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Trajectory-Tracking Control for Manipulators  
Based on Fuzzy Equivalence and a Terminal Sliding Mode
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To suppress the chattering of manipulators under heavy-load operations, a control method called fuzzy equivalence & terminal sliding mode 
(FETSM) was applied to the trajectory tracking of motion curves for manipulators. Based on the switching term of the equivalent sliding mode 
(ESM), a fuzzy parameter matrix processed by the simple fuzzy rules was introduced, and the fuzzy switching term was obtained. By summing 
the fuzzy switching term and the equivalent term of the equivalence and a terminal sliding mode (ETSM), the control law of the FETSM for 
manipulators was obtained. On this basis, the stability of the system was analysed and the finite arrival time of it was deduced. On the 
premise of ensuring the stability of the system, the fuzzy rules and membership functions were designed for the fuzzy constants in the fuzzy 
switching term. Simulation tests show that the proposed FETSM can ensure sufficient trajectory-tracking precision, error convergence speed, 
and robustness. Compared with the ETSM, the proposed FETSM can reduce the chattering time by 94.75 % on average; compared with the 
proportion-integral-differential (PID) control method, the maximum chattering amplitude by the FETSM can be reduced by at least 99.21 %. 
Thus, the proposed FETSM is suitable for those manipulators under heavy-load operations.
Keywords: sliding mode control, fuzzy switch term, chattering, manipulator, trajectory tracking

Highlights
•	 The law of the FETSM control system for manipulators is obtained.
•	 The stability and finite arrival time of the FETSM system are proved.
•	 Fuzzy rules are used to estimate the external disturbances of the system and uncertainties of the system.
•	 The chattering of the sliding mode system can be suppressed by the proposed control method.

0  INTRODUCTION

Manipulator is a non-linear and time-varying system 
with multi-input, multi-output, strong coupling, in 
which there are usually uncertain modelling and 
external disturbances [1] and [2]. Moreover, the 
trajectory tracking of motion curves for manipulators 
has always been a hot and difficult topic. Manipulators 
are mostly used for heavy-load operations, such 
as palletizing, handling, and so on, in which small 
chattering and high torque control ability are 
required, while the trajectory tracking precision and 
robustness requirements are insignificant [3]. At this 
present, some control methods are used in trajectory 
tracking for manipulators, mainly including sliding 
mode control [4] and [5], neural network control [6] 
to [8], the proportional–integral–derivative (PID) 
control [9] to [11] and robust control [12] and [13]. In 
order to reduce the chattering of manipulators under 
heavy-load operations, a fuzzy equivalence and a 
terminal sliding mode (FETSM) control method for 
manipulators has been proposed in this article.

Sliding mode control has been receiving 
increasing attention due to its characteristics of 
fast response and small influence by parameter 
changing and external disturbances. However, there 

is a serious chattering phenomenon in sliding mode 
control, which affects the stability of trajectory-
tracking system and increase energy consumption. 
In order to overcome the chattering of the sliding 
mode system for manipulators, researchers have 
conducted some studies. For example, Liu et al. [14] 
constructed an approaching law with fal function to 
adjust the speed of approaching motion. When the 
state is far from the sliding mode surface of system, 
the speed of approaching motion is faster; when 
the state is close to the sliding mode surface, the 
speed decreases greatly. Therefore, the system can 
pass through the sliding mode surface at a lower 
speed to reduce its chattering. However, it is not 
easy to select the deceleration position. The overall 
time of approaching motion will be increased if the 
position chosen is too far from the sliding mode 
surface; otherwise, the chattering will be increased 
to a certain extent. Combining with the dynamic 
surface, which prevented the complex differential of 
the virtual control laws, Jiang et al. [15] designed a 
fuzzy adaptive system to approximate the observation 
errors of the uncertain disturbances and to reduce the 
chatter of the control law. The fuzzy parameters and 
fuzzy rules of this method are complex, which will 
reduce the computational efficiency. Xi et al. [16] set 
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the deceleration position change with the state of the 
sliding mode system by using fuzzy rules to deal with 
the exponent in power approach laws and replaced 
sign functions with hyperbolic tangent functions. This 
method can reduce the approaching time of the sliding 
mode system and the chattering of them. However, 
the chattering of the sliding mode system is still at 
a high level; consequently, some constants are still 
set to offset the disturbances and uncertainties. Tran 
et al. [17] used radial basis function neural networks 
to approximate the unknown non-linear dynamics of 
the system and designed an adaptive compensation 
mechanism of approximation error and adaptive law 
of weights of neural networks to realize model-free 
control. Chang et al. [18] proposed an adaptive sliding 
mode control scheme by introducing an adaptive 
term derived from a radical basis function network, 
which does not require knowledge of the bound of 
the system uncertainties and external disturbances. It 
simultaneously eliminates the chattering phenomenon 
without deteriorating the system fast-response 
characteristic and robustness. The chattering of 
the system is reduced by the above two methods. 
However, with the increase of the degree of freedom 
(DOF) of manipulators, the number of parameters 
in each matrix in a controlled model increases 
geometrically, which will lead to a significant increase 
in the computational complexity and the time required 
to control the system.

In this article, the FETSM control method is 
proposed. a fuzzy parameter matrix is introduced 
into the switching term of the equivalent sliding 
mode (ESM), and the matrix is processed with 
simple fuzzy rules, so that it can approach the sum 
of the uncertainties and external disturbances to the 
greatest degree possible while ensuring the stability 
of the system. The purpose is to reduce chattering 
and optimize the input torque control of manipulators 
under heavy-load operations on the premise of 
ensuring sufficient joint control precision, error 
convergence speed, and robustness. The feasibility 
and effectiveness of the proposed method are verified 
by comparing the trajectory tracking and input torque 
with several existing methods.

1  DESIGN ON CONTROL LAW OF FETSM

In order to obtain the control law of the FETSM, the 
equivalence term and the fuzzy switching term need to 
be designed. The former makes the trajectory tracking 
move on the sliding mode surface, and the latter is used 
to offset the uncertainties and external disturbances to 

ensure that the state of the trajectory-tracking system 
moves towards the sliding mode surface.

1.1  Design on Equivalent Term

The dynamic equation of N-DOF manipulator can be 
described as follows [19]:

 M q q +V q,q q +G q + q,q +d =� � � � � � � �   �� ��,  (1)

where q is an N-dimensional joint position vector; q  
is the first-order derivative of q. q  is the second-order 
derivative of q. M(q) is an N-order symmetric positive 
definite inertial matrix; V(q, q ) is an N-order 
centrifugal force matrix; G(q) is an N-dimensional 
gravity vector; ∆(q, q ) = [Δ1, Δ2, ..., ΔN]T is the 
uncertainties of modelling and friction; 
d = [d1, d2, ..., dN]T is an N-dimensional external 
disturbance, and ||∆(q, q ) + d|| ≤ Δ + d; τ is an 
N-dimensional joint input torque.

M(q) is an invertible matrix because M(q) is a 
symmetric positive definite inertia matrix. From Eq. 
(1),

    q = M q V q,q q G q q,q d-
.

1 � � � � � � � � � � � ��� ���� ��  (2)

Order x1 = q and x2 = q , the dynamics equation of 
manipulators can be inferred from Eq. (2), namely,
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Order e = qd – x1 (qd is the desired position 
trajectory of joints), a non-linear sliding surface is 
designed as follows [20]:

 s = e + e���1


p
q
.  (4)

where e is the position tracking error of joints; 
β = diag{β1, β2, ..., βN}, and β1, β2, ..., βN > 0; p and q are 
odd numbers, and p > q, 1 < p / q < 2.

Taking the derivative of Eq. (4), then,

    s e e e� � � ��
�p

q

p q
q�� 1

diag ,  (5)

where diag{ e } is an N-order diagonal matrix in which 
the principal diagonal elements are the corresponding 
elements of e .

Let s = 0, thus,

   e q x e� �� � ��
�p

q d

p q
q�� 1

2
0diag .  (6)
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Ignoring the uncertainties and external 
disturbances, and substituting Eq. (3) into Eq. (6),
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From Eq. (7),
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diag–1 is defined as an operation that has the 
following characteristics: If Λ = diag{Λ1, Λ2, ..., ΛN} is 
a diagonal matrix, then,

 diag
T� � � � � �1

1 2
�� � � �, ,..., .N  (9)

Both sides of Eq. (8) are diagonal matrices. From 
Eqs. (8) and (9), 
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From Eq. (10), the equivalent term can be 
designed as Eq. (11),
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1.2  Design on Fuzzy Switching Term

In order to ensure that it can compensate uncertainties 
and external disturbances, the fuzzy switching term is 
designed as follows, 
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N

� �� �
� �� � � �
diag

diag sgn

� � �

� � �
1 2

1 2

, , ,

, , , ,s  (12)

where diag{κ1, κ2, ..., κN} is a constant matrix, and 
κ1, κ2, ..., κN ≥ Δ + d,  κ = max(|d(t)|) + η; 
diag{ε1, ε2, ..., εN} is a fuzzy parameter matrix (τsw is a 
basic switching item when ε1, ε2, ..., εN are all equal to 
1, and τsw is a fuzzy switching item while one of 
ε1, ε2, ..., εN is not equal to 1; and 

ε1κ1, ε2κ2, ..., εNκN ≥ Δ + d; sgn is a symbolic function 
[21], and sgn(s) = [sgn(s1), sgn(s2), ..., sgn(sN)]T. If Z is 

a real number, then, sgn Z
Z
Z
Z
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1 0
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,

,

,

.

Order κ = diag{κ1, κ2, ..., κN} and 
ε = diag{ε1, ε2, ..., εN}, The control law of the FETSM 
can be obtained by adding Eq. (11) to Eq. (12).
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2  ANALYSIS ON STABILITY AND FINITE ARRIVAL TIME

2.1  Stability Analysis

For the sliding mode control of a rigid manipulator, a 
Lyapunov function [22] was defined as follows:

 L s sy =
1

2

T
,  (14)

taking the derivative of Eq. (14), 

 

L s sy =
T
.  (15)

From Eqs. (3), (13) and (15),
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Substituting Eq. (13) into Eq. (16) and simplifying 
it,
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where |s| is the absolute value of s, namely 
|s| = [|s1|, |s2|, ..., |sN|]T .

For 1 < p / q < 2, then 0 < (p – q) / q < 2; and both p 
and q are positive odd numbers. Therefore, the 
elements of q xd

p q
q�� �
�

2  are non-negative numbers. 
β1, β2, ..., βN are positive numbers and M–1(x1) is a 
symmetric positive definite matrix, when x2 ≠  qd, 
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The sign of � L y  is determined by the N-order 
diagonal matrix (Δ(x1, x2) + d)sT – diag{εκ|s|}, which 
is written in matrix form as follows:

�� ����x x d s s
1 2

1 1 1 1 1 1
0

0

,� � ��� �� � � �

�
�� � �

�� �

T
diag

�

�

d s s

d sN N

� � �
� � �

� NN N N s�

�

�

�
�
�

�

�

�
�
�� �

1

. (19)

Due to |s1| ≥ s1, ..., |sN| ≥ sN, all of the principal 
diagonal elements of (Δ(x1, x2) + d)sT – diag{εκ|s|}are 
non-positive numbers. Moreover, when the fuzzy 
parameter matrix works normally, 
ε1κ1, ε2κ2, ..., εNκN ≥ Δ + d. Thus, � L y ≤ 0.

When x2 ≠  qd, the trajectory-tracking system 
employed by the FETSM is stable according to 
Lyapunov’s second method [23]. In addition, the 
sliding mode surface of it is non-singular. Substituting 
Eq. (13) into Eq. (3),
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when x2 = qd, for e  = qd – x2,

 e M x x x d s� � � � � � � � �� �� ��1
1 1 2

�� ����, .diag sgn  (21)

When s > 0, e  < 0, namely, e  will decrease 
rapidly. While s < 0, e  > 0,, namely, e  will increase 
rapidly. Obviously, s can reach 0 within a finite time 
when x2 = qd [20]. Therefore, the sliding mode of the 
N-DOF manipulator with the FETSM control law 
exists and can be reached.

2.2  Analysis on Finite Arrival Time

Eq. (4) can be written in scalar form: s e ej j j j

p
q� � � �� 

j = 1, 2, ..., N. Order sj = 0, 
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From Eq. (22), 
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If the trajectory-tracking system spends time tj 
from ej(0) ≠ 0 to ej(tj) = 0, then, 
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From Eq. (24), The effective time to reach 
equilibrium state is as follows:

 t p
p q

e
j j

j

j

p q
p
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0
.  (25)

If tmax = max{t1, t2, ..., tN}, the trajectory-tracking 
error of the system must reach 0 within tmax, which is 
finite according to Eq. (25). Therefore, the trajectory-
tracking error of the system can reach 0 within a finite 
time.

3  DESIGN ON FUZZY RULES AND SYSTEM STRUCTURE

3.1 Design on Fuzzy Rules

Supposing there is no fuzzy parameter matrix ε in Eq. 
(18),  � L y ≤ 0 is still proper for κ1, κ2, ..., κN are constants 
and not less than Δ + d.Therefore, the FETSM system 
of manipulators remains stable. In contrast, 
uncertainties and external disturbances are time-
varying, and κ1, κ2, ..., κN are constants. Therefore, 
constant matrix  cannot follow the change of 
Δ(x1, x2) + d, which leads to every main diagonal 
element of κsgn(s) always being large, and then the 
chattering of the sliding mode system is increased. On 
the premise of stability, the difference between the 
corresponding parameters of εκsgn(s) and Δ(x1, x2) + d 
are as small as possible by using the fuzzy method to 
adjust ε, so as to reduce the chattering.

NE, PO and ZE are used to represent negative, 
positive and zero, respectively. The input and output 
of the fuzzy system are defined as follows:

 
input NE ZE PO

output ZE PO

: , ,

: ,
, , ,..., .
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1 2  (26)

“If-then” statement [24] is used to define fuzzy 
rules between the input and output.
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3.2 Design on Membership Function 

As for the input s, the membership function is 
designed as follows [25]: its domain is [–1, 1]; NE is a 
trapezoidal membership function, [–1, –1, –2×σ, 0]; ZE 
is a triangular membership function, [–2×σ, 0, 2×σ]; 
PO is a trapezoidal membership function, [0,  2×σ, 1, 1]. 
As for the output ε, the membership function is 
designed as follows [25]: its domain is [0, 1]; ZE 
is a triangular membership function, [0, 1×10–5, 2]; 
PO is a trapezoidal membership function, [0, 1, 1, 1]. 
The σ in the function represents the thickness of the 
boundary layer. When –σ < s < σ, s and ε belong to ZE. 
In addition, the variation range of the ε is between   
1×10–5 and 1. While the s approaches the boundary 
layer, the ε approaches 1. Conversely, when the s 
approaches 0, the ε approaches 1×10–5; When the s is 
outside the boundary layer, the ε is 1. The membership 
function curves of the input and output of the proposed 
control method are shown in Fig. 1 [26].

3.3  System Structure 

The structure of the trajectory-tracking system of the 
FETSM for manipulators is shown in Fig. 2.

4  SIMULATION VERIFICATION

4.1  Analysis on Trajectory Tracking

MATLAB R2019b is applied as the simulation 
platform to track the ideal curve trajectories by using 
the FETSM, the ETSM [27], the ESM [28], and the 
PID [10] methods, respectively. By comparing the 
error of position tracking of each joint, the effects 
of the trajectory tracking of the above four control 
methods are analysed. Two curves are chosen as 
the ideal position curves of the joints 1 and 2. The 
coefficient of the curves is listed in Tables 1 to 4. The 

a)        b) 
Fig. 1.  The membership function of input and output of the FETSM; a) input s; b) output ε

Fig. 2.  Structure diagram of the FETSM trajectory-tracking system

Table 1.  The coefficients of the 1st position curve of the 1st joint

Intervals [s] q4 [rad] q3 [rad] q2 [rad] q1 [rad] q0 [rad]

[0.0000, 2.3806) –0.0152 0.0731 0.0000 0.0000 0.0000

[2.3806, 3.5057) 0.0243 –0.3034 1.3445 –2.1338 1.2699
[3.5057, 4.2751) –0.0125 0.2120 –1.3659 4.2007 –4.2817
[4.2751, 6.6127) 0.0005 –0.0093 0.0535 0.1554 0.0418
[6.6127, 7.8886) –0.0034 0.0942 –0.9729 4.6803 –7.4387
[7.8886, 10.2557) 0.0114 –0.3746 4.5742 –24.4928 50.0953



Strojniški vestnik - Journal of Mechanical Engineering 67(2021)9, 433-444

438 Liu, Y.Y. – Li, Y. – Zhang, X.Y. – Chen, B.

ideal trajectories in each period accords with Eq. (28), 
a reference trajectory formula.

 y q t q t q t q t q� � � � �
4

4

3

3

2

2

1 0
.  (28)

The setting for the uncertainties and external 
disturbances and starting points for the four kinds of 
control methods is shown in Table 5. The parameter 
setting for the three sliding mode methods is shown 
in Table 6. The boundary layer thickness of the fuzzy 
controller is taken as 1×10–5. The control parameters 
of the PID are as follows: Kp = 5000, Ki = 500, 
Kd = 2000. The design of the two-DOF manipulator 
in this paper is as follows: m1 = m2 = 2, r1 = 1, r2 = 0.8, 
g = 9.8 [29].

Table 6.  Parameter setting for the three sliding modes

Methods p q η β1 β2

FETSM
5 3

0.2 1 1ETSM
ESM 1 1

The trajectory-tracking situation of the above 
four control methods is shown in Figs. 3 to 6, 
demonstrating that all four control methods can 
effectively implement the trajectory-tracking task and 
meet the basic requirements of practical application. 
According to Fig. 3, it is found that the tracking 
trajectories by the ETSM and the proposed FETSM 
coincide with the ideal trajectories with only slight 

Table 2.  The coefficients of the 1st position curve of the 2nd joint

Intervals [s] q4 [rad] q3 [rad] q2 [rad] q1 [rad] q0 [rad]

[0.0000, 2.3806) –0.0019 0.0093 0.0000 0.0000 0.5236

[2.3806, 3.5057) –0.0020 0.0101 –0.0029 0.0045 0.5209

[3.5057, 4.2751) 0.0136 –0.2079 1.1433 –2.6743 2.8686

[4.2751, 6.6127) –0.0032 0.0796 –0.7004 2.5805 –2.7475

[6.6127, 7.8886) –0.0010 0.0213 –0.1216 0.0290 1.4707

[7.8886, 10.2557) 0.0029 –0.1033 1.3526 –7.7240 16.7608

Table 3.  The coefficients of the 2nd position curve of the 1st joint

Intervals [s] q4 [rad] q3 [rad] q2 [rad] q1 [rad] q0 [rad]

[0.0000, 2.3806) 0.0020 –0.0097 0.0000 0.0000 –0.3491

[2.3806, 3.5057) –0.0017 0.0253 –0.1249 0.1982 –0.4670

[3.5057, 4.2751) –0.0002 0.0051 –0.0185 –0.0503 –0.2492

[4.2751, 6.6127) –0.0029 0.0504 –0.3096 0.7791 –1.1356

[6.6127, 7.8886) 0.0147 –0.4147 4.3041 –19.5600 32.4885

[7.8886, 10.2557) –0.0094 0.3443 –4.6773 27.6740 –60.6644

Table 4.  The coefficients of the 2nd position curve of the 2nd joint

Intervals [s] q4 [rad] q3 [rad] q2 [rad] q1 [rad] q0 [rad]

[0.0000, 2.3806) –0.0032 0.0156 0.0000 0.0000 0.3491

[2.3806, 3.5057) 0.0071 –0.0822 0.3493 –0.5543 0.6790

[3.5057, 4.2751) –0.0116 0.1797 –1.0280 2.6645 –2.1421

[4.2751, 6.6127) 0.0044 –0.0941 0.7280 –2.3400 3.2066

[6.6127, 7.8886) –0.0085 0.2460 –2.6457 12.5325 –21.3803

[7.8886, 10.2557) 0.0032 –0.1229 1.7198 –10.4260 23.8975

Table 5.  Stetting for external disturbances and uncertainties and starting points

External disturbances and uncertainties Starting points [rad]
The 1st position curve The 2nd position curve The 1st position curve The 2nd position curve

The 1st joint 10 exp(–2(t – 5)2) 10 sin(t) 0.02 –0.34

The 2nd joint 2 exp(–0.5(t – 5)2) 2 cos(t) 0.52 0.34
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a)               b) 
Fig. 3.  Tracking situation of the 1st position curve of the 1st joint; a) FETSM and PID; b) ETSM and ESM

deviation in the initial stage. The phenomenon in 
Fig. 3 is similar to those in Figs. 4 to 6. However, the 
tracking trajectories by the ESM and PID have some 
obvious deviation from the ideal trajectories in some 
different periods. In order to further compare the 
control precision of the four methods, their tracking 
errors are quantitatively analysed by calculating the 
ordinate difference between the actual trajectories and 
the ideal ones at the same time and the same joint. 

The averages of the tracking error are shown in 
Table 7. For the 1st curve, compared with the ETSM, 
the average error of the 1st joint by the proposed 
FETSM is increased by 1.88 %, and the average error 
of the 2nd joint is reduced by 15.33 %; compared with 
the ESM, those errors are reduced by 81.13 % and 
94.20 % respectively; compared with the PID, those 
error is reduced by 88.58 % and 93.17 % respectively. 
As for the 2nd curve, compared with the ETSM, the 

a)               b) 
Fig. 4.  Tracking situation of the 1st position curve of the 2nd joint; a) FETSM and PID; b) ETSM and ESM

a)               b) 
Fig. 5.  Tracking situation of the 2nd position curve the 1st joint; a) FETSM and PID; b) ETSM and ESM
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a)               b) 
Fig. 6.  Tracking situation of the 2nd position curve of the 2nd joint; a) FETSM and PID; b) ETSM and ESM

Table 7.  The averages of tracking error

Control methods
The 1st curve & the 1st joint 

[rad]
The 1st curve & the 2nd joint 

[rad]
The 2nd curve & the 1st joint 

[rad]
The 2nd curve & the 2nd joint 

[rad]

FETSM 4.34×10–4 1.16×10–4 2.11×10–4 2.14×10–4

ETSM 4.26×10–4 1.37×10–4 1.70×10–4 2.79×10–4

ESM 2.30×10–3 2.00×10–3 1.40×10–3 3.40×10–3

PID 3.80×10–3 1.70×10–3 6.00×10–3 2.00×10–3

average error of the 1st joint by the proposed FETSM 
is increased by 24.12 %, and the average error of the 
2nd joint is reduced by 23.30 %; compared with the 
ESM, those errors are reduced by 84.93 % and 93.71 
% respectively; compared with the PID, those error is 
reduced by 96.43 % and 89.30 %, respectively.

In brief, the precision of the proposed FETSM 
dealing with the 1st joint is less than that of the ETSM, 
but the average error of the overall joints is reduced 
by 3.56 % compared with the latter; compared with 
the ESM and PID, the FETSM can reduce the average 
error of the overall joints by 89.30 % and 92.78 %, 
respectively. As a result, the proposed FETSM has 
better control precision compared with the other three 
methods.

The variation of the tracking error of joints 1 
and 2 with time was shown in Fig. 7. The proposed 
FETSM is superior to the PID in error convergence 
speed and robustness. To compare the error 
convergence speed and robustness of three sliding 
mode methods, taking the error by the ESM at 1 s as 
the reference, the convergence time of the four curves 
by the proposed FETSM to achieve the reference error 
is 0.195 s, 0.260 s, 0.175 s, and 0.045 s, respectively; 
and that by the ETSM is 0.195 s, 0.260 s, 0.175 s, and 
0.047 s, respectively. On the 2nd position curve of the 
2nd joint, the error convergence speed by the FETSM 
is slightly better than that by the ETSM; in other 
cases, the error convergence time by the proposed 

FETSM is consistent with that by the ETSM. 
Moreover, the average speed of the error convergence 
by the above two is 83.13 % faster than that by the 
ESM. The averages of the maximum error caused 
by disturbances in the three sliding mode methods 
are shown statistically in Table 8. It shows that the 
robustness of the proposed FETSM is less than that of 
the ETSM in the 1st joint but better than the latter in the 
2nd joint. The robustness of the FETSM is superior to 
that of the ESM in joints 1 and 2. The averages of the 
overall disturbance error by the FETSM, the ETSM 
and ESM are 9.39×10–5, 1.35×10–4, and 2.96×10–3, 
respectively. In short, the overall robustness of the 
proposed FETSM is 30.24 % higher than that of the 
ETSM, and 96.83 % higher than that of the ESM. It 
can be seen from the above analysis that the proposed 
FETSM can ensure sufficient error convergence speed 
and robustness. 

4.2  Analysis of Input Torque

In order to investigate the anti-chattering performance 
of the FETSM, the input torque characteristics of the 
different control systems, in the same joint and in the 
same position curve, are analysed. The ETSM, which 
has better trajectory-tracking precision than the ESM, 
is selected as a competitive sample of non-fuzzy 
control; the PID is selected as a competitive sample of 
non-sliding mode control. The comparison diagrams 
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for the input torques using the three methods are 
shown in Figs. 8 to 11.

As shown in Fig. 8a, there is chattering with 
an amplitude of approximately 10.24 N·m by the 
proposed FETSM in the period of 0 s to 0.55 s, but the 
input torque curve is smooth and continuous in other 
times. Combined with Fig. 7a, it is found that the error 
by the proposed FETSM converges to 0 s near 0.55 
s, and the system reaches the sliding mode surface. 
Therefore, the reason for the chattering in the initial 
stage is that the system does not reach the sliding 
mode surface. The phenomenon in Fig. 8a is similar 
to those in Figs. 9a, 10a and 11a using the same the 
FETSM.

As shown in Fig. 8b, the chattering amplitude of 
the input torque curve by the ETSM is small in the 
period of 4.9 s to 5.1 s; in other periods, it is about 

10.20 N·m. Currently, the disturbance term applied 
to the joint is Gaussian and reaches the maximum 
in 5 s. Obviously, the chattering amplitude of the 
system decreases only when the disturbance term 
approaches the switching term. The phenomenon in 
Fig. 8b is similar to those in Figs. 9b, 10b and 11b. 
Quantitatively comparing and analysing the chattering 
time of the systems by the ETSM and FETSM in the 
four cases shown in Figs. 8 to 11, The chattering time 
of these two methods is shown in Table 9. It is found 
that those by the proposed FETSM is less than those 
by the ETSM, can be reduced by 94.75 % on average.

As shown in Fig. 8c, the input torque curve 
using the PID is consistent with the proposed FETSM 
except that serious chattering occurs in the overshoot 
stage. The phenomenon in Fig. 8c is similar to those in 
Figs. 9c, 10c and 11c. Quantitatively comparing and 

a)               b) 

c)               d) 
Fig. 7.  Variation of the error of joints; a) the 1st position curve of the 1st joint; b) the 1st position curve of the 2nd joint;  

c) the 2nd position curve of the 1st joint; d) the 2nd position curve of the 2nd joint

Table 8.  The averages of the maximum error caused by disturbances

Control methods
The 1st curve & the 1st joint 

[rad]
The 1st curve & the 2nd joint 

[rad]
The 2nd curve & the 1st joint 

[rad]
The 2nd curve & the 2nd joint 

[rad]
FETSM 9.74×10–5 9.17×10–5 9.84×10–5 8.79×10–5

ETSM 3.31×10–5 2.53×10–4 3.03×10–5 2.22×10–4

ESM 1.18×10–3 4.94×10–3 1.46×10–3 4.25×10–3
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analysing the chattering amplitude of the systems by 
the PID and FETSM in the four cases shown in Figs. 8 
to 11, The maximum amplitudes of these two methods 
are shown in Table 10. It is found that those by the 
proposed FETSM is less than those by the PID, can be 
reduced by 99.21 % at least.

Moreover, compared with similar methods 
proposed by other scholars [1], the proposed FETSM 
can achieve similar anti-chattering performance while 
the structure of the switching term is simple.

a)       b)       c) 
Fig. 8.  Input torque comparison of the 1st position curve of the 1st joint; a) FETSM; b) ETSM; c) PID

a)       b)       c) 
Fig. 9.  Input torque comparison of the 1st position curve of the 2nd joint; a) FETSM; b) ETSM; c) PID

a)       b)       c) 
Fig. 10. Input torque comparison of the 2nd position curve of the 1st joint; a) FETSM; b) ETSM; c) PID

a)       b)       c) 
Fig. 11.  Input torque comparison of the 2nd position curve of the 2nd joint; a) FETSM; b) ETSM; c) PID
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5  CONCLUSIONS

(1) The proposed FETSM control method can be 
used to track the actual motion position of each 
joint according to the ideal trajectory of the 
corresponding joint. This technology can be used 
to suppress the chattering of manipulators under 
heavy-load operations.

(2) Simulation results show that compared with 
the ETSM, the overall tracking precision by the 
proposed FETSM is improved by 3.56 %, and 
the overall robustness is improved by 30.24 %. 
Moreover, their error convergence speeds are 
basically the same. Compared with the ESM, 
the overall tracking precision by the proposed 
FETSM is improved by 89.30 %, the overall 
robustness is improved by 96.83 %, and the 
error convergence speed is improved by 83.13 
%. Compared with the PID, the overall tracking 
precision by the proposed FETSM is improved by 
92.78 %. Moreover, its error convergence speed 
and overall robustness are better than those by 
the PID. Consequently, the proposed FETSM can 
obtain sufficient trajectory-tracking precision, 
error convergence speed and robustness.

(3) Employing the proposed FETSM, chattering 
occurs only when the system does not reach the 
sliding mode surface. Compared with the ETSM, 
the proposed FETSM can reduce the chattering 
time by 94.75 % on average. Compared with 
the PID, the maximum chattering amplitude by 
the FETSM can be reduced by 99.21 % at least. 
Therefore, the proposed FETSM can reduce the 
chattering of systems, and optimize the input 
torque control.
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