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0  INTRODUCTION

A gear mechanism named Space-Curve Meshing-
Wheel (SCMW) was invented by Chen et al. [1] to 
[3]. The SCMW is based on the theory of space curve 
meshing instead of traditional space surface meshing 
[4] to [8]. Space curve meshing is a transmission 
through continuous point contacts between two 
conjugate curves. With a large transmission ratio, 
small size and light weight, SCMW is highly 
convenient to be applied in the transmission between 
two intersecting axes in the small space inside micro 
machines. After recent research on space curve 
meshing equations [1] to [3], contact ratio [9], design 
criterion [10] and manufacture technology [11], the 
SCMW has possessed an integrated application like 
micro reducers [12]. 

However, the research published was limited 
in the equal tine radius case. Furthermore, the space 
curve meshing equations obtained at the meshing 
point were relevant to the tine radii, and therefore 
the wheel pair of the SCMW must be in a one-to-
one correspondence. But in practical application, the 
demanding tine radii of the driving and driven wheels 
are not always the same. The tine radii depend on the 
demanding strength corresponding to their working 
conditions. If the tine radii of the driving and driven 
wheels are irrelevant from each other, they can be 
designed independently.

This paper presents a design method to make the 
tines of SCMW irrelevant in the unequal tine radius 
case. To testify the method, an example is designed, 
and both simulation and practical experiment are 
carried out with the same data in the example.

1  DESIGN FUNDAMENTAL

The essence of the space-curve meshing is 
transmission through continuous point contacts 

between two conjugate curves [1]. To provide contact 
curves smooth and slight objectives like tines, for 
instance, should be designed.

Fig. 1. Cylindrical tines and contact curves

For reasons of simplicity, cylindrical tines have 
been adopted in this paper as in previous papers [2] 
to [3]. As shown in Fig. 1, two invariant circles are 
tangent at the meshing point each moment. The circle 
centers are along the contact vector direction and at 
the opposite sides of the meshing point (indicated 
as  –γ1 and γ1 in Fig. 1). After the curves finish the 
whole meshing, point after point, the two circles form 
the cylindrical shapes of the driving and driven tines, 
respectively. In Fig. 1, M is the meshing point at each 
moment, while M(1) and M(2) are the corresponding 
points at the driving and driven tines, respectively. 
The point set of M(1) is the driving contact curve; the 
point set of M(2) is the driven contact curve.

According to the design depicted above, for the 
same contact curves, the driving and driven tines 
can adopt circles with different radii, attaining the 
cylindrical tines with different radii. Even the tines 
with variable radii can be designed in this way. As the 
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circles are always in opposite directions at the meshing 
point, the driving and driven tines will be irrelevant 
from each other. In theory, the radii of the tines are 
free to choose as long as there is enough room. In 
practical application, the tine radii are determined 
according to the strength conditions.

2  DESIGN METHOD

2.1 Space Meshing Coordinates

The equations of the contact curves and the 
center curves are all calculated in the space meshing 
coordinates, which are established as Fig. 2.

The fixed coordinates for the driving and 
driven wheels are given as o – x y z and op – xp yp zp , 
respectively. Planes xp op zp and x o z are in the same 
plane. Denote the distance from point op to axis z as a 
and the distance to axis x as b. Included angle between 
axis z and axis zp is (π–θ), where θ is the included 
angle between the angular velocity vectors of the 
driving and driven wheels.

o1 – x1 y1 z1 and o2 – x2 y2 z2 are relatively static 
with the driving and driven wheels. They are rotating 
coordinates with respect to o – x y z and op – xp yp zp , 
respectively. At the initial moment, o1 – x1 y1 z1  
coincides with o – x y z , while o2 – x2 y2 z2 coincides 
with op – xp yp zp . At any moment, point o1 coincides 
with point o, and axis z1 coincides with axis z; point 
o2 coincides with point op, and axis z2 coincides with 
axis zp. After meshing begins, o1 – x1 y1 z1 rotates 
around axis z1, while o2 – x2 y2 z2 rotates around axis z2.

Fig. 2. Space meshing coordinates

The transformation matrix from o1 – x1 y1 z1 to 
o – x y z is as Eq. (1) [13].
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The transformation matrix from o1 – x1 y1 z1 to 
o2 – x2 y2 z2 is as Eq. (2) [13].
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As shown in Fig. 2, suppose: ϖ1 and ϖ2 are the 
angular velocities of the driving and driven wheels; φ1  
and φ2 are the rotation angles of the driving and driven 
wheels after the meshing begins; i12 is the transmission 
ratio. The kinematic relations are obtained as Eqs. (3) 
and (4):

 ϖ1 = i12 ϖ2 , (3)

 φ1 = i12 φ2 . (4)

2.2  Kinematical Equation

According to [1], the motion at the meshing point 
should satisfy the kinematical equation as Eq. (5):

 ν12·β = 0, (5)

where ν12 is the relative velocity at the meshing point 

between the driving and driven tines, and 
x

y

z

β
β
β

 
 =  
  

β  is 

the unit normal vector of the driving contact curve in 
o – x y z.

Suppose that β(1) is the unit normal vector of the 
driving curve in o1 – x1 y1 z1. Considering Eq. (1), we 
get the equation of the unit normal vector as Eq. (6):
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The velocities at the meshing point of the driving 
and driven tines are as Eqs. (7) and (8): 
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The relative velocity at the meshing point is as 
Eq. (9):

 ν12 = ν1 – ν2. (9)

Considering Eq. (1), we get:
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Substituting Eqs. (7), (8) and (10) into Eq. (9), 
relative velocity at the meshing point as Eq. (11) is 
obtained:

Substituting Eqs. (6) and (11) into Eq. (5), the 
kinematical equation at the meshing point as Eq.(12) 
is obtained:
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From Eq. (12) above, the relationship between 
φ1  and t can be gained, and then the equations of 
the contact curves and the center curves can be 
derived. As neither r1 nor r2 exists in Eq. (12), we can 
conclude that the kinematical equation is only related 
to the properties of the driving contact curve ( xM

1( ) ,  
yM
1( ) ,  zM

1( ) ,  βx
1( ) ,  β y

1( )  and β z
1( ) ) and the kinematic 

relations (a, b, θ, ϖ1, ϖ2, and φ1) between the driving 
and driven contact curves, but not the tine radii.

2.3  Equations of Contact Curves

Denote the matrices of M(1) in o1 – x1 y1 z1 and M(2) in  

o2 – x2 y2 z2 as 
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,  respectively. The 

equation of the driving contact curve is given as Eq. 
(13):
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Considering Eqs. (2) and (13), the equation of the 
driven contact curve as Eq. (14) can be obtained:
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2.4  Equations of Center Curves

Denote γ and γ(1) as unit binormal vectors of the 
driving curve in o – x y z and o1 – x1 y1 z1, respectively. 
As shown in Figs. 1 and 3, at every meshing moment, 
if each meshing point M(t) moves a distance of r1 in 
the direction of –γ(1), the corresponding point in the 
driving center curve is obtained; if each meshing point 
M(t)  moves a distance of r2 in the direction of γ(t), 
the corresponding point in the driven center curve is 
obtained. The tine radii as Eqs. (15) and (16) can be 
derived:

 r1 1 1t r t MM( ) = − ( ) =γγ
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,  (15)
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.  (16)
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The vector addition triangles are shown in Fig. 3. 
From Fig. 3, Eqs. (17) and (18) can be derived.

 

x

y

z

x

y

z

M

M

M

M

M

M

1

1

1

1

1

1

1

1

1

( )

( )

( )

( )

( )

( )





































= ++



















( )

( )

( )

x

y

z

MM

MM

MM

1

1

1

1

1

1

,  (17)

 

x

y

z

x

y

z

M

M

M

M

M

M

2

2

2

2

2

2

2

2

2

( )

( )

( )

( )

( )

( )





































= ++



















( )

( )

( )

x

y

z

MM

MM

MM

2

2

2

2

2

2

.  (18)

According to Eq. (17), the equation of the driving 
center curves is as Eq. (19):
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According to Eqs. (2) and (18), the equation of 
the driven center curves is as Eq.(20):
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Fig. 3.  Vector addition triangles

3 DESIGN EXAMPLE

3.1 Equation of Driving Contact Curve

In the reference [1] to [3], a helix curve was given as 
an example. In comparison, the same curve is adopted 
as the driving contact curve, as shown in Fig. 4a. The 
Equation of M(1) in o1 – x1 y1 z1 is as Eq. (21):
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where m is the helix radius of the driving curve; n is 
the pitch parameter of the driving curve, denoting the 
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pitch as p, n = p / 2π; t is the parameter indicating the 
scope of the helix curve. –π ≤ t ≤ –π / 2 means a quarter 
circle of the helix curve. When t = – π, the driving and 
driven tines begin to mesh; when t = –π / 2, the two 
tines begin to separate. The lengths of the driving and 
driven contact curves are directly controlled by the 
scope of t as needed.

a) 

b) 
Fig. 4.  a) Driving and b) driven contact curves

The unit normal vector and the unit binormal 
vector of the driving curve are derived as Eqs. (22) 
and (23).
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3.2  Kinematic Equation

Substituting Eqs. (21) and (22) into Eq. (12), the 
kinematic equation as Eq. (24) is obtained :

  ϖ ϕ θ π θ2 1 0sin cos sin .−( ) + + −( )  =t a n nt b  (24)

Considering –π ≤ t ≤ –π / 2 and 0 < φ1, the 
relationship between φ1 and t can be deviced:

 φ1 = t + π . (25)

3.3  Equation of Driven Contact Curve

According to Eqs. (4), (14), (21) and (25), the equation 
of M(2) in o2 – x2 y2 z2 is as Eq. (26):
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Obviously, Eq. (26) is a conical helix curve, as 
shown in Fig. 4b.

3.4  Equations of Center Curves

According to Eqs. (15) and (16), the radii of  the 
driving and driven tines are as Eqs. (27) and (28) in  
o1 – x1 y1 z1 .
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From Eqs. (19), (21), (23) and (27), the equation 
of the driving center curve is derived as Eq. (29):
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From Eqs. (4), (20), (21), (23), (25) and (28), the 
equation of the driven center curve is derived as Eq. 
(30):
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Comparing Eqs. (21) and (29), it can be noticed 
that the driving center curve only has a relationship 
with the driving contact curve and the driving tine 
radius (r1); comparing Eqs. (26) and (30), the driven 
center curve only has a relationship with the driven 
contact curve and the driven tine radius (r2). That is to 
say, the driving and driven center curves are irrelevant 
from each other and either r1 or r2 can be selected 
according to their own demanding strength.

4  VIRTUAL SIMULATION

The equations of the driving and driven contact curves 
are unique if and only if the following six parameters 
are given: m, n, a, b, θ and i12. During the virtual 
simulation, the same pair of contact curves as in the 
example are used. The six parameters are selected as 
below: m = 5 mm, n = 4 mm, a = 24 mm, b = 10 mm, 
θ = 120° and i12 = 3.

Substituting the parameters into Eqs. (21) and 
(26), the equations of the driving and driven contact 
curves as Eqs. (31) and (32) are obtained. The virtual 
simulation is shown in Fig. 5. 
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Fig. 5.  Simulation of the contact curves

Substituting the parameters into Eqs. (29) and 
(30), the equations of the driving and driven center 
curves as Eqs. (33) and (34) are obtained.
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Once the values of r1 and r2 are determined, 
there are unique center curves corresponding with the 
contact curves. Therefore, the shape of the driving and 
driven tines can be simulated in Pro/E. 

In the industry, the radii of the tines are given 
according to the actual need. However, to testify to 
the irreverence of the driving and driven tines, both 
r1 and r2 with various values are chosen and matched 
as pairs. To avoid interference, the radii would be 
assured to be in a reasonable range, which can be 
easily guaranteed during the simulation.
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Suppose the numbers of the driving and driven 
tines are z1 and z2, respectively. If z1 = 5, according to 
the definition of the transmission ratio, we derive that 
z2 = 15. As the numbers of the driving and driven tines 
are defined, then the shape of the SCMW is fixed, as 
shown in Fig. 6.

     

Fig. 6.  Simulation of the driving and driven wheels

The meshing of the SCMW is shown as in Fig. 
7. The simulation results show that the tines always 
mesh at the same pair of contact curves and that the 
value of neither r1 nor r2 will affect the meshing.

Fig. 7.  Simulation of the SCMW

5 KINEMATIC EXPERIMENT

Using the data from the simulation above (also seen 
in Table 1), we manufacture some SCMW samples to 
do experiment to testify the irrelevance of the driving 
and driven wheels. The samples are produced through 
Selective Laser Melting (SLM) technology [11]. All 
the driving wheels have the same driving contact 
curves, as shown in Table 1, but different tine radii 
(r1), as shown in Fig. 8a; all the driven wheels have 
the same driven contact curves, as shown in Table 1,  
but different tine radii (r2), as shown in Fig.8 (b). 

Table 1.  Uniform parameters of SCMW samples

m n a b θ i12 z1 z2

5 mm 4 mm 24 mm 10 mm 120° 3 5 15

The test rig made by our research group [1] to 
[3] is adopted to do the experiment. The experimental 
schematic diagram is shown in Fig. 9, and the test rig 
is shown in Fig. 10. 

a) r1 = 0.4 mm                  r1 = 0.5 mm                  r1 = 0.6 mm

b) r2 = 0.6 mm                  r2 = 0.7 mm                  r2 = 0.8 mm
Fig. 8.  SCMW samples; a) samples of driving wheels, b) samples 

of driven wheels

Fig. 9. Experimental schematic diagram

Fig. 10.  Test rig
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In the experiment, to keep the pair of contact 
curves constant and match the driving and the driven 
wheels with different tine radii each time, continuous 
records of contact tines at different locations are 
captured with high quality camera. For example, as 
shown in Fig. 11 are continuous records of the mesh 
between the driving tines with r1 = 0.5 mm and the 
driven tines with r2 = 0.8 mm.

After recording the rotation speeds of the driving 
and the driven wheels for a while, the corresponding 
average ratios are calculated. As shown in Table 2, the 
data in the same column indicate the meshing between 
the same driving wheel and different driven wheels, 
while the data in the same row indicate the meshing 
between the driving wheels and the same driven 
wheel.

Table 2.  Average ratio of SCMW with the same pair of contact 
curves

i12
r1 [mm]

0.4 0.5 0.6

r2  [mm]
0.6 2.98 3.00 3.01
0.7 3.02 2.99 2.98
0.8 3.01 3.00 3.02

From Table 2, the average transmission ratio 
measured is from 2.98 to 3.02, while the theoretical 
transmission ratio is 3. The maximum relative error 
is 0.6%. This relative error is the combined result of 
manufacturing errors, assembly errors and measure 

errors. It can be reduced by improving manufacturing 
technics and experiment conditions.

It is noteworthy that the lengths of the tines do 
not affect the error in theory. However, as the tines are 
made through SLM technology, their manufacturing 
error accumulates as they become longer. 

During the experiment, the meshing of the 
driving and driven wheels with unequal radii in 
acceptable accuracy was accomplished. From similar 
continuous records like Fig. 11, it has been confirmed 
that the tines obtained always mesh at the same pair 
of contact curves, so the tine radii of the driving and 
driven wheels are irrelevant from each other. It can be 
concluded that the method presented is reliable. 

6  CONCLUSION

In this paper, a new method based on the contact curves 
is proposed to design the SCMWs with unequal tine 
radii. It is illustrated with a design example in detail, 
and testified with both simulation and experiment. In 
comparison with existing design methods, the method 
presented has two obvious advantages as below:
1) The radii of the driving and driven tine do not 

affect the meshing process, and the radii of 
the driving and driven tines can be designed 
independently according to their working 
demands.

2) It is the theoretical foundation of the tine shape 
optimization based on the strength condition.

Fig. 11.  Continuous records of contact tines at different locations
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This method possesses several prospects to 
conduct further study. With this method, even the 
SCMW with variable radii and invariable stress 
can be designed. To identify the optimized radii, 
the relationship between the stresses and the radii 
is in progress. The shape selection rule would be 
established afterward.
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8  NOMENCLATURE

r1 Radius of driving tine
r2 Radius of driven tine
φ1 Rotation angle of driving wheel
φ2 Rotation angle of driven wheel
ϖ1 Angular velocity of driving wheel
ϖ2 Angular velocity of driven wheel
ν1 Velocity of driving tine
ν2 Velocity of driven tine
ν12 Relative velocity 
i12 Transmission ratio
θ Included angle between angular 

velocity vectors 
a Distance from point op to axis z
b Distance from point op to axis z
Mo1 Transformation matrix from o1 – x1 y1 z1 

to o – x y z
M21 Transformation matrix from  

o1 – x1 y1 z1 to  o2 – x2 y2 z2
t Scope parameter of helix curve
β Unit normal vector of driving curve
γ Unit binormal vector of driving curve
M Meshing point
M(1) Point at driving contact curve
M(2) Point at driven contact curve
M1 Point at driving center curve
M2 Point at driven center curve

MM1

u ruuuu
Contact vector from M to M1

MM 2

u ruuuu
Contact vector from M to M2

m Helix radius of driving curve
n Pitch parameter of driving curve
p Pitch of driving curve

z1 Number of driving tines
z2 Number of driven tines
(superscript) Corresponding coordinate 
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