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The prediction capability of a forming limiting diagram (FLD) depends on how the yield strength and anisotropy coefficients evolve during the 
plastic deformation of sheet metals. The FLD predictions are carried out via the Marciniak-Kuczynski (M-K) criterion with anisotropic yield 
functions for DP600 steel of various thicknesses. Then, a novel semi-empirical FLD criterion is proposed, and prediction capabilities of the 
criterion are tested with different yield criteria. The results show that the yield functions are very sensitive to anisotropic evolution. Thus, while 
the FLD curves from the M-K model and the proposed model are not the same for each thickness, the proposed model has better prediction 
than the M-K model.
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Highlights
•	 The most popular failure criterion, the Marciniak-Kuczynski, is compared to a novel semi-empirical failure criterion presented for 

sheet metals.
•	 The most appropriate and conservative yield function among anisotropic functions is the YLD2000-2d to be able to use with the 

failure criterion for DP600 sheet steel.
•	 The YLD2000-2d model parameters are presented for DP600 steel.
•	 Prediction capabilities for strain limits are presented on forming limit curves.

0  INTRODUCTION

Some strategies on weight reduction have been 
developed for vehicles in transportation, one of 
which is to be able to use a thinner body without 
sacrificing strength requirements by using stronger 
sheet metal, known as advanced high strength steel 
(AHSS), which can provide weight saving due to its 
higher strength leading to thinner and lighter bodies. 
Therefore, its use in automobile body parts has been 
increased tremendously [1] to [3]. In AHSS, dual-
phase (DP) steels are manufactured by holding low 
carbon steel at the austenite temperature for a while 
and then quenching. They include both ferrite and 
martensite, which come from the cooling of unstable 
austenite [4]. AHSSs have been increasingly used 
in automotive structural components, such as floor 
panels [5] and the trunk lid [6] due to their corrosion 
resistance, toughness, and high resistance to impact. 
However, it should be taken into consideration that 
carbon and nitrogen alloying elements decrease their 
formability. Numerous research studies have been 
carried out to enhance their mechanical behaviour, 
especially formability [7] to [11]. The determination of 

formability limitations is one of the requirements to 
achieve safer forming for sheet metals [12].

Using forming limit curves is one of the methods 
to determine necking initiation during deformation. 
These curves are based on stress (forming limit 
stress diagram (FLSD)) or strain (forming limit 
diagram (FLD)). This study focuses on the FLD and 
determines the formability limit and safe zone of the 
sheet material under various deforming conditions. It 
is also an efficient tool for diagnosing manufacturing 
defects. Sheet metals have their own specific FLD 
curves. Fig. 1 shows a typical FLD.

The FLD was introduced by Keeler and Backhofen 
[13], and Goodwin [14] developed their application to 
sheet metal forming problems. Although today an FLD 
consists of two curves known as right-left side curves, 
Keeler and Backhofen [13] first developed the right 
side of the FLD (positive minor strain side). Goodwin 
[14] extended the curve to the left side (negative minor 
strain side). Forming limit curves are determined by 
using a failure criterion based on necking. An accurate 
determination of neck initiation and propagation is 
not an easy task in sheet metals. Various deformation 
processes from uniaxial to biaxial loadings may 
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cause different strain combinations. Also, material 
anisotropy has a significant effect on the strain pattern 
besides loading conditions [15] to [17]. Swift [18] 
and Hill [19] developed a failure criterion based on 
instability analysis to determine necking [18] and [19]. 
While Swift’s criterion takes care of the maximum 
force’s direction to determine diffuse necking, Hill’s 
criterion, which is especially suitable for anisotropy 
in sheet metals, is based on discontinuity to determine 
localized necking. While the first has the ability to 
construct just the right-hand side of the FLD, which 
is useful when strains at all directions are positive, 
the other one constructs just its left-hand side. Thus, 
it is quite possible to take different results depending 
on the criterion. In recent years, one of the criteria is 
presented in the finite element codes to determine the 
FLD [20].

Fig. 1.  An example FLD from ASAME software

Marciniak and Kuczynski [21] presented another 
instability criterion, known as the M-K model, 
based on force equilibrium. It can take into account 
geometric imperfection or inhomogeneity. Banabic 
et al. [22] compared their model to a maximum force 
criterion [23], diffusion based criterion [18], and the 
localized necking approach [19] to predict the FLD 
for a stamping process with a linear strain path by 
combining the M-K criterion and their orthotropic 
yield function, known as BBC2003 [24]. Later, it 
was developed as BBC2008 [25]. For a deep drawing 
simulation, the onset of necking was predicted, and 
yield surfaces were obtained via the M-K criterion 
[26]. Many comparative studies were collected on 
the FLD prediction [27]. As a result, it is seen that the 
M-K model is a preferred failure criterion due to its 
closer results to experimental data. 

The present study shows FLD predictions from 
combined models of the M-K with some anisotropic 
yield criteria. The curves were evaluated through 
experimental data collected from DP600 steel. The 

most appropriate criterion to represent the anisotropy 
properly was determined. The model and its curves 
show its applicability and accuracy on various 
deformation types for DP600.

1  MATERIAL AND METHOD

DP steels are characterized by their microstructure 
where hard martensite grains are dispersed. 
Martensite grains provide high strength in the soft and 
ductile structure of the ferritic matrix. The strength 
is adjusted by the amount of martensite and carbon 
content. In this study, DP600 sheet was examined 
by means of uniaxial tensile tests with a 100 kN 
tensile test machine. Elongation was determined 
by its extensometer with two cameras. Specimens 
of 0.8 mm thickness were prepared from rolling in 
the diagonal (DD) and transverse (TD) directions, 
according to the ASTM E8 / E8 standard [28]. The 
strain rate was 0.0083 s–1. Initial yield point (σ0), 
anisotropy coefficients (r-values), strength coefficient 
(K), and, hardening exponent (n) were obtained to 
use as plasticity model parameters explained in the 
subsequent sections in detail [29]. The results were 
given in Table 1. Tensile curves were obtained, as 
seen in Fig. 2. Even small discrepancies were seen, all 
curves had similar shapes. Although the yield strength 
was approximately the same for all, the ultimate 
tensile strength and total elongations were different.

Fig. 2.  Tensile properties at different orientations for DP600 steel

An experimental FLD curve was drawn using 
the out-of-plane formability test with 0.8 mm sheet 
thickness. The values for 1.6 mm and 2 mm were 
used from the literature [30]. The tensile test was done 
only for the thickness of 0.8 mm because mechanical 
properties were independent on the thickness. 
The experiments were repeated three times on a 
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double-action special press machine with a 100 mm 
hemispherical punch. Before deformation, 2.5 mm 
× 2.5 mm square grids were printed on the sample 
surface. After deformation, strains on the deformed 
grids were detected by an image processing software 
ASAME©. The results were shown in Fig. 3. An 
offsetting procedure to reduce the size of the safe zone 
on the experimental FLD curve was applied as dashed 
lines. It increases the reliability as depicted in the Fig. 
3.

Table 1.  Tensile test results for DP600 sheet steel

Direction
Yield 

strength 
[MPa]

r-value
Hardening 
exponent,  

n

Strength coefficient, 

K  
[MPa]

RD (0°) 355 0.89 0.194 979.46 (R2=0.996)

DD (45°) 362 0.85 0.191 994.25 (R2=0.996)

TD (90°) 371 1.12 0.188 1014.44 (R2=0.997)

Fig. 3.  FLDs determined for various thicknesses  
(1.6 mm: [31], 2 mm: [32])

While the area under the curves of the FLDs 
depicts the safe zone where the dashed line limits the 
safer zone, its size gives the material’s forming ability. 
The more area under the FLD curve leads to a bigger 
safe zone for deformation. Strain limits depend on 
thickness and strain signs. While the bigger thickness 
leads to the more formability when the strain ε2 has 
a positive sign, the formability decreases in the 
negative region contrary to expectations, especially 
for thicknesses 1.6 mm or 2 mm. Experiments with 
the 1.6 mm sample were carried out under in-plane 
deformation conditions while the other two were 
tested under out-of-plane conditions. The strain limit 
depends on the test method performed in-plane or out-
of-plane deformation. Thus, a safety margin is used to 
eliminate the difference in practice.

2  YIELD CRITERIA

A plasticity model consists of a yield criterion to 
define an elastic to the plastic boundary, a hardening 
rule to model the evolution of this boundary during 
plastic deformation, and a flow rule to define plastic 
strain increment vector. Also, a failure criterion can 
be used in the case of failure estimates. The yield 
criterion’s function produces one equivalent stress 
from stress components. In this study, the plasticity 
models were derived by using the Hill48, the Barlat89, 
and the YLD2000-2d functions.

2.1  Hill48

A yield formula of the quadratic Hill48 was given in 
Eq. (1) [33]:
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2.2  Barlat89

Another widely used anisotropic yield function in 
sheet metal deformation simulations was proposed by 
Barlat and Lian [34] (denoted as the Barlat89):
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where σ  is the equivalent stress. M = 6 or 8 in the 
case of body-centred cubic or face-centred cubic 
microstructure. K1 and K2 are two invariants for stress 
tensor seen in Eqs. (4) to (6). Its coefficients; p, a, c, h 
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where h, c, and a can be computed based on r-values. 
However, p cannot be calculated directly but using 
some ways explained in [34]. τs1 is yield point from 
shear stress test and τs1 = σxy while σxx = σyy = 0.

2.3  YLD2000-2d

Barlat et al. [35] presented another function known as 
the YLD2000-2d, which is more powerful to represent 
the anisotropy. It is described as follows:
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where σ  is the equivalent stress and
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where M is an exponent the same that of Barlat89 
[24]. Sk

'  and Sk
''  (k = 1, 2) are principal stresses in 

the transformed domain when s ' and s ''  are stress 
deviators. Transformations are linear based on s CS= .

 s C S L' ' '
,� � �  (9)
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,� � �  (10)

where C' and C'' are matrices providing 
transformations. The ' and '' superscripts mean two 
different transformations. σ shows the stress state. T is 
a matrix including constants. The explicit forms of L' 
and L'' matrices are given in Eqs. (11) and (12).
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where α1 to α8 are the YLD2000-2d function’s 
parameters providing anisotropic effects. No direct 
formula to calculate them exists, so an inverse 

identification technic based on error minimization 
by referring to experimental yield strengths (σ0, σ45, 
σ90, σb) and anisotropy coefficients (r0, r45, r90, rb) are 
applied to determine them. This method was explained 
in detail in [36]. To determine the YLD2000-2d yield 
function model’s parameters, theoretical calculation of 
anisotropies and yield stresses, at different orientation 
angles were used. In the theoretical calculation of 
the biaxial stress and similarly in biaxial anisotropy 
calculation, it was assumed that σb = σ11 = σ22. Equi-
biaxial yield strength σb = 379.85 MPa was determined 
via the bulge test and biaxial anisotropy as rb = 0.735 
is then determined with the help of hole expansion test 
[37]. 

2.4  Application of the M-K Failure Criterion

This criterion assumes that the sheet metal 
includes a pre-existing thickness imperfection on 
the surface lying along the rolling direction. An 
imperfection factor is defined as f t ta b

0 0 0
� � �/  where 

t defines thickness. The imperfection free zone 
and imperfection’s zone are denoted by ‘a’ and ‘b’ 
superscripts, respectively. Subscript 0 means anything 
at the beginning. If any biaxial stress increment is 
applied to a sheet metal, it leads to a strain increment 
in a and b sections. Necking initiates if the strain 
increment in section b is ten times higher than that of 
section a [38] to [41]. Force exerted in a and b must 
be in balance during loading, as explained in Eq. (13).
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where F is the force and n, t shows the normal and 
tangential axes. Similarly, both equations can be 
rewritten in terms of stresses as in Eq. (14).
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where t0 is initial sheet thickness. σnn and σnt are 
normal and tangential stresses. The strain component 
exerted through thickness in the normal axis is ε3. The 
imperfection factor f can be generalized as in Eq. (15).

 f f e
b a

� �
�� �

0

3 3
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,  (15)

where f0 is initial imperfection factor. ε3 can be 
determined by using incompressibility condition [42]. 
The stress components σ σ σnn

b
tt
b

nt
b, , , and effective 

strain increment d bε  can be solved by means of 
simultaneous solution of four equations in Eq. (16). 
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Although these equations depend on the groove 
angle, the M-K model can be used without the groove 
angle by following the flowchart in [43]. The flowchart 
has been followed in this study. The f0 parameter of the 
M-K model was taken as 0.995. The other parameters 
of the model depend on the strain and  f0.

2.5 The Proposed Failure Criterion

The FLD consists of two curves and one intersecting 
point depending on three deformation modes such 
as uniaxial, biaxial, and plane strain deformations. 
While uniaxial strains give points on the curve in 
the left-hand side, biaxial strains give points on the 
other curve in the right-hand side with respect to 
zero strain point in the horizontal axis. Both curves 
are intersected at a point corresponding to zero 
strain in the horizontal axis leading to one strain 
component, which causes to plane strain deformation. 
In the study, a novel semi-empirical FLD model was 
proposed, which was created via regression analysis 
of the experimentally obtained FLD diagrams of the 
several materials that were obtained by the other 
researches of the authors. During the modelling of 
the FLDs, the general mechanical properties that 
affect the FLDs of the materials were defined. As is 
well-known from the experiences and literature, the 
thickness and anisotropic features of the materials 
are the main characters that can change the FLDs. 
During the fitting analysis of the simple mathematical 
formulations, the constants were then constrained with 
the given experimental properties. The model consists 
of three formulas corresponding two curves and one 
intersecting point. The formulas are based on normal 
anisotropy r, biaxial anisotropy rb, sheet thickness t, 
and strains as seen in Eq. (17). 
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FLD0 is the major strain at the point corresponding 
zero strain in the horizontal axis (ε2 = 0). It depends 
on the engineering strain percentage εeng%, sheet 
thickness t and hardening exponent n. Although there 
are many experiment types to determine the biaxial 
anisotropy, such as disk compression test [44], biaxial 
stretching test [45], or hole expansion test [46], it can 
also be calculated by using a flow rule, as in Eqs. (18) 
to (20), which gives the strain increment relation.
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where λ is a multiplier, dε gives true plastic strain 
increment. f is a scalar function defining “plastic 
potential’’. When the plastic potential function is σ , 
this formula becomes the associated flow rule. σ11 
and σ22 are plane stress states at the longitudinal and 
transverse axes with respect to the rolling axis.

2.6  Hardening Rule

An isotropic hardening rule presented by Hollomon 
as in Eq. (21) is used [47]. Thus the evolution on the 
stress σh due to hardening during plastic deformation 
is obtained.

 � �h
nK� ,  (21)

where K is the strength coefficient, n stands for the 
strain-hardening exponent, and h means the isotropic 
hardening function. These are determined from curve 
fitting of tensile data.

3  RESULT AND DISCUSSIONS

While the parameters of the Hill48 and the Barlat89 
can be determined from r-values, the YLD2000-2d’s 
coefficients were determined by optimization based 
on the nonlinear least-squares method. Kılıç et al. [48] 
explained an application of this optimization method 
in detail. The coefficients were calculated as in Table 
2 for various thicknesses.

In any plastic deformation process, it is expected 
that the plasticity model should give the yield point 
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and anisotropy predictions as accurately as possible. 
Therefore, the model performances were evaluated by 
their predictions on the yield strength and anisotropy 
coefficients depending on plane angle φ. Formulas 
derived based on plane stress transformations as in 
Eqs. (22) and (23) [49] were used to estimate the yield 
points and anisotropies.

 �
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where Fφ includes trigonometric terms and comes 
from plane stress transformations. Its terms depend on 
yield criterion. σh stands for the isotropic hardening 
rule. σ  is the equivalent stress, which comes from 
yield criterion. σφ is the yield strength and rφ is the 
anisotropy coefficient at any angle φ in relation with 
the rolling direction. Experimental data obtained 
from the 0.8 mm DP600 steel sheet were used for 
comparisons. Figs. 4 and 5 show the prediction curves 
and experimental points. Stresses were normalized. 
The best fit to experimental points was given by 
YLD2000-2d. Its success is based on the criterion 
including eight parameters to be able to represent the 
anisotropy.

The yield function’s responses were also 
investigated in the case of thickness variation in 
Figs. 6 to 8. The YLD2000-2d draws the same shape 
for all cases. The other two criteria exhibit some 
small differences when the thickness changes. All 
criteria predicted the same value for uniaxial tension/
compression points at the rolling direction. The curves 
from the Hill48 and the Barlat89 criteria exhibited the 
most deviation when the thickness is 2 mm.

The yield surfaces for all yield criteria were 
compared when the thickness is 0.8 mm in Fig. 9. 
The stresses were predicted the same by all criteria 
for uniaxial tension/compression cases at rolling and 
transverse directions. They differed at biaxial and 
shear deformation regions. The most conservative one 
was the YLD2000-2d due to its smallest boundary.

FLD curves from the M-K and the proposed 
failure models were given in Figs. 10 and 11, 
respectively. Each model consists of the yield criteria 
and the failure criteria. Three M-K failure models, 
including the Hill48, the Barlat89, and the YLD2000 
criteria, were compared to the experimental data for 
0.8 mm, 1.6 mm, and 2 mm. The responses of the 
yield functions with the M-K failure criterion were 
investigated for thickness variation in Fig. 8. It is seen 
that while thickness <2 mm, the curves from the M-K 
models combined with the Hill48 or the YLD2000-
2d were closer to the experimental data. For 2 mm, 
while the best representation of the right side was 

Table 2.  Coefficients of the yield functions

Hill48

Thickness F G H N
0.8 mm 0.4204 0.5291 0.4709 1.2819
1.6 mm 0.46 0.5754 0.4246 1.5304
2 mm 0.4035 0.5977 0.4023 1.5369

Barlat89

Thickness a c h p
0.8 mm 1.0024 0.9976 0.9441 0.95

1.6 mm 1.0971 0.9029 0.9406 1.015

2 mm 1.1037 0.8963 0.8979 1.015

YLD2000-2d

Thickness α1 α2 α3 α4 α5 α6 α7 α8
0.8 mm 1.0221 0.9387 1.0668 0.9766 0.9992 0.9806 0.9719 0.9778
1.6 mm 1.011 0.9162 1.0651 0.9793 1.0048 0.9653 0.9729 0.9356
2 mm 0.98 0.9431 1.078 0.9767 1.0075 0.951 0.9766 0.9281

Fig. 4.  Yield stress predictions
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done by the models combined with the Hill48 and 
the YLD20002d, none of them provided a good fit 
for the left side. The YLD20002d gave conservative 
predictions on the right side curves for all cases.

In the Fig. 11, the responses of the yield 
functions from the proposed model were given on 
the FLD curves. It is seen that the curves are in better 
agreement for all cases when compared to those from 
the M-K criterion. The proposed model was easier for 
calculations. The YLD20002d was more conservative 
at the right side for all cases.

In Fig. 12, when the YLD2000-2d criterion was 
used, the FLD curves from the M-K model and the 
proposed model were presented with the experimental 
curve. The proposed model was generally more 
convenient for the experiments.

4  CONCLUSIONS

The forming limits were investigated for DP600 steel. 
Anisotropic yield functions were used with the M-K 
model and a novel semi-empirical model. Prediction 
capabilities for strain limits were determined from 

Fig. 8.  The yield contours predicted with the YLD2000-2d  
for different thicknesses

Fig. 9.  Comparison of yield functions

Fig. 5.  Anisotropy coefficients prediction

Fig. 6.  The yield contours predicted with the Hill-48  
for different thicknesses

Fig. 7.  The yield contours predicted with the Barlat 89  
for different thicknesses
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both models. Finally, the following conclusions were 
drawn:
• The estimated yield locus, the anisotropy 

coefficients, and the normalized yield strengths 
for DP600 fit well with the experimental data 
for the YLD2000-2d criterion. It can simulate 

almost entire anisotropy coefficient and stress 
distribution depending on a plane angle between 
0 and 90o. It works regardless of sheet thickness. 
Also, it is the most conservative one because 
it draws the smallest safe zone leading to the 
most reliable decision. The fact that it has more 

Fig. 10.  FLD curves from the M-K model and the yield criteria for 
thickness; a) 2 mm, b) 1.6 mm, and  c) 0.8 mm

Fig. 11.  FLD curves from the proposed model and the yield criteria 
for thickness; a) 2 mm, b) 1.6 mm, and  c) 0.8 mm
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parameters gives more nonlinearity to be able to 
represent the cases with complex loading, such as 
biaxial deformation for which material anisotropy 
plays a significant role on the formability and 
defect occurrences. Therefore, this criterion is 
suitable for sheet metal deformation simulations.

• The YLD2000-2d represents the most suitable 
curve in the positive deformation zone of FLDs, 
which means that it can be preferred for failure 
predictions of DP600 sheet metals. Its consistency 
continues for all thickness for the sheet.

• When the sheet thickness is 2 mm, the Hill48 and 
the Barlat89 criteria show bigger deviation from 
the experimental curve. Thus, both criteria were 
consistent up to 2 mm sheet thickness. 

• The proposed model combined with the 
YLD2000-2d gives the most precise failure 
predictions for DP600 sheet steels.

• Within the scope of this study, a failure criterion 
was presented for sheet metals. Further work for 
this research should be evaluated for the sheets 
thicker than 2 mm of DP600 and other AHSSs.
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