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0  INTRODUCTION

Atomic-force microscopes (AFM) were originally 
developed to provide high-resolution images of the 
surface structures of both conductive and insulating 
samples in both air and liquid environments [1] and 
[2]. It is also widely used for nano-manipulation and 
nano-lithography in micro/nano-electromechanical 
systems (MEMS/NEMS) [3] and [4]. The contact 
between the tip of the elastic cantilever and the sample 
induces a dynamic interaction. The imaging rate and 
contrast of topographical images significantly depend 
on the resonant frequency and sensitivity of the AFM 
cantilever. Hence, investigations of the dynamic 
behaviour of the AFM microcantilever seem to be 
crucial. To date, many researchers have studied the 
dynamic response of the AFM cantilever [5] to [8].

Conventional AFMs consist of a microcantilever 
with a sharp conical or pyramidal tip located at its free 
end and play an important role in nano-scale surface 
measurements. Unfortunately, their probe tips never 
come in close proximity to sidewalls, regardless 
of how sharp and thin the tips are. Therefore, an 
urgent need for nano-scale surface measurements at 
sidewalls exists. In order to overcome the limitations 
of conventional AFMs, Dai et al. [9] proposed 
assembled cantilever probes (ACPs) for direct and 
non-destructive sidewall measurement of nano- and 
microstructures. Utilizing classic beam theory, Chang 
et al. [10] analysed the sensitivity and the resonant 
frequency an assembled cantilever probe, consisting 
of a horizontal AFM cantilever and a vertical 
extension. Kahrobaiyan et al. [11] studied the resonant 

frequencies and flexural sensitivities of another form 
of ACPs proposed by Dai et al. [12], comprising a 
horizontal cantilever, a vertical extension and two 
tips located at the free ends of the cantilever and the 
extension.

Beams used in MEMS and NEMS, such as 
AFMs, have thicknesses in the order of microns 
and sub-microns. The size dependency of static and 
dynamic behaviour of the micro-scale structures 
have been verified in the experimental observations 
[13] and [14]. For example, McFarland and Colton 
[15] detected a considerable difference between 
the stiffness values predicted by the classic beam 
theory and the stiffness values obtained during 
bending tests of polypropylene microcantilevers. In 
the microtorsion test of thin copper wires, Fleck et 
al. [16] observed that a decrease in wire diameters 
from 170 to 12 results in a significant increase of 
the torsional hardening. Lam et al. [17] observed a 
significant enhancement of bending rigidity caused 
by the beam thickness reduction in microbending 
tests of beams made of epoxy polymers. The lack 
of an internal material length scale parameter in the 
classic continuum models causes some deficiencies 
in studying small scale nanostructures. Hence, size-
dependent continuum mechanics models such as the 
strain gradient theory [18] and [19], couple stress 
theory [20] and [21], modified couple stress theory 
[22] and nonlocal elasticity theory [23] and [24] are 
used. Nonlocal elasticity theory, which assumes that 
the stress state at a given point to be dependent on the 
strain states at all points in the body, have been the 
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subject of much attention in nano-mechanics because 
of its efficiency. 

The nonlocal theory of elasticity has been used to 
investigate many fields, such as the lattice dispersion 
of elastic waves, wave propagation in composites, 
fracture mechanics, dynamic and the static analysis 
of carbon nanotubes and nano-rods, surface tension 
fluids, etc. [25] and [26]. Using beam-and-shell 
theories, Wang et al. [27] applied the nonlocal 
elasticity constitutive equations to study the vibration 
and buckling of carbon nanotubes. Using the nonlocal 
constitutive relations of Eringen [23], Reddy [28] 
reformulated the equations of motion of various beam 
theories, including the Euler–Bernoulli, Timoshenko, 
higher order, and Levinson beam models, using 
different nonlocal beam theories for bending, buckling 
and free vibration problems. A generalized nonlocal 
beam theory to derive the governing equations for 
different beam theories was proposed by Aydogdu 
[29]. Next, the effects of nonlocality and length of 
beams were investigated in some detail for each 
considered problem. Thai [30] proposed a nonlocal 
shear deformation beam theory for the bending, 
buckling, and vibration of nano-beams based on the 
nonlocal constitutive relations of Eringen [23]. His 
theory accounted for a quadratic variation of the shear 
strains across the thickness, and satisfied the zero-
traction boundary conditions on the top and bottom 
surfaces of the beam without using shear correction 
factor. Utilizing this theory, Gheshlaghi and Mirzaei 
[31] studied the frequency shift of microcantilever-
based sensors. They found that the normalized natural 
frequencies obtained for the nonlocal cantilever 
microbeam become smaller than those for its local 
counterpart .

Civalek and Demir [32] developed an elastic 
nonlocal beam model for the bending analysis of 
microtubules (MTs) based on the Euler-Bernoulli 
beam theory. They concluded that the nonlocal 
continuum theory approach is superior to average 
(local) elasticity, especially for some boundary 
conditions

Since ACPs’ cantilevers have thicknesses in the 
order of microns and sub-microns, studying their 
dynamic behaviour utilizing a non-classic beam 
theory such as nonlocal beam theory seems necessary. 

In this study, utilizing nonlocal elasticity theory, 
the sensitivity and resonant frequency of flexural 
vibration modes of an ACP proposed by Dai et al.[9], 
consisting of a horizontal cantilever and a vertical 
extension, are analysed.

1  THE NONLOCAL ELASTICITY THEORY

According to the nonlocal elasticity theory proposed 
by Eringen [23] and [24], the stress components at a 
reference point x in an elastic continuum depend not 
only on the strain components at the same position 
x but also on all other points of the body. Hence, the 
well-known nonlocal constitutive relation in terms of 
a partial differential form is expressed as [23]:

 ( ) , ,1 2
0
2 2− ∇ = =µ σ ε µij ijmn mnC e a  (1)

where σij is the nonlocal stress tensor components 
at point x, cijmn is the fourth-order elasticity tensor, 
εmn is the strain tensor, μ is the nonlocal parameter, 
and e0 and a are the material constant and internal 
characteristic length, respectively, which incorporate 
the small-scale effect. The nonlocal parameter 
depends on the boundary conditions, chirality, mode 
shapes and type of motion [33].

Assuming that the nonlocal behaviour is 
negligible in the thickness direction, the nonlocal 
constitutive relation in Eq. (1) takes the following 
special relation for beams [34].

 σ µ
σ

εxx
xx

xxx
E−

∂
∂

=
2

2 ,  (2)

where E is Young’s modulus. It should be noted 
that for the case of μ = 0, we obtain the constitutive 
relations of local beam theories. 

2 ANALYSIS OF THE DYNAMIC BEHAVIOUR  
OF ACP MICROCANTILEVERS 

The proposed type of AFM ACP developed in 
this study comprises a horizontal cantilever, a 
vertical extension and a tip located at the free end 
of the extension, which makes the AFM capable of 
topography at the sidewalls of microstructures. The 
geometrical parameters and configuration of this 
ACP are depicted in Fig. 1. The horizontal cantilever 
and vertical extension have a uniform cross section 
thickness b, width w, whose lengths are L and H, 
respectively, and the small length tip is s. Considering 
the ratio of the extension rigidity to cantilever rigidity, 
the deflection of the extension in comparison with 
the cantilever deflection can be neglected, and it can 
be assumed that the extension is rigid. Therefore, 
the cantilever of ACP experiences flexural vibrations 
during contact with the sample. The interaction 
between AFM tip and microstructure sidewall results 
in torsional vibration in the AFM probe. As shown 
in Fig. 1, the ACP interacts with the sample surface 
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at its tip by normal springs Kn for normal interaction 
and lateral springs Kl for lateral interaction. x is the 
coordinate along the centre of the cantilever, while  
w(x,t) is the vertical deflection in x-direction at time t.

Fig. 1.  Schematic diagram of an AFM cantilever micro-assembled 
with vertical extension and a tip located at the free end of the 

vertical extension for flexural vibration

Based on the flexural vibration of the ACP 
microcantilever depicted in Fig. 1, the components of 
displacement vector u are expressed as:

 u z w x t
x

u u w x tx y z= −
∂
∂

= = ( )( , ) , , , ,0  (3)

where ux, uy and uz denote the displacement along x, y 
and z axes, respectively.

The only non-zero strains of the Euler-Bernoulli 
beam theory are:

 ε xx z
w x t
x

= −
∂ ( )
∂

2

2

,
.  (4)

Considering Eqs. (2) and (4) and using the 
moment strain relation:

 M z dAxx
A

= ∫ σ ,  (5)

one obtains:

 M M
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where I denotes the second moment of area about 
the y-axis. Then the strain energy U in a deformed 
isotropic linear elastic material occupying region Ω is 
given by: 

 U dvij ij= ∫
1
2

σ ε
Ω

,  (7)

by substituting Eq. (4) into Eq. (7) and also considering 
Eq. (5), one obtains the following expression for the 
strain energy U:

 U M
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L
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∂ ( )
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2

20

,
.  (8)

Considering the proposed ACP microcantilever 
depicted in Fig. 1 yields the following result for the 
elastic potential energy of the system:

 

U M
w x t
x

dx K H
w L t
x

K w x t s

L

n

l

= −
∂ ( )
∂

+
∂ ( )
∂









 +

+ ( ) −

∫
2

20

2
1
2

1
2

, ,

,
∂∂ ( )
∂











w x t
x
,

.
2

 (9)

Denoting the mass per unit length of cantilever 
and extension by ρ and ρe, respectively, and the 
extension mass and mass moment of inertia by Me and 
Je, and also the cantilever and extension areas by A 
and the mass moment of inertia of the extension by 
Jh, the kinetic energy of the system due to the velocity 
of its particles along the z-direction can be written as:
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where Me = ρeAH and J M H AHe e e= =
1
3

1
3

2 3ρ .

Bearing in mind the aforementioned expressions 
for U and T, the dynamic governing equation of this 
ACP microcantilever as well as boundary conditions 
can be determined with the aid of Hamilton’s 
principle:

 δ δ δT U W dtet

t
− +( ) =∫ 0

1

2 ,  (11)

in the above equation, We is the work done by external 
classic and higher-order torques which are assumed to 
be zero. Inserting Eqs. (9) and (10) into Eq. (11) then 
leads to:

 
∂ ( )

∂
−

∂ ( )
∂

=
2

2

2

2 0
M x t
x

A
w x t
x

, ,
,ρ  (12)

 w t
w t
x

0 0
0

0, ,
,

,( ) = ∂ ( )
∂

=  (13)



Strojniški vestnik - Journal of Mechanical Engineering 60(2014)3, 179-186

182 Abbasi, M. – Mohammadi, A.K.

 
M

w L t
t

M
x

K w L te
x L

l

∂ ( )
∂

+
∂
∂

+ ( ) =
=

2

2 0
,

, ,
 (14)

 

−
∂ ( )
∂ ∂

+ −
∂ ( )
∂

+

+ ( ) =

J
w L t
x t

M K H
w L t
x

K sw L t

e n

l

3

2
2

0

, ,

, ,  (15)

by substituting Eq. (12) into Eq. (6), one obtains the 
following expression for M:
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Inserting Eq. (16) into Eqs. (12) to (15), the 
dynamic governing equation and the boundary 
conditions can be rewritten as:

EI
w x t
x

A
w x t
t

A
w x t
t x

∂ ( )
∂

+
∂ ( )
∂

−
∂ ( )
∂ ∂

=
4

4

2

2

4

2 2 0
, , ,

,ρ µρ  (17)

 w t
w t
x

0 0
0

0, ,
,

,( ) = ∂ ( )
∂

=  (18)

 

µρA
w L t
t x

EI
w L t
x

M
w L t
t

K w L te l

∂ ( )
∂ ∂

−
∂ ( )
∂

+

+
∂ ( )

∂
+ ( ) =

3

2

3

3

2

2 0

, ,

,
, ,  (19)

    

EI
w L t
x

A
w L t
t

J
w L t
x t

K H
w L t

e

n

∂ ( )
∂

−
∂ ( )

∂
+

∂ ( )
∂ ∂

+

+
∂ ( )
∂

2

2

2

2

3

2

2

, , ,

,

µρ

xx
K sw L tl− ( ) =, .0  (20)

The dimensionless variables are defined as:

 

X x
L

W w
L

t
L

EI
A

S s
L

m e
L

h H
L

K L
EI

K L

e

n
n

l
l

= = =

= = =

= = =

, , ,

, , ,

, ,

τ
ρ

ρ
ρ

µ

β β

2

2

3 33

EI
.

 (21)

Applying this set of dimensionless variables 
quantities given in Eq. (21) into Eqs. (17) to (20) 
yields the normalized form of free vibration equation 
and the associated boundary conditions as:
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Assuming a harmonic solution for Y as  
W(X,τ) = V(X)eiωτ results in the following ordinary 
differential equation and boundary conditions:
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where the angular frequency is denoted by ω, and r1, 
r2 and r3 are defined as:
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The solution of Eq. (26) is written as:
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where ai (i = 1, ..., 4) are some constants and λ1 and λ2 
are defined as:
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Applying boundary conditions (27) to (29) into 
Eq. (30), the characteristics equation can be found:

 C UU U Uω β, ,( ) = − =1 4 2 3 0  (33)

where
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The dimensionless sensitivity of an AFM ACP, S 
is defined as the differentiation of the dimensionless 
natural frequency with respect to the dimensionless 
surface contact stiffness, i.e.:

 S C C
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= −
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ω
β β ω

.  (38)

3  RESULTS AND DISCUSSION

This section presents the results of the vibration 
analysis of an AFM ACP based on the nonlocal 
elasticity theory. The analytical expressions were 
obtained for the sensitivity and resonant frequency 
of flexural modes to indicate a better representation 
of the flexural behaviour of an AFM with sidewall 
probe where the small-scale effect are significant. 
To this end, we consider the geometric and material 
parameters of the cantilever and extension to be  
ρ = 2330 kg/m3, ρe = 3440 kg/m3 and h = 0.5. The 
default value for the normalized nonlocal parameter, 
e is considered to be e = 0.03 and also the lateral and 
normal contact stiffness are assumed as β = 0.9 βl 
[10], [11] and [30].

The dimensionless flexural resonant frequency 
of the first and second modes of the AFM cantilever 
based on nonlocal elasticity and classic beam theories 
are compared in Figs. 2 and 3 for different values of 
normalized nonlocal parameter. It should be noted 
that for the case e = 0, nonlocal elasticity theory is 
reduced to classic beam theory. Considering these two 
figures, it can be found that the resonant frequency 
takes at a low constant value for lower values of 
contact stiffness. However, by increasing the contact 
stiffness, the resonant frequency rises dramatically 

Fig. 2.  The first dimensionless flexural resonant frequency for an 
AFM cantilever at various values of normalized nonlocal parameter

Fig. 3.  The second dimensionless flexural resonant frequency 
for an AFM cantilever at various values of normalized nonlocal 

parameter

Fig. 4.  The first dimensionless flexural sensitivity for an AFM 
cantilever at various values of normalized nonlocal parameter
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until reaches another constant value at very high 
value of contact stiffness. These figures also indicate 
that for large values of contact stiffness, the resonant 
frequencies obtained by nonlocal theory are smaller 
than those calculated by classic beam theory. At these 
values of contact stiffness, an increase in normalized 
nonlocal parameter decreases the resonant frequency. 
Furthermore, it can be inferred that the resonant 
frequency of the second mode is more sensitive to the 
change in the normalized nonlocal parameter. 

Figs. 4 and 5 illustrate the change in the first and 
second flexural sensitivity modes due to the change 
in contact stiffness, βl and normalized nonlocal 
parameter, e. According to these figures, the sensitivity 
is maximum when the contact stiffness is low. In the 
first mode, an increase in contact stiffness decreases 
the sensitivity of the first mode, while a similar 
phenomenon happens in the second mode after the 
sensitivity experiences a minimum around the point  
βl = 10 and a peak approximately at the point  
βl = 103, respectively. Furthermore, for the higher 
values of contact stiffness, the sensitivities of the 
first mode predicted by nonlocal theory is smaller 
than those obtained by classic beam theory. There is 
a similar situation in the second mode in all ranges of 
contact stiffness. 

The flexural resonant frequency of the first mode 
due to the change in dimensionless contact stiffness, 
βl, and vertical extension length, h, is depicted in Fig. 
6. It can be seen that the resonant frequency increases 
as the contact stiffness grows but reduces as the 
vertical extension enlarges.

The first flexural sensitivity of the sidewall tip 
versus dimensionless contact stiffness, βl and various 
vertical extension length, h is shown in Fig. 7. From 
this figure, it can be concluded that an increase 
in vertical extension length reduces the flexural 
sensitivity when the contact stiffness is low. The 
situation is reversed for very high values of contact 
stiffness (βl > 100).

Fig. 8 represents the first flexural sensitivity of 
mode 1 as a function of vertical extension length, and 
h at different values of normalized nonlocal parameter 
for βl = 103. It should be noted from Fig. 4 that the 
sensitivities of first mode differ from each other for 
different values of nonlocal parameters when the 
contact stiffness is high. Hence, the contact stiffness is 
assumed as βl = 103

 in Fig. 8. From this figure, it can be 
inferred that the effect of change in vertical extension 
length h on the flexural sensitivity predicted by classic 
beam theory (e = 0) is significant; and a rise in the 
dimension length of vertical extension h increases the 
sensitivity dramatically. For the sensitivity calculated 

Fig. 5.  The second dimensionless flexural sensitivity for an AFM 
cantilever at various values of normalized nonlocal parameter

Fig. 6.  The first dimensionless flexural resonant frequency for an 
AFM cantilever at various values of dimensionless length of the 

vertical extension

Fig. 7.  The first dimensionless flexural sensitivity for an AFM 
cantilever at various values of dimensionless length of the vertical 

extension
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by nonlocal elasticity theory, an increase in the 
normalized nonlocal parameter reduces the effect of 
vertical extension length on the sensitivity.

4  CONCLUSION

In this study, the equations of motion and boundary 
conditions for flexural vibration of an AFM cantilever 
with sidewall probe have been derived utilizing 
nonlocal elasticity theory; analytical solutions are 
then presented to bring out the effect of nonlocal 
parameters on the resonant frequency and flexural 
sensitivity of the first two modes. According to the 
results, the sensitivities and resonant frequencies 
predicted by nonlocal elasticity theory are smaller 
than those evaluated by classic beam theory. It can 
also be determined that the difference between either 
the resonant frequency or the flexural sensitivity 
obtained by nonlocal elasticity theory and those 
calculated by classic beam theory are more significant 
for the second mode. Moreover, an increase in the 
vertical extension length diminishes the resonant 
frequency, while reducing the sensitivity for low 
values of contact stiffness and increases it for high 
values of contact stiffness. Furthermore, a rise in the 
normalized nonlocal parameter decreases the effect of 
vertical extension length on the sensitivity. 
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