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0  INTRODUCTION

In recent years, the field of energy harvesting has 
developed strongly and has increasingly become an 
important application area. Energy harvesting is the 
process of capturing trace amounts of energy from 
the environment and transforming them into electrical 
energy, such as solar power, thermal energy, wind 
energy, salinity gradients, vibration energy, etc. While 
solar, chemical and thermal methods are sometimes 
viable, many researchers have recognized the 
abundance of vibration as a potential source of energy 
[1].

Vibration energy can be converted to electric 
energy using several types of electro-mechanical 
transducers based on electromagnetism [2], 
electrostatics [3] and [4] and piezoelectricity [5]. 
Electro-mechanical transducers are typically realized 
as linear mechanical resonators. The effectiveness of 
such converters is maximum when the transducer is 
operated at resonance, however it can be considerably 
suboptimal with frequency-varying conditions 
and wideband vibrations [6]. If the environmental 
vibration frequency deviates a little from the designed 
frequency, the generated power decreases rapidly. 
Some researchers have extended output power through 
increasing the resonant frequency bandwidth of the 
harvester [7] and [8]. The harvester with a tunable 
resonance frequency is also considered as an effective 
method [9] and [10]. Given the bandwidth limitation 
of linear transducers, nonlinearity is also considered 
as a possibility for improving the effectiveness of 
energy harvesting [11] and [12], mainly because 
nonlinear systems are capable of responding over a 
broad frequency range.

The phenomenon of the stochastic resonance 
requires three basic ingredients: (a) an energetic 
activation barrier such as the double potential well 
of a bi-stable system, (b) a weak coherent input such 
as a periodic signal, and (c) a source of noise that 
is inherent to the system. Given these features, the 
response of the system undergoes resonance-like 
behaviors as a function of the noise level, hence the 
name stochastic resonance [13]. The original work 
on stochastic resonance is due to Benzi et al. [14], 
for explaining the periodic recurrences of the earth’s 
ice ages. Recently, stochastic resonance has been 
considered in several fields, such as signal processing 
[15], circuit experiments [16], and image visualization 
[17], etc. More especially, McInnes et al. illustrated 
the possibility of the application of stochastic 
resonance as an enhancing method for vibration 
energy harvesting, and demonstrated its benefit in 
theory [18]. 

For a nonlinear mechanical system, ambient 
vibration can be considered as source of noise which 
can excite a stochastically resonant system into a 
bistable nonlinear response. The presence of bistability 
makes the system capable of rapidly switching 
between stable states under an external nonlinear 
force. So, if a weak parametric excitation is applied 
to the system the double well potential periodically 
raises and lowers the potential barrier, and noise-
induced hopping between the potential wells can 
become synchronised with the parametric excitation, 
leading to stochastic resonance. On this basis, the 
stochastic resonance was produced in a cantilever 
beam where a periodic force is applied in the lateral 
direction to the beam [19] in the experiments. It was 
shown the response vibration was enhanced and 
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the amount of the energy to be harvested increased 
through experiments [20]. 

In this study, the authors propose to apply the 
periodic force to the axial direction of the beam. 
Then dynamics of the beam is governed by a periodic 
excitation system. In the previous system [19] and 
[20], the periodic force need to be supplied from 
the system, however, in the proposed system, the 
stochastic resonance is expected to be produced in 
the periodic excitation system exposed to a wide 
bandwidth of weak ambient broadband vibration. 
The feasibility to cause the stochastic resonance 
with the periodic force in the axial direction of beam 
to enhance the vibration energy to be harvested is 
examined through numerical analysis.

1  STOCHASTIC RESONANCE

1.1 Modeling of the Energy Harvester

Based on the theory of stochastic resonance a bistable 
nonlinear vibration energy harvester is conjectured as 
shown in Fig. 1. The system is mainly composed of a 
cantilever beam with an end magnet, and another fixed 
magnet. It is excited by ambient vibration N(t), and 
there is an interaction between the elastic force of the 
beam and the magnetic force, generating a nonlinear 
response. By adjusting the distance d between the 
two magnets, the system can show bistability. An 
actuator is used to provide the source of the periodic 
parametric excitation. 

When a piezoelectric material is placed under 
a mechanical stress, an open circuit voltage appears 
across the material. Suitable piezoelectric materials 
for vibration energy harvesting are characterized by 
the large magnitude of the product of the piezoelectric 
voltage constant and the piezoelectric strain constant. 
The material can be in the form of polycrystalline 
ceramics, textured ceramics, thin films, and polymers. 
Therefore, in this paper it is considered that two 
piezoelectric films are fitted onto the cantilever beam 
to provide the nonlinear vibration energy harvester 
with a simple but effective mechanical to electrical 
energy conversion facility.

Due to the configuration of the two magnets, 
as discussed in [19], a repulsive magnetic force FM 
will act between the two magnets. When FM makes 
the angle θ to x axis and the vertical displacement 
of the end magnet is yM, the vertical component, FV, 
can be written in terms of FM  and expanded into a 
Taylor series, computed around yM = 0 and truncated 
as follows,
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Fig. 1.  An energy harvester using stochastic resonance; a) system 
layout, and b) simple schematic

When the periodic excitation W(t) is input to the 
system by the actuator in the horizontal direction, 
and assuming the beam is mass less, the total kinetic 
energy will be defined by:

 E m y x Wk = + −
1
2

2 2[ ( ) ], 



M M  (2)

where xM is the lateral displacement of the end 
magnet. According to the thin beam theory, the 
potential energy of the beam whose Young’s modulus 
and moment of inertia are E and I, respectively, is 
given by:

 U EI w dx
l
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1
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where w is the transverse displacement of the beam 
and w'' = d2w / dx2. Assuming yM(t) = w(l,t), where l is 
the length of the beam, the following relationship is 
derived:
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where v(x) is a static linear shape function of the 
cantilever beam. Therefore the following can be 
shown from Eqs. (3) and (4):
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where v'' = d2f / dx2. Assuming the transverse deflection 
is tiny, the lateral displacement of the end magnet, xM, 
is given by:
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Differentiating Eq. (6) with respect to time leads 
to:

  x By yM = M M,  (7)

where B v dx
l

= ′



∫ ( )20

. Substituting Eq. (7) into (2), 

the kinetic energy can be expressed as:
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According to the generalized Lagrange’s 
equation:
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the following equation is derived:
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This is the governing equation for the model 
proposed. By neglecting the two nonlinear terms, i.e. 
the second and third left hand side terms, Eq. (10) can 
be reduced to:
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where W(t) = Acos(Ωt) is the periodic excitation. By 
adding in a viscous damping term and inputting an 
ambient vibration N(t), one obtains;

 y cy BA t y by N tM M M M+ − + + =( cos ) ( ),ω2 2 3Ω Ω  (12)

where ω2
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natural frequency of the system. Assuming W(t) is 

constant periodic force, BAΩ2 can be considered to be 
constant. When we define λ as BAΩ2ω–2, Eq. (12) can 
be transformed to:

    y cy t y by N tM M M M+ − + + =ω λ2 31( cos ) ( ),Ω  (13)

which is standard equation describing the system 
exploring stochastic resonance. 

1.2 Analysis of the Conditions for Stochastic Resonance

According to the three basic ingredients for stochastic 
resonance, a weak coherent input such as a periodic 
signal is required. Although the periodic excitation is 
too weak to make the system jump periodically from 
one potential well to the other, the hopping between 
the potential wells occur when the system disturbed by 
the noise is synchronized with the periodic excitation, 
which is the stochastic resonance. 

For the model proposed, the weak periodic 
excitation is provided by the parametric excitation. 
Consequently, the potential energy can be expressed 
as:

     U y t t y by( , ) ( cos ) .M M M= − + +
1
2

1 1
4

2 2 4ω λ Ω  (14)

Fig. 2 shows the changing potential well as a 
function of displacement. It can be seen that the 
height of the potential well is modulated periodically. 
According to the theory of stochastic resonance, 
running through the frequency fulfils certain 
conditions, and this modulation enables the excitation 
N(t) to drive the system into stochastic resonance.

Fig. 2.  The potential well when ω2 = 3,  λ = 0.2 and b = 1

A statistical synchronization between the noise-
induced hopping and periodic excitation will take 
place, when the average waiting time Tw between two 
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noise-induced inter-well transitions is comparable 
with half the period of the periodic excitation Ts. The 
probability of a transition between the two potential 
wells is determined by the Kramers rate rK, and it will 

be small if the potential barrier between the two wells 
is very large. Therefore the waiting time Tw can be 
defined by the Kramers rate rK as Tw = 1 / rK, and rK 
for the model in this paper can be expressed by:

Fig. 3.  Response under ambient vibration excitation, or periodic parametric excitation: the blue line fluctuating at  -10 mm and the black line 
fluctuating at 10 mm represent the responses under the ambient vibration excitation and the periodic parametric excitation, respectively

Fig. 4.  Responses under ambient vibration excitation and parametric excitations at different frequencies for Ω;  
a) 0.5, b) 1.0, c) 1.5, d) 2.0, e) 2.5, and f) 3.0 rad/s
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where D is the intensity of the ambient vibration. For 
example when the ambient vibration is white noise 
this can be defined as N t Dg t( ) ( )= 2 , where g(t) 
is the Gauss function. Therefore the conditions for 
stochastic resonance defined by the frequency f of the 
periodic excitation in Hz and noise strength can be 
transformed to the following,

 f rK=
1
2

.  (16)

Contrary to this, when the excitation frequency 
in Hz f exceeds that value then stochastic resonance 
cannot occur.

According to Eq. (16), when ω2 = 3, the range of 
the excitation frequency Ω for stochastic resonance 
where Ω = 2πf, is 1.98 to 2.12 rad/s. In order to 
confirm that stochastic resonance can definitely occur 
under this condition, the numerical simulations have 
been undertaken. White noise acts on the system as 
the ambient vibration, simultaneously the excitation 
with different values of Ω is also input to the system. 
It should be noted that it is necessary to distinguish 
between the effects of stochastic resonance and 
normal resonance. 

The blue line in Fig. 3 shows the displacement 
response of the end mass just under the ambient 
vibration excitation and it can be seen that the beam 
is unable to jump between the two potential wells. 
Conversely, the black line presents the displacement 
response for the parametric excitation on its own, 
operating at 1.7 Hz. This excitation alone is unable 
to excite the beam into bi-stable vibration. In Fig. 
4, it can be seen that when the parametric periodic 
excitation and ambient vibration are input together, 
the system response increases. However, for different 
values of frequency Ω, the response is seen to change. 
When Ω = 0.5 rad/s, the system behaves as a single 
stable state for most of the simulation time. When 
Ω  increases to 1.0 and 1.5 rad/s, the system behaves 
as the bistable state in a certain period. When the 
excitation frequency is 2.0 rad/s as shown in Fig. 4d, 
which is close to the theoretically predicted parametric 
excitation frequency for stochastic resonance, the large 
vibration is observed. The response is the strongest in 
the six cases shown in Fig. 4 and the system seems 
to be in the bistable state all the time. The response 
becomes weaker when Ω exceeds 2.0 rad/s. From 
these results it can be concluded that the vibration is 
enhanced by the stochastic resonance.

2  ENERGY HARVESTING

For the energy harvester shown in Fig. 1, the 
piezoelectric film will change the damping radio 
of the system. According to the general model of a 
vibration energy harvester, the damping coefficient c 
is represented by ce + cm , where cm is the mechanical 
damping coefficient, and ce represents the electrically 
induced damping coefficient. The system can 
harvest from the energy absorbed by the electrically 
induced damping. The dynamics of the system can be 
described by rearranging Eq. (13) as follows:
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Eq. (17) can be transformed to:
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Eq. (18) presents the instantaneous power 
input into the system, which is equal to the sum 
of the instantaneous power dissipated by damping 
and time derivative of the sum of the kinetic and 
potential energies. In the left hand side, 1 2 2

yM  is 
corresponding to the kinetic energy of the system, and 
ω2 2 42 4y b yM M+  presents the potential energy. And 
( )c c ye m+ M

2  is the instantaneous power absorbed by 
the damping, in which c ye M

2  is considered to be the 
energy that can be harvested. In the right hand side,  
y N tM ( )  and λω2 cos( )Ωt y yM   are corresponding 

to the energy supplied to the system by the ambient 
vibration and the periodic excitation, respectively. 
As the periodic excitation is the force need be 
supplied to produce the stochastic resonance, the 
energy λω2 cos( )Ωt y yM M  is considered to be the 
power consumed for the harvesting, while the energy 
y N tM ( )  is pure energy supplied from the ambient to 

the harvester.
When evaluating the performance of the energy 
harvesting, the energy λω2 cos( )Ωt y yM M  is extracted 
from the energy absorbed by the electric damping  
c ye M

2 . Therefore the net instantaneous power which 
can be harvested can be given by:

 P c y t y ye= − 0
2 2

0 0λω cos( ) .Ω  (19)

In order to investigate the enhancement of the 
energy harvesting by the stochastic resonance, a 
theoretical analysis with numerical simulation for the 
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available power has been carried out. Fig. 5 represents 
the results of numerical simulations under the 
condition c = 0.5 Ns/m, ce = 0.3 Ns/m, and ω2 = 3 s–2. 
Fig. 5 shows the net powers generated when the 
periodic force is not supplied, when the periodic force 
whose angular frequency is 2.0 rad/s, which is near 
the Kramers’s rate, is supplied, and when the angular 
frequency is 1.7 Hz, which is close to the natural 
frequency of the system, respectively. It is clear the 
system harvests the largest energy in the case of Fig. 
5b. This indicates the stochastic resonance is the most 
effective way to generate energy from the ambient 
vibration. Furthermore, as we can adjust the frequency 
of the periodic excitation easily using the real time 
control unit, the stochastic resonance harvester 
can be operated in the best condition even if the 
characteristics of the ambient vibration changes. This 
is another advantage to the harvester using a typical 
resonance of the linear system. 

3  CONCLUSION

A nonlinear mechanical vibration harvester that fulfills 
the conditions for stochastic resonance has been 
designed. Theoretical analysis has been implemented 
to illustrate the possibility of stochastic resonance in 
a certain mechanical vibration system. Furthermore, 

the feasibility to apply the stochastic resonance to 
the energy harvester has been investigated through 
numerical simulations. The effectiveness of stochastic 
resonance to enhance the amount of the energy to be 
harvested was evaluated, by comparing the harvested 
power with the case without the stochastic resonance. 
Although the power consumed in providing a periodic 
force reduces the total harvested power, the available 
power generated in stochastic resonance is obviously 
higher than the power generated from only ambient 
vibration. It is seen that stochastic resonance can act 
as a highly effective mean for energy harvesting from 
the ambient vibration. 
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