  in the m odel input 
data. B oth , the ho rizon tal concen tra ted  load at the 
top  o f  the co lum ns and  th e  v ertica l un ifo rm ly  
d istribu ted  line load  on the beam s and  purlin s are 
ca lcu la ted  au tom atica lly  th rough  the op tim ization

considering  the ca lcu la ted  in te rm ed ia te  d istance 
betw een  the po rtal fram es and  purlins.

T he m ateria l u sed  is steel S 355. T he yield 
streng th  o f  the steel (fy) is 35.5 kN /cm 2, the 
density  o f  steel (p) is 7 .850 ' 10"3 kg /cm 3, the 
elastic  m odu lus o f  steel (E) is 210  G P a and the 
shear m odu lus (G ) is 80 .76  G Pa. T he partial 
sa fe ty  fac to r fo r the p erm an en t load  (yg) and  for 
the com bined  (snow  p lu s w ind ) variab le  load (y ) 
are  b o th  1.35. T he resis tance  partia l safe ty  factor 
(7mo) is 1.1. T he im perfec tion  fac to r (ab) is 0.34, 
the im perfec tion  fac to r ( a L-r) is 0 .21 , the 
d is tribu tion  fac to r (r\2) is 1, slenderness fo r the 
steel S 355 ( / ; )  is 76 .4 , the  effec tive  length 
fac to rs (k  and  /cw) are 1.0, th e  eq u ivalen t uniform  
m om en t fac to rs fo r beam s (C i) and  (C 2) are  1.879 
and  0, respective ly . W hile  th e  d efined  m in im um  
and  m ax im um  num bers o f  p o rta l fram es 
(M M V O frame an d  MAXNObame) are  1 and  30, the 
m in im al and  m ax im al num bers o f  purlins 
(MINNOpuT'in and  MAXNOpm'in) are 1 and  20.

F ig. 4. Global geometry o f  the single-storey industrial building



The low er and  u p p er bounds as w ell as the 
activ ity  levels (starting  po in ts) o f  the independen t 
continuous variab les  are  show n in T ab le  1. T he 
bounds and  starting  po in ts o f  o ther dependan t 
continuous variab les  are  defined  by  using  
equations from  th e  op tim iza tion  m odel regard ing  
the independen t variab les.

Table 1. Bounds and activity levels o f  the 
independent variables

V ariab le
X

L ow er
bound

x L0

A ctiv ity
level

x L

U pper
bound

X™
he 50 cm 80 cm 99 cm
hn 30 cm 60 cm 70 cm
h? 10 cm 20 cm 30 cm
NOFRAMES 1 20 30
NOPURLINS 1 20 20

A n  industria l b u ild ing  superstructu re  w as 
generated  in  w h ich  all possib le  structures w ere 
em bedded  b y  30 po rta l fram e alternatives, 10 
various p u rlin  a lternatives and  a  varia tion  o f  
different s tandard  sizes. T he superstructure  
com prised  24  d iffe ren t standard  ho t ro lled  
E uropean  w ide  flange I sections, i.e. H E A  
sections (from  H E A  100 to  H E A  1000) fo r each 
colum n, b eam  and  p u rlin  seperately . V ecto rs q o f  
24 d iscre te  va lues fo r d iffe ren t standard  sections 
w ere defined . F o r exam ple , the vec to rs fo r the 
section ’s heigh ts q *e , q h.B, q hf  and  th e  cross-

section areas q f c , q A.B , q f F are  fo r the  colum ns,

beam s and  purlin s d efined  as follow s: 
q hf  = q )‘ = q hf =  {9.6, 11.4, 13.3, 15.2, 17.1,

19.0, 23 .0 , 2 5 .0 ,2 7 .0 , 29.0,

3 1 .0 .  3 3 .0 .3 5 .0 .3 9 .0 , 44 .0 ,

49 .0 , 54 .0 , 59.0, 64 .0 , 69.0,

79 .0 , 89.0, 99.0}

q fc = q A.° = q f p = {21.2, 25 .3 , 31 .4 , 38.8, 45.3,

53.8 , 64 .3 , 76 .8 , 86.8, 97.3,

113.0, 124.0, 133.0, 143.0,

159.0, 178.0, 1 9 8 .0 ,2 1 2 .0 ,

226 .0 , 242 .0 , 260 .0 , 286.0 ,

321 .0 , 347.0}
R egard ing  co nstruc tion  alternatives, the 

superstructure consists  o f  a  n po ssib le  num ber o f

portal fram es, neN , V = { 1 ,2 ,3 ,...,3 0 } , and  10 
various even  (2m) num bers o f  pu rlin s , m eM , 
M={ 1 ,2 ,3 ,...,1 0 } , w h ich  g ive 30-10=300  d iffe ren t 
topo logy  alternatives. S ince i, j  and  k  d iffe ren t 
standard  sections are  a lso  d efined  fo r co lum ns, 
beam s and  purlin s sepera te ly , ì g I ,  j ' g J ,  keK ,
/= J= X = { 1 ,2 ,3 ,4 ,5 ,6 ,7 ,..........24} , there  ex is t
n-m-ij-k = 30-10-24-24-24 =  4 147200  d iffe ren t 
d iscre te  construc tion  a lternatives a lto g e th e r .

T he op tim iza tion  w as perfo rm ed  by  the 
p roposed  M IN L P  o p tim iza tion  approach . T he 
task  o f  the op tim iza tion  w as to  find  th e  m in im al 
s tructu re  m ass, the op tim um  to p o lo g y  (the 
op tim um  num ber o f  po rta l fram es and  purlin s) 
and the op tim um  standard  sizes.

T he op tim iza tion  w as carried  ou t by  a 
user-friend ly  version  o f  the M IN L P  com pu ter 
package M IPS Y N , the successo r o f  P R O S  Y N  [6] 
an d  T O P  [7], [8] and  [10], T he M od ified  O A /E R  
a lgorithm  and  the tw o-phase  op tim iza tio n  w ere  
applied , w here G A M S /C O N O P T 2  (G enera lized  
reduced -g rad ien t m ethod) [11] w as u sed  to  so lve 
the N L P  subprob lem s and  G A M S /C p lex  7.0 
(B ranch  and  B ound) [12] w as used  to  so lve  the 
M IL P  m aste r prob lem s.

T he tw o-phase  M IN L P  o p tim iza tion  w as 
applied . A fter the firs t perfo rm ed  con tinuous N L P  
(the in itia liza tion ), th e  firs t p h ase  s ta rted  w ith  the 
d iscre te  topo logy  op tim iza tion  a t th e  re laxed  
standard  d im ensions, see also  the  co n v erg en ce  o f  
the M odified  O A /E R  a lgorithm  in T ab le  2. A t th is 
level, on ly  the b in a ry  variab les  y„ and  y m fo r 
topo logy  op tim iza tion , param ete r s truc tu ra l n o n ­
linear and  linear constra in ts , E qs.(4 ) to  (65 ), and  
the log ical constra in ts fo r topo logy  o p tim iza tion , 
E qs. (66) to  (69), w ere inc luded . W hen  the 
op tim um  topo logy  w as reached  (110.161 tons at 
the 2nd M IN L P  ite ration , all th e  fo llow ing  
solu tions w ere poorer), the  op tim iza tio n  
p roceeded  w ith  a sim u ltaneous d isc re te  top o lo g y  
and  standard  d im ension  o p tim iza tion  a t the 
second  level. A t th is  phase , the  b in a ry  variab les  
Ti, Tj and  j k o f  standard  sizes fo r co lum ns, beam s 
and  purlins, as w ell as the log ical co nstra in ts  fo r 
standard  d im ensions, E qs. (70) to  (96 ), w ere  
added  in to  the op tim iza tion . T he final o p tim um  
solu tion  o f  122.144 tons w as ob ta ined  a t the 6 th 
m ain  M IN L P  iteration  (all th e  fo llow ing  so lu tions 
w ere n o t as good).



T able 2. Convergence o f  the Modified OA/ER algorithm

M IN LP
Iteration

M IN L P
Subphaze

R esu lt 
M ass [tons]

T opo logy C ross-sec tions [cm 2]

F ram es P urlins C olum n B eam Purlin

P hase  1 : to p o lo g y  op tim iza tion

1.
In itia lization
l.N L P 107.254 11.955 12.008 283.501 212 .036 39.892

2. l.M IL P 107.763
13 14

321.721 176.232 30.527
2.NLP 110.161 276.759 206.027 32.137

3.
2 .M IL P 114.351

14 14
326 .447 174.106 30.509

3.N L P 111.339 270 .667 200 .658 28 .442

P hase 2: topo logy  and  standard  d im ension  op tim iza tion

4.
3 .M IL P 125.260

14 14
321.00 198.00 38.80

4. NLP* 125.231 HEA 900 HEA 550 HEA 160

5.
4 .M IL P 115.708

12 14
321.00 212 .00 38.80

5.NLP* 115.209 HEA 900 HEA 550 HEA 160

6. 5 .M IL P 122.144
13 14

321.00 212 .00 38.80
6.NLP 122.144 HEA 900 HEA 550 HEA 160

7.
6 .M IL P 126.713

13 16
321.00 212 .00 38 .80

7.N L P 126.713 H E A  900 H E A  550 H E A  160
* L ocally  in feasib le

T he op tim um  resu lt rep resen ts the 
m en tioned  m in im al structure  m ass o f  122.144 
tons, the ob ta ined  op tim um  topo logy  o f  13 portal 
fram es and  14 purlins, see F ig . 5, and  the 
ca lcu lated  op tim um  standard  sizes o f  the co lum ns 
(H E A  900), beam s (H E A  550) and purlin s (H E A  
160), see Fig. 6.

A t th e  second  phase , w here  all the 
ca lcu la ted  d im ensions w ere  s tandard  ones, a 
feasib le  o p tim um  resu lt w as very  d ifficu lt to  be 
ob ta ined . T he o p tim iza tion  m odel con ta ined  a 
h igh  n u m b er o f  4147200  d iffe ren t d iscrete 
co nstruc tion  alternatives.

F ig . 5: Optimum design o f  the single-storey industrial building
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F ig . 6: Optimum design o f  the portal steel fram e

The p rescreen ing  p rocedu re  o f  alternatives w as 
thus app lied , w h ich  au tom atica lly  reduced  the 
binary variab les  o f  a lternatives into a  reasonable 
num ber. T he op tim iza tion  a t the second  phase 
included on ly  those  0-1 variab les w hich 
determ ined  th e  to p o lo g y  and  standard  d im ension 
alternatives c lose to  th e  (con tinuous) values, 
obtained at th e  firs t phase. F o r topo logy , colum n, 
beam  and  p u rlin  on ly  3 b inary  variab les w ere 
used (1 variab les  u n d er and  2 over the continuous 
value). In  th is  w ay , o n ly  15 b ina ry  variab les w ere 
used in  the second  p h ase  instead  o f  all 112 b inary  
variables. T he n um ber o f  4147200  discrete 
construction  alternatives w as sign ifican tly  
reduced to  n -m -ifk  =  3-3-3-3-3 =  243 alternatives, 
w hich considerab ly  im proved  the effic iency  o f  
the search.

6 C O N C L U SIO N S

T he p ap e r p resen ts the sim ultaneous 
topology  and  s tandard  sizes op tim ization  o f  a 
sing le-sto rey  industria l steel bu ild ing . The 
op tim ization  is p ro p o sed  to  b e  perfo rm ed  b y  the 
M ixed-In teger N o n -lin ea r P rogram m ing  
(M IN L P) approach . T he M od ified  O A /E R  
algorithm  and  the tw o-phase  M IN L P  op tim ization  
strategy w ere applied . T he p ro p o sed  tw o-phase 
optim ization  starts w ith  the  topo lo g y  op tim ization  
o f  the fram es and  pu rlin s , w h ile  the standard  
dim ensions are  tem porarily  re laxed  into

continuous param eters. W hen the op tim um  
topo logy  is found, the s tandard  d im ensions o f  the 
cross-sections are re-estab lish ed  and  th e  
sim ultaneous topo logy  and  d isc re te  standard  
d im ension  op tim iza tion  o f  beam s, co lu m n s and  
purlins is then  con tinued  un til th e  op tim um  
so lu tion  is found. W ithou t perfo rm in g  th e  tw o- 
phase M IN L P  stra tegy  and  the p resc reen in g  
p rocedure o f  a lte rnatives no feasib le  o p tim um  
resu lt w as ob tained. T he p ro p o sed  M IN L P  w as 
found  to  be a  successfu l o p tim iza tion  tech n iq u e  
for so lv ing  th is type  o f  structures.
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