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T h e  o p t im i z a t io n  o f  c o m p le x  e n g in e e r in g  s y s t e m s  i s  o f te n  a  m ix  o f  m u l t i - o b je c t iv e  o p t im iz a t io n  p r o c e s s  

-  e a c h  s e r v i c e ,  d i s c ip l i n e  h a s  t o  f u l f i l l  s e v e r a l  o b j e c t i v e s  -  a n d  m u l t id i s c ip l in a r y  o p t im iz a t io n  p r o c e s s  -  s e v e r a l  

d i s c ip l i n e s  a r e  r e q u ir e d .  T h e  d i s c ip l i n e s  a r e  b o u n d  to  e a c h  o th e r :  o u tp u ts  o f  o n e  d i s c ip l in e  a r e  u s e d  a s  in p u t  

o f  o t h e r  d i s c ip l i n e s  ( th e  c o u p l e d  v a r ia b le s )  a n d  a  d i s c ip l i n e  c a n  n o t  h a v e  a  d i r e c t  a c c e s s  a n d  k n o w le d g e  to  th e  

w h o l e  s e t  o f  v a r i a b l e s .  A n  a p p r o x i m a t i o n  o f  th e  c o u p l e d  v a r i a b l e s  i s  th u s  n e e d e d .  T h e  C o l l a b o r a t i v e  

O p t im i z a t io n  S t r a t e g y  f o r  M u l t i - O b j e c t iv e  S y s te m s  ( C O S M O S )  h a s  b e e n  d e v e lo p e d  a t  I R C C y N  to  p e r f o r m  

s i m u l ta n e o u s l y  m u l t i - o b j e c t i v e  a n d  m u l t id i s c ip l in a r y  o p t im i z a t io n  w h i le  d i s c ip l in e  a u to n o m y  is  g u a r a n te e d .  

I t  u s e s  a  s i m p l e  m e t h o d  f o r  th e  a p p r o x im a t io n  o f  c o u p l e d  v a r i a b le s  a n d  a s s u m e s  th a t  th e  q u a l i t y  o f  th e  

a p p r o x im a t io n  w i l l  in c r e a s e  a s  th e  a lg o r i th m  c o n v e r g e s  to  o p t im u m  s o lu t io n s .  In  th is  p a p e r ,  e x p e r im e n ts  a r e  

m a d e  to  v e r i f y  w e th e r  th is  a s s u m p t io n  i s  tr u e . W e s h o w  th a t  s a t i s f y in g  r e s u l ts  a r e  f o u n d  o n  s o m e  t e s t  p r o b l e m s  

b u t  l im i t s  o f  th e  m e th o d s  a r e  p o i n t e d  o u t.
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1 IN T R O D U C T IO N

N o w ad ay s , the  d e s ig n e r  has to  face the 
co n tin u o u s  g ro w in g  co m p lex ity  o f  en g in ee rin g  
p ro b le m s , b u t a lso , th e  in c re a s in g  e c o n o m ic  
com petition  that have led to  a  specialization  and 
d is tr ib u tio n  o f  kn o w led g e , ex p ertise , too ls  and  
w o rk  s i te s .  C o n s e q u e n t ly ,  m u l t i - o b je c t iv e  
op tim ization  (M O O ) and  m ultid iscip linary  design 
op tim ization  (M D O ) are m ore and m ore used  to 
p rov ide one solu tion  or an optim al set o f  solutions.

W h ile  s in g le -d is c ip lin e  o p tim iz a tio n  is 
m atu re , the design  and  op tim iza tion  o f  com plex 
system s (m ore than  one d isc ip line) is still quite 
young. S ince the w h ite  papers p rov ided  in 1991 
and  1998 by  the A IA A  [ 18] and [ 12], lot o f  research 
has been  done in the m ultid iscip linary  optim ization 
dom ain: at the beg inn ing  cen tered  on the aerospace 
industries, they are now  used  in d ifferent k ind o f  
en terprises (autom otive, ship building, etc.) w hich 
exp ec t from  such  a too l a  w ay  to im prove the ir 
p ro d u c ts , th e ir  o rg a n iz a tio n s , A lex a n d ro v  and  
L ew is [1] defined M D O  as a “s y s t e m a t i c  approach 
to  op tim ization  o f  com plex  coupled  eng ineering  
system s w here  “m u ltid isc ip lin a ry ” refers to  the 
d ifferen t aspects that m ust be  included in the design 
p ro b lem “ .

A c la s s ic a l  w ay  to  d e s c r ib e  a 
m ultid iscip linary  problem  is p resen ted  in F igure 
1. In a m ultidisciplinary problem , each sub-system  
(discipline) has its ow n design variables, objective 
and constrain t functions. Som e design variables, 
com m on to at least tw o  sub-system s, are called  
com m on variables. D iscip linary  outputs from  one 
discipline can be needed  to evaluate another sub­
system . In th is case there is a coupling betw een 
tw o  d isc ip lin e s  an d  th e se  v a ria b le s  are  ca lle d  
coupling variables [8] and [5]. The th ird  variable 
type, state variables, are internal variables particular 
to  one discip line: they  rep resen t conditions tha t 
have to be  satisfied w ith in  the discipline. In each 
discipline an evaluation/analysis is conducted that 
a l lo w s  to  c o m p u te  th e  o u tp u ts :  fu n c t io n s ,  
constraints and coupling variables i f  needed.

F re q u e n tly , co m p le x  sy s te m s  a re  n o n - 
h ie ra rch ica l im ply ing  th a t there  is no reason  to 
process the optim ization  o f  one sub-system  before 
ano ther [5]. In the op tim ization  p rocess o f  such 
system s, the presence o f  coupling functions and 
the ir recognition  constitu tes a real challenge for 
researchers.

Several m ethods have been  designed to deal 
w ith  coupling  problem s (M D F, IDF, A A O , CO , 
C SSO , B LISS, etc. - section 2), bu t they are not
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Fig. 1. A  f u l l y  c o u p l e d  d i s c i p l i n e s  s y s t e m

su ited  for the ex tended  en terp rise  con tex t w here 
disciplines and tools are distributed on  m ultiple sites. 
The m ain  draw backs o f  theses approaches are i) the 
un ique solu tion  g iven  to  the designer and  i i)  their 
m athem atical form ulation that is no t alw ays adapted 
to  th e  in d u stria l con tex t: m ost o f  these  m ethods 
centralize the optim ization at the system  level w hile 
i t  s h o u ld  b e  h a n d le d  b y  s u b - s y s te m  le v e ls . 
C o llab o ra tiv e  O p tim iza tio n  S tra te g y  fo r  M u lti-  
O b jec tive  System s (C O SM O S ) [19] is a  m ethod  
aim ing to  fill the gap betw een classical M D O  m ethods 
and industrial needs by: i) taking advantages o f  the 
m ulti-objective genetic algorithm s and  provides the 
designer w ith  a se t o f  optim um  solu tions and  i i) ,  

giving m ore autonom y to the disciplines.
T he n ex t part o f  th is p ap e r w ill p resen t the 

M D O  m ethods: the classical ones b ased  on  exact 
m a th e m a tic a l a p p ro a c h e s  a n d  so m e  th a t  try  to  
sim ulate  an  eng ineering  process and  are b ased  on 
m u lti-o b jec tiv e  g ene tic  algo rithm . T he th ird  part 
in troduces th e  p rob lem s caused  b y  the au tonom y 
o f  d isc ip lines  in  the reso lu tion  p rocess. P arts 4  and 
5 describe  th e  te s t exam ples and  th e  resu lt ob ta ined  
b y  C O S M O S  m ethod  on coup led  problem s. Finally, 
som e conc lu sions and  p erspective  are  given.

2 C O U P L IN G  F U N C T IO N S  IN  
M U L T ID ISC IP L IN A R Y  O PT IM IZ A T IO N  

M E T H O D S

T he ideal op tim iza tio n  p ro ce ss  to  so lve a 
m u ltid isc ip lina ry  op tim iza tion  p ro b lem  consists  in 
separa ting  th e  analysis phase  fro m  the op tim ization  
p h a s e :  th e  m u l t i d i s c i p l i n a r y  a n a l y s i s  (M D A ) 
c o m p u te s  th e  se t o f  fe a s ib le  so lu tio n s  th e n  th e  
op tim iza tion  se lec ts the  op tim um  from  the  prev ious 
se t. T h is  a p p ro a c h  is  n o t p o s s ib le  in  p ra c tic e

because o f  th e  h igh com putational cost requ ired  to 
d e te rm in e  th e  w h o le  se t o f  fe a s ib le  so lu tio n . 
M oreover in  m ost p rob lem s the d iscip lines cannot 
easily  exchange data betw een  each others.

2.1 A  Multi-Objective Coupled Problem

L e t’s consider a s im p lified  m odel o f  tw o 
d isc ip lines D x and  D 2 (it can  be  generalized  to  n  

d isc ip lines). E ach  d isc ip line D .  has a sta te equation  
E .(x c, X ., y . ,  u .)  =  0. W e w ill consider th a t there  is an  
im p lic it function  e : . X  x X .  x Y . —> U ., w here x  e

. 1 . c 1 J 1 c
X c is the  design  variab les th a t are shared  am ong 
d isc ip lines (com m on variab les), x . e  X .  is the vector 
o f  d isc ip linary  variables, y  e  Y. is a  param eter given 
by  th e  d isc ip line D y, and  u . e  U . th e  vec to r o f  state 
variab les  g iven  b y  the sta te equation  e .. This results 
in  the fo llow ing  coup led  problem :

D i  J Ul =  e i (Xc'Xl’y2) d 2 [ U2 =  e 2 ( X c ' X 2 ' y i \ i \
\  y i  =  h ( l c , X i , U l )  [  1/2 = /2(10, X2,ui)  ̂ '

F in d in g  th e  f e a s ib le  s o lu t io n s  to  th is  
p ro b le m  is  c a l le d  m u l t id is c ip l in a r y  a n a ly s is  
(M D A ). W e call A  th e  se t o f  feasib le  so lu tions o f  
th e  p r o b le m  ( th e  m u l t id i s c ip l in a r y  f e a s ib le  
so lu tions):

A =  {(xc,xi,X3 ,ui,ui) e  Xc X  X\ X  X2 X U\ X U2\ 
M l =  e i(x 0,X l,l2(Xc, X 2 , U 2 ) )  A M2 =  e2(x c, X 2 ,  h  {xc, a : i , M l ) ) }

(2).
M ultid isc ip lin a ry  op tim iza tion  consists  in 

add ing  an  op tim ization  p rob lem  to  the satisfaction 
o f  the coup led  prob lem . W e w ill focus on  the case 
w h ere  each  d isc ip lin e  has its o w n  op tim iza tio n  
p rob lem  w h ich  is to  m in im ize an objective function 
f i : X c x X i x U i - a  R A w ith  p .  th e  n u m b e r  o f  

o b je c t iv e s .  A  s ta n d a rd  f o rm u la t io n  o f  a  tw o  
d isc ip lines m ultid isc ip linary  op tim ization  problem  
is then:

min f i ( x c, x i , m )

D
X c , X l

u i  =  e1(x c, x 1, y 2 ) D 2 * 

Vi =  ! l ( z c,* l ,u i )

min f 2(xc, x 2,u2)
Xc,X2
«2 = e2(xc,x 2, y i )
y2 =  l2(xc, x 2,u1) 

T he se t S  o f  so lu tions to  the prob lem  is then:
(3).

■Sr= { ( * : .* I » * a ) | 3 ( « i , « a ) e W 1 x  U2 
s.t. (xc, x i , x 2,u i ,u2) 6 A A $(xc,x i , x i ,  u i ,u2) £ A 

S.t. f ( x c,Xl ,X2,UU U2 ) -< f{x*c,x \ ,  uj)}

(4).
W ith  -< th e  o r d e r  r e la t io n  o f  P a re to  

dom in ance: g iven  a  =  ( a i , . . . , a >)  and  b  =  ( b x, . . . ,b ) ) ,  

V /e  <bj a  3/ e  a . < b ..



U n fo r tu n a te ly , su c h  a  s e t o f  o p tim u m  
so lu tio n s  is in trac tab le  u n d er the hypo thesis  o f  
partitions o f  the variables in each discipline. Indeed, 
a  d isc ip lin e  i  canno t access ano ther d isc ip line j  

variab les and does no t know  its coupling function.
M ost o f  the M D O  m ethods reported  in the 

lite ra tu re  are  d eve loped  sp ec ific a lly  fo r s ing le­
ob jective problem s w ith  continuous variables and 
differentiable objective. T hese M D O  m ethods are 
c lassified  in  tw o groups: m ono-level and bi-level. 
T h e  s in g le - le v e l (m o n o -le v e l)  g ro u p  im p lie s  
op tim ization  at the supervisor level only. The b i­
level group allow s each d iscip line to m anage its 
ow n optim ization  regard ing  its design variables. 
M ultid isc ip linary  problem s are often  w ritten in  a 
sim pler form , w here the state variables are directly  
g iv e n  to  th e  o th e r  d isc ip lin e , so they  are  a lso  
coup ling  variables:

f min f i { x c, x u y i ) ( min /2(rc, ,r2, t/2)
D i  i  D 2 l  (5)

{ Vi =  e i (xc, x u y2) [ y2 =  e2(xc, x 2, y 1)

This notation  w ill be used  in the next section 
to  p re se n t som e m u ltid isc ip lin a ry  o p tim iza tion  
m ethods.

2.2 Mono-Level Approaches

T h e  m o n o - le v e l fa m ily  c o n ta in s  th re e  
m u lt id is c ip l in a ry  m e th o d s : M u lt id is c ip lin a ry  
F e a s ib le  (M D F ) , A l l-A t-O n c e  (A A O ) a n d  
Individual D iscipline Feasib le (ID F) [16], [1], [14] 
and  [6], A ll the given form ulations have different 
w a y s  to  h a n d le  th e  d e p e n d e n c y  o f  c o u p lin g  
functions. D ennis e t  a l .  [9] proposed an extension 
o f  all the  above m ethodologies to  the optim ization 
o f  system  o f  system s.

2 .2 .1  M u l t i d i s c i p l in a r y  F e a s i b l e  ( M D F )

M D F is the m ost used  approach to solve a 
M D O  p ro b lem . A  co m p le te  m u ltid is c ip lin a ry  
analysis is perform ed for each choice o f  the design 
variables by the optim izer. This is conceptually very 
sim ple, and once all discip lines are coupled to  form  
one single m ultid iscip linary  analysis m odule, one 
c a n  u se  th e  sa m e  te c h n iq u e s  u se d  in  s in g le  
d iscip line optim ization.

In  th is  f o r m u la t io n  th e  o p t im iz a t io n  
variab les are the design variables, the op tim ization  
is g lo b a l an d  ea ch  i te ra tio n  g iv e s  a fe a s ib le  
so lu tio n . M o re o v e r  th e  e v a lu a tio n  w ith in  th e

discip lines are independent. D raw backs are the 
com putational effort and the lack o f  guaranty  for 
the coupling variables to  converge to  a feasib le 
solution.

,m in  f i ( x c, x i , y i )
( x c , n )

min f 2(xc, x 2, y2)
< (zc,xa)

s.t. ja  =  e i ( i c, i i , ! f t )

, V2 =  e2(xc, *2, 1/1 )

The optim ization variables are x c, x t and x r

A t e a c h  o p tim iz a tio n  s te p , th e  se t o f  
fe a s ib le  so lu tions - d esc rib ed  as A  in  (2) - is 
com puted. The system  o f  coupling equations m ust 
be solved. A  fixed po in t iteration  (FPI) algorithm , 
often used in th is case, m ay no t converge i f  the 
functions are not convex and m ay avoid  hidden 
solutions [3].

2 . 2 .2  A l l  a t  O n c e  (A A O )

A ll the variables (design, coupling, state) 
are considered as design variables and the analysis 
system  equations becom es constraint. H ence, C PU  
consum ing  ite rative analysis o f  sub-system  are 
skipped but it increases the dim ension o f  the design 
space. The problem  form ulation can be expressed 
by:

min f i ( x e, x i , y { )
(xc,*i,wa)

min f 2{xc,x 2, y2)
• ( x c , x ? , V i )

w.r.t. in -  e1(xc, x 1, y2) = 0 

2/2 -  e2(xc,x 2 l yi) = 0

The optim ization variables are x c, x v  x y  y x

and y r

2 .2 .3  I n d iv id u a l  F e a s i b l e  (I D F )

ID F  is a co m p ro m ise  b e tw een  A A O  and 
M DF. A t each  p o in t, each  d isc ip lin e  is fea s ib le  
b u t the w h o le  sy s tem  w ill on ly  be fea s ib le  at 
th e  end. In  th is  m e thodo logy , co u p lin g  v ariab les  
are  added  to  design  v ariab les  and  som e au x ilia ry  
v a riab les , z., are in tro d u ced  to  a llow  d eco u p lin g  
th e  d isc ip lin es . S om e eq u a lity  co n s tra in ts  are  
a d d e d  th a t  a l lo w  c o m p a t i b i l i t y  b e tw e e n  
c o u p l in g  a n d  a u x i l i a r y  v a r i a b l e s .  T h is  
s u b s t i tu t io n  r e la x e s  th e  c o u p l in g  b e tw e e n  
d isc ip lin es : fo r som e ite ra tio n s , a p o in t can n o t 
fu lfill a ll th e  coup ling .



m in f i i x c x ^ y x )  

m in J 2 ( x c , x 2 , y 2 )(xc,xi,xi)

• a.t. r/i =  e1( i c , x i ,2 2)

t/2 =  e2 ( i c ,  1 2 , 2 1 )  

w .r.t. j/i — 2 1  =  0 

J/2 -  22 =  0

T he op tim iza tion  variab les a re  x c, x  ,  x y  z

and  z r

In  m ono-level approaches, th e  op tim ization  
p rob lem  is seen  as a  sing le  g loba l p ro b lem  and  all 
th e  variab les  are accessib le . M ulti-leve l approaches 
g ive  m ore  au tonom y  to  the d isc ip lines b y  allow ing  
th e m  to  so lv e  th e ir  o w n  o p tim iz a tio n  p ro b le m  
locally .

2.3 Multi-Level Approaches

In  th e  case  o f  b i-level o p tim iza tion  m ethod , 
the o rig ina l op tim iza tion  p ro b lem  is d iv ided  into 
op tim iza tion  at b o th  system  and  sub -system  levels. 
C o o rd ina tion  b e tw een  sub-system s is m anaged  by  
an  op tim ize r in  charge o f  so lv ing  inconsistencies 
b e tw e en  th e  d isc ip lin es . S evera l s tra teg ies  have  
b e e n  d e v e lo p e d  a n d  th e  m o s t  d is c u s s e d  a re  
C o l la b o r a t iv e  O p t im iz a t io n  (C O )  [7 ] ,  a n d  
C oncu rren t S ubSpace O p tim iza tion  (C SSO ) [20]. 
O th e r  m e th o d s  like  B i-L ev e l In teg ra ted  System  
S y n th e s i s  ( B L IS S )  [1 5 ] ,  A n a ly t i c a l  T a rg e t 
C a sca d in g  (A T C ) [2] o r P h y s ic a l P ro g ram m in g  
(P P ) [17] h av e  b ee n  d e v e lo p e d  b u t w ill n o t be  
d eta iled  in  th is  paper. T he tw o  firs ts are  p a rt o f  the 
D isc ip line  F eas ib le  C onstra in t (D F C ) group. T he 
p r im a ry  fea tu re s  o f  each  o f  th e se  a rc h ite c tu re s  
inc lude : i)  th e  use  o f  he terogeneous hardw are  or 
so f tw a re , s p e c if ic  to  th e  d o m a in , to  so lv e  th e  
s u b s p a c e  o p t im iz a t io n  p r o b le m s ,  i i )  th e  
d eco m p o s itio n  k eep s  d o m a in -sp ec ific  co n s tra in t 
in fo rm a tio n  in  th e  su b -p ro b lem , H i) th e  sy stem  
leaves m o st o f  the design  dec is ions (se lec tion  o f  
lo c a l v a r ia b le s )  to  th e  d is c ip lin a ry  g ro u p s  th a t 
und erstan d  the  local fo rm ulation .

2 . 3 .1  C o l l a b o r a t i v e  O p t i m i z a t i o n  ( C O )

In  C O  subspace  op tim ize rs  are in teg ra ted  
w ith  e a c h  s u b s y s te m . T h ro u g h  s u b - s y s te m  
op tim ization  each  discipline can  contro l its ow n set 
o f  local design variables and is in charge o f  satisfying 
its  o w n  d o m a in  s p e c if ic  c o n s tra in ts .  E x p lic i t

know ledge o f  the other groups constraints o r design 
v a riab les  is n o t requ ired . T he  o b jec tive  o f  each  
subsystem  optim izer is to  agree upon  the values o f  
the in terdiscip linary  variables w ith  the other groups. 
A  system  level optim izer is em ployed to  coordinate 
this p rocess w hile m inim izing the overall objective. 
It prom otes disciplinary autonom y w hile achieving 
in terdiscip linary  com patibility.

T he  su b sy stem  o p tim ize r  does n o t a llow  
d is c ip lin e  o p tim iz a tio n  b u t o n ly  tr ie s  to  re a ch  
c o n s is te n c y  u p o n  th e  c o m m o n  a n d  c o u p le d  
variab les. T he op tim ization  process rem ains global 
at th e  system  level.

A ll th e  m ethods d esc rib ed  above are  no t 
des igned  fo r m u lti-ob jec tives p rob lem s and  give 
on ly  a  sing le  so lu tion  to  the designer.

2.4 Multi-Objective Multi-Level Approaches

A s far as w e are concerned, m ain  advantage 
o f  M D O  m ethods should focus on their ability  to 
decom pose a  m ultid iscip linary  problem  into several 
sub-problem s o f  m anageable size that can  be  solved 
sim ultaneously. A ccording to  the current com plexity 
and  antagonist objectives to  achieve, it should also 
be  able to  prov ide a set o f  so lutions (not only a single 
one tha t re lies on an  a  p r i o r i  choice o f  the designers) 
and  finally  M D O  should be  adapted to  the structure 
o f  th e  en terp rise  and  th e  w ay  d es ign  o f  system s 
including several d isciplines is conducted.

T he th ree m ethods p resen ted  thereafte r are 
a firs t answ er to  such specifications. T hey can solve 
M D O  p ro b le m s  th a t  a r e  d e c o m p o s e d  in to  a 
h ie ra rchy  o f  several subsystem -level p roblem s each 
o f  w h ich  has m ultip le  ob jectives and constraints. 
A m ong  d ifferen t op tim iza tion  algorithm s tha t can 
b e  u sed  fo r so lv ing the subsystem  problem s, genetic 
a lg o r i th m s  (G A s )  a r e  u s e d  in  th e  th r e e  
m e th o d o lo g ie s .  U s in g  a  p o p u la t io n  b a s e d  
op tim iza tion  approach  a t bo th  levels (i.e ., system  
and  subsystem  levels) im plies tha t a  com prom ise 
as to  be  found  at the system  level to m ap fitness o f  
so lu tio n s  fro m  m u ltip le  P a re to  se ts to  a  s ing le  
system  level candidate solution.

2 . 4 .1  M u l t i d i s c i p l i n a r y  O p t i m i z a t i o n  a n d  R o b u s t  

D e s i g n  A p p r o a c h e s  A p p l i e d  t o  C o n c u r r e n t  

E n g i n e e r i n g  ( M O R D A C E )

T he M O R D A C E  m ethod  [11] is based  on a 
ro b u st design  approach: find ing  so lu tions th a t are



robust w ith  respect to changes in variab le values 
due  to  d isc ip lin e  in te rac tions. The M O R D A C E  
ap p ro a ch  a llo w s to  in d e p en d e n tly  p e rfo rm  the  
d ifferen t discip line optim izations.

E ach  d isc ip line  aim s a t find ing  optim um  
so lu tion  w ith  respect to its ow n design variables 
th a n k  to  a  M u lti-O b je c tiv e  G en e tic  A lg o rith m  
(M O G A ) in  order to  obtain  fo r each d iscipline the 
Pareto  fron tier as the set o f  best solu tion  design. 
W hen  the independent optim ization  processes are 
fin ished, the designer has to  find  a com prom ise on 
c o m m o n  v a ria b le  v a lu es . C h an g es  in  com m on 
variab le  values in  order to  find  the best trade-o ff 
m ay  w orsen perform ance levels. This d ifficulty  is 
so lved  by adding to  the set o f  design objectives f . ,  

a fu n c tio n  th a t m in im izes  th e  e ffec t o f  va lu es 
v a r ia tio n  o f  com m on  v a ria b le s . A s d isc ip lin es  
sim ultaneously  m inim ize objective functions./] and 
sensitive function, they are alw ays m ulti-objectives. 
A m ong  available designs, the procedure chooses 
P areto  designs p lus all individuals that dom inate 
th e  original one w ith  regard  to d ifferent disciplines. 
T hen , it defines all possib le couples m ade up o f  
s o lu t io n s  p r o p o s e d  b y  d is c ip l in e  1 an d  2, 
respective ly . A t th is  stage, the ca lcu la tio n  o f  a 
d istance param eter allow s efficient so lutions to  be 
so rted  ou t from  the very  large set o f  all possible 
coup les. T hus, a lim ited  nu m b er o f  couples are 
au tom atica lly  chosen. T hose solutions show  sm all 
d iffe ren ce  b e tw een  d isc ip lin e  1 and  2 com m on 
variab le  values, and they are robust w ith  regard  to 
changes in those values. Then, perform ances and 
co u p lin g  fu n c tio n s  o f  th e  co m p ro m ise  des igns 
defined  by  the new  vectors o f  variables have to be 
verified .

W ithin the M O R D A C E  m ethod the designer 
needs to use a com prom ise m ethod lim ited by  the 
n u m b er o f  ev a lua tion  o f  p o ten tia l so lu tions the 
designer allow s.

M O R D A C E  uses approxim ations (response 
s u r fa c e s )  o f  th e  c o u p l in g  f u n c t io n s  in  e a c h  
discip line.

2 . 4 . 2  E n t r o p y - B a s e d  M u l t i - L e v e l  M u l t i - O b j e c t i v e  

G e n e t i c  A lg o r i th m  ( E - M M G A )

This m ethod  relies on a decom position  o f  
the  op tim ization  at the d iscip linary  level. A  first 
p roposal w as g iven  in  [13], bu t do no t take into 
account the coupling functions and w as lim ited to 
h ierarch ical system .

E ach  m u lt i -o b je c t iv e  G A  a t th e  s u b ­
problem s operates on its ow n population o f  (x c, x ) . 
The population size, n , for each sub-problem  is kept 
the same. In addition, E -M M G A  m ain ta ins tw o 
populations external to the sub-problem s: the grand 
population and the grand pool. Both are populations 
o f  com plete design variable vector: (x ,, x , , ... , x d). 

The grand population is an  estim ate o f  the solution 
set to the overall optim ization problem . The grand 
p o o l is an  a rc h iv e  o f  th e  u n io n  o f  so lu tio n s  
generated  by  the sub-problem s. The size o f  the 
grand population is the sam e as the sub-problem  
population size, n . The size o f  the grand pool is d  

tim es the size o f  the subsystem ’s population ( d  is 
the num ber o f  sub-problem s or disciplines).

The population o f  the grand population set 
is u sed  as the in itia l p o p u la tio n  fo r each  su b ­
problem . S ince the sub-problem  m ulti-ob jective 
G A s operates on its ow n variables ( x , x ) ,  only the 
chrom osom es corresponding to xc and x. are used 
in  th e  ith su b -p rob lem . A fte r  each  run  o f  su b ­
p ro b le m  m u lt i-o b je c tiv e  G A  th e re  w ill  b e  d  

populations having n  individuals each. A s each o f  
the d  populations contains only the chrom osom es 
o f  only (x c, X.), i  -  1 , . . . ,d ,  they are com pleted using 
the rest o f  the chrom osom e sequence (xp ... , x . ,, 
X  ,, ... , x j  fro m  th e  g ra n d  p o o l. A fte r  th e  
chrom osom es in all d  populations are reconstitu ted  
to  form  the com plete design variable vector, they 
are added  to  the g rand  pool. T hen  b ased  on an  
entropy index that preserves the diversification o f  
the solutions set, n  individuals are chosen w ithin 
the grand pool and replace the n  individuals from  
the grand population.

A n im portant draw back is that the size o f  the 
grand pool increases very quickly w ith the num ber 
o f  disciplines and individuals. A  variant has been 
proposed in [4]: in each subsystem  only one solution 
is selected on the Pareto frontier and its objectives 
and constraints values are used to  assign a fitness 
value for the system  level individual. The so-called 
best solution for each disciplines is chosen by an 
algorithm  thank to the designer or decision m aker 
preferences. The coupling functions are taken into 
account thanks to supplem entary constraints -added 
both at system  and subsystem  levels- and auxiliary 
variables. N ote tha t the shared variab les can be 
trea ted  as p aram ete rs  in  the su b sy stem s and  it 
reduces the dim ensionality o f  the subsystem  level 
optim ization problem s. In this last case, the coupling 
variable values are not passed to the system  level.



2 . 4 . 3  C o l l a b o r a t i v e  O p t i m i z a t i o n  S t r a t e g y  f o r  

M u l t i - O b j e c t i v e  S y s t e m s  ( C O S M O S )

Tw o v arian ts  ( C O S M O S - G  and  C O S M O S -  

L  [19]) have  been  p roposed  and  the fundam ental 
d if fe re n c e  b e tw e e n  th e m  re s id e s  in  a d if fe re n t 
tre a tm e n t o f  co m m o n  d e s ig n  v a r ia b le s . In  the 
fo llow ing , C O S M O S  refers to C O S M O S-G .

L ets n  th e  size  o f  the p opu la tion  and  d  the 
n um ber o f  d iscip lines. D uring  th e  in itia liza tion  the 
superv iso r creates a  popu la tion  o f  com m on design  
variab les  X c, w ith  x ck the  k"' e lem en t o f  the « -tup le  
X c =  (x( ],...,x  j .  E ach  d isc ip line  i  a lso  crea tes a 
p opu la tion  o f  d isc ip linary  variab les X .  =  (x .  l , . . . j c jn) .  

In  o rder to  ge t a  fu lly  determ ined  popu la tion , the 
su p e rv iso r  sends th e  « -tu p le  o f  co u p lin g  design  
variab les  X c to  each  d isc ip line. E ach  d isc ip line  i  

b u i ld s  a  d i s c ip l i n a r y  p o p u la t io n  
P o P i = { ( x c ,k ’x i ,k ) | l ^ £ < « }  fo r  w h ic h  i t  c a n  
ev a lu a te  o b je c tiv e  a n d  co n s tra in t fu n c tio n s . A n  
in itia l p opu la tion  can  b e  crea ted  b y  th e  aggregation  
o f  com m on  and  d isc ip linary  d es ign  variab les and 
saved  in  P o p  . ..r  m e m o r iz e d

Optimization at sub-system level: T he
s u p e rv is o r  p r o v id e s  a s e t  o f  c o m m o n  d e s ig n  
v ariab les  X c to  th e  d isc ip lines. E ac h  d isc ip lin e  i 

op tim izes th e  d es ign  variab les o f  a  popu la tion  o f  
ind iv iduals ( x ck, x jk)  w here 1 < k < n . T he «-tup le 
X c is  f ix e d  in  o r d e r  to  k e e p  th e  d is c ip l in a r y  
p o p u la tio n  co h e re n t w ith  th e  o th e r  d isc ip lin a ry  
p o p u la t io n s .  A t  th e  e n d  o f  th e  d i s c ip l in a r y  
o p tim iza tio n s , e ach  d isc ip lin e  sen d s  a v ec to r  o f  
d isc ip linary  design  variab les op tim ized  X *  to  the 
su p e rv iso r. S in ce  th e  v e c to r  o f  co m m o n  d es ign  
variab les  has n o t been  m od ified  in  the d isc ip line, a 
g lo b a l p o p u la tio n  can  b e  b u il t  a n d  is n a tu ra lly  
coheren t: P o PaaKBt =  { ( x c k . x \ k , . . . ,x'dJ t ) \ \  < * < « } .

Optimization at system level: T he goal is 
to  p ropose  n ew  and  b e tte r  com m on design variab les 
(in  o rder to  im prove the popu la tion ). So, the curren t 
p o p u la t io n ,  P o p  , is  a s s e m b le d  w ith  th e
m e m o r iz e d  p o p u la tio n , P o p in  o rd e r  to
p ro v id e  a  d oub le-sized  popu la tion : P o p doMe. This 
popu la tio n  is ran k ed  by  the F o n seca  and  F lem in g ’s 
crite rio n  (no tion  o f  P areto  d o m ina tion ) accord ing  
to  all th e  ob jec tive  functions o f  th e  p rob lem . T he 
bes t ind iv iduals are se lec ted  to  bu ild  a norm al-sized  
p opu la tion , P o p cumM. T his p o p u la tio n  w ill be  sent 
to  th e  d is c ip lin e s .  In  p a ra l le l ,  c ro s s -o v e r  an d  
m u ta t io n s  a r e  m a d e  o n  th e  c o m m o n  d e s ig n  
variab les  o f  the popu la tion . T h is  n ew  popu la tion

is saved: P o p m____ It w ill be  evaluated  once by
th e  d isc ip lines in  o rder to  determ ine its objective 
and  constra in t functions.

Coupling function treatment: A ll th e  
values o f  the coupling  variab les y  com puted  in  the 
d isc ip line i  a t the end  o f  its sub-system  optim ization 
are  sto red  in an  array. T his array  contains all the 
coup les ( y jk, x ck)  w here  x ck is the vecto r o f  coupled  
variab les o f  the k *  ind iv idual o f  the population , and 
y jk  is  th e  c o u p le d  v a r ia b le s  c o m p u te d  b y  th e  
co u p lin g  fu n c tio n  l. in  th e  d isc ip lin e  i w ith  the 
c o m m o n  x kc a n d  d is c ip l in a r y  v a r ia b le s  X * k 

ob ta ined  a t the end  o f  the sub-system  optim ization. 
W hen  ano ther d isc ip line j  needs the value o f  y . ,  fo r 
all its x c k it w ill search  the  correspond ing  y  -  w hen 
it ex ists  - in  the array. I f  th e  array  does n o t contain  
the desired  x ck, the c losest is p icked. In  o ther w ords, 
fo r each  d isc ip line i , there  is a  tab le  T. o f  couples 
( x c, y . )  such  as 7] c  X c x  Y/ . Thus, T. is the graph 
o f  th e  re la tion  T = ( X c, Y ., 71) w h ich  is g iven  to  the 
d isc ip line j .

O ur m ain  objective, in  th is paper, is to  study 
the behav io r o f  C O SM O S on  coupled  p roblem s and 
m o re  p re c is e ly  th e  e v o lu t io n  o f  th e  e r ro r  o f  
approx im ation  o f  the coup led  variab les in troduced  
b y  u sing  the rela tion  T. in stead  o f  the function  /.. 
W e w ill firs t in troduce the prob lem s caused  by  the 
s e p a r a t io n  o f  th e  d e s ig n  p ro b le m  in to  m o re  
au tonom ous sub-problem s.

3 PR O B L E M S C A U SE D  B Y  D ISC IPL IN E  
A U T O N O M Y

In  o rd e r  to  s tu d y  th e  t r e a tm e n t  o f  c o u p le d  
fu n c t io n s ,  w e  n e e d  to  p o in t  o u t th e  ty p e s  o f  
d ifficu lties th a t coup led  functions and  d iv is ion  o f  
w o rk  in  s u b s y s te m s  m a y  in t r o d u c e  in  
m u ltid isc ip linary  p roblem s.

F ro m  a g lo b a l p o in t  o f  v iew , a m u l t i ­
ob jec tive  m u ltid isc ip linary  p rob lem  is com posed  
o f  tw o steps: analysis and  optim ization . W ithin the 
natu ra l o rganization  - set A  in  F igure 2 - analysis 
cou ld  be  perfo rm ed  on  the w hole system  aside from  
the op tim ization  b u t d istribu tion  o f  w ork  in  m ultiple 
d isc ip lines im plies to  sp lit the problem  in a w ay  
tha t su it to  industria l con tex t - set B  in F igure 2. 
T h is  ra ise s  n ew  d ifficu ltie s  in  p ro b lem  so lv ing  
because op tim ization  and  analysis are no m ore fu lly  
so lved  a t each  step. Indeed , they  are split in  tw o 
sub-p rob lem s in  w h ich  op tim ization  and  analysis 
are p artia lly  perfo rm ed  fo r each  discipline.
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Fig. 2. D e c o m p o s i t i o n  o f  th e  p r o b l e m

3.1 Dependency Between Optimization and 
Analysis

The m ix o f  optim ization and analysis in each 
d isc ip line can lead to tw o problem s:
1. optim ization disturbs analysis : optimization could 

tend towards solutions that m ay not be feasible
2. analysis d istu rbs op tim iza tion : analysis tend 

tow ards non-optim um  solutions

1) O ptim ization  leads analysis
O ptim ization  is treated  first, and the results 

a re  g iven  to  the coup ling  functions. T he values 
co m p u ted  b y  the an a ly s is  do no t in fluence  the 
ob jec tive  values, bu t ju s t  ensure that the design 
variab les allow  to  find  a feasib le solution or not. 
T he  d es ig n  v a riab les  are  seen  b y  the coup ling  
fu n c t io n s  as  s im p le  p a ra m e te r s  so  it  c a n n o t 
in fluence  on the ir cho ice . T he m ultid isc ip linary  
feasib ility  becom es m ore d ifficult to reach. 2

2) A nalysis leads optim ization
T h e  a n a ly z e r s  g iv e  s o lu t io n s  to  th e  

op tim izers w hich select the optim um . The analyzer 
m ay give solutions w hich  are not optim um .

C O SM O S uses the first solution: the first 
goal is to reach the d iscip lines objectives, and the 
coupled  variables are ju s t results com puted at the 
end  o f  the d iscip linary  optim ization  process that 
a re  n e e d e d  in  o th e r  d is c ip lin e s .  T h is  can  be  
illustrated  by  using another notation derived  from  
th e  s ta n d a rd  tw o  d is c ip lin e  m u lt id is c ip lin a ry  
optim ization  problem  (1) w here the objective is to 
m in im ize the state variables:

n  f  I P S “ 1 el(xcix l,ya) f min u2 := e2(xc,x 2,y 1)

U l= h (lc ,X l,« l)  1 y-2 =  t2(xc,X2,Ul)

In the notation described in (5), coupling 
functions and state equations are confused, and the 
evaluation o f  the objective function com es after 
the analysis. However, in the latter notation  (9), 
o b jec tive  and  sta te function  a re  con fused , and  
evaluation o f  the coupling functions only com es 
after optim ization.

F ro m  th is  p o in t  o f  v iew , d is c ip l in a ry  
o p tim iz a t io n  is m o re  im p o r ta n t  th a n  
m u ltid isc ip lin a ry  consistency . T h is m eans th a t 
C O S M O S  is m o re  su ite d  to  p ro b le m s  w h ere  
disciplinary optim ization is difficult but coupling 
betw een disciplines is w eak.

M oreover, i f  w e rem ove u. in the right side 
o f  the  cou p lin g  fu n c tio n s , the  re so lu tio n  w ith  
classical m ono-level m ethods is obvious because 
the m ultidisciplinary analysis consists in function 
evaluations. This sort o f  coupling is only difficult 
w hen optim izers and analyzers cannot access all 
the disciplinary variables a t the sam e tim e. These 
organizational constrain ts cannot be hand led  by  
m ono-level methods, only by m ulti-level ones as 
p resen ted  prev iously . A n app rox im ation  o f  the 
coupling function has to  be found.

3.2 Approximation of Coupling Variables

A  discipline D .  needs a coupling variable y  

from  discipline D .  to  solve its problem . G iving the 
value o f  the coupling variable y .  at a tim e t  is not 
useful w ithout know ing the param eters x c, x . , y .  used 
to find it. O ne w ay to  do it, is to let the system  
level in charge o f  proposing a set o f  variables to 
the disciplines and ensure that it is consistent w ith 
the values com puted in the disciplines (as in CO). 
A no ther one, is to  use an  approx im ation  o f  the 
c o u p l in g  fu n c tio n  / in  th e  d is c ip l in e  D .  

(C S S O ,M O R D A C E ). C O SM O S has a d ifferen t 
approach using an array  at each system  iteration, 
the X are consistent, the x  are the ones obtained at 
the end o f  optim ization o f  each discipline and the 
y .  are approxim ated using the table T..

I f  w e call y  the approxim ation  o fy . found 
in T , it seem s that as the popula tion  converge to 
the optim um  solutions, the d istance betw een  y  

a n d  y .  te n d s  to w a rd  z e ro . T h e  n e x t  s e c t io n  
describes the test p rob lem s designed to verify  this 
hypothesis.



4 T E ST  PR O B L E M S 4.3 Problem #3

To te s t the beh av io u r o f  C O S M O S, w e have 
im p lem en ted  several exam ples. P ro b lem s #1 , #2 
and  #3 are  b u ilt to  show  norm al cond itions. #4  and 
#5  w ere  e sp e c ia lly  d es ig n ed  to  ex h ib it sp ec ific  
behav iou rs in  lim it conditions.

A ll the p rob lem s g iven  are m u lti-ob jec tives 
p e r  sub-system s. T hey  rem ain  sim ple because  our 
g o a l  is  to  u n d e r s ta n d  th e  b e h a v io u r  o f  th e  
ap p rox im ation  m ethod  on  coup led  p rob lem s. Thus 
th e  resu lts  shou ld  n o t b e  h idden  by  th e  com plex ity  
o f  the o the r p arts  o f  th e  problem .

4.1 Problem #1

x c  6  [0 ; 1 0 ] ,x i , x 2 , x 3, i 4 e  [0 ; 2 0 ]
S ub-system  1

P ÌP  f i ( x c j x i )  =  ( x i  -  l ) 2 +  (x e -  3) 2

2m in / 2 (x c ,x 2) =  (x-2 -  3 )2 +  -  9 ) 2Xc,X-2
X i

( 10)

/ 2(x c,x 2) +  0.1
S ub-system  2

m in  / 3 (xc,x 3) =  ( x 3 -  4 )2 +  (xe -  5) 2Xc,Xs
m in M x c , x 4) -  ( y  -  5 )2 +  (x4 -  5 )2 ( J j )

+  ( x c -  9) 2

4.2 Problem #2

xc,x i ,x 2,x 3,x4,x5,x6 G [-20; 20]
S ub-system  1

m in / i ( x c, x i , x 2) =  (x i — l )2 +  x 2 2 
xc,a;i,a;2

m in / 2 (xc, x i , x 2) =  x c x (xa -  3 ) 2 x  (x2 -  7)
Xc,Xi,X2

m in / 3 (xc, x i , x 2) = x i  +  x 2 +  1  

2/12 =  2/13 =  10 X X! +  x c

S ub-system  2

2

( 12)

m in / 4 (xc, x3l x 4) =  x32 +  (x4 — 3) 2
x c , 353, 2:4

a\2m in / 5 (xc, x3, X4 ) =  t/12  +  (x3 +  X4 ) 2 +  (xc -  4)
Xc,X$,X<i

m in / 6 (xc, x3, x 4) =  1/32 X x 3 X x4 X x c (13)
XC,X$,X4

S ub-system  3
m in / 7 (xc,X5 ,X6 ) =  7 x y ( 3 / x c + 0 .1

XcXSiXG

m in / 8 (xc,x 5 , x 6) =  (x5 -  l ) 2  +  (x6 -  9 )2
Xc,Xb ,X6

1/32 =  10 X Xc +  X5
(14)

X c ,x i,x 2, X3, X4 G [0; 20]
S ub-system  1

m in / i ( x c, x i)  =  (x i -  l )2 +  (xc -  3 ) 2 +  ( y 3 -  5)2
*c »*1
m in f 2 ( x c , x2) =  (x2 -  3)2  +  (xc -  7) 2 +  (j/4 -  7)2
XC,X2

(15)
2/1 =

2 /2  :

x2

y/ x c +  x i  +  0 .1
x 1

y f  Xc  “I“ X2 +  0.1

S ub-system  2
m in / 3(xc, x3) =  (x3 -  3)2 +  (xc -  5)2 +  ( y i  -  3)2

2 , n \2
®e»*3

2/3

2/4 =

m in /4  (xc, X4 ) =  (x4 -  5)2 +  (xc -  9)2 +  (jo -  9)2iZ/c
^3

\ /x c -f- a?4 -|- 0.1 
X4

\ / x c +  x 3  +  0 . 1

(16)

4.4 Problem #4

Xc G [-5 0 :5 0 ] , x i , x2,X3,X4 G [—10; 10]
Sub-system  1

(X i-X c + O .l)2
mm / i ( x c,x i)  =  x i X

(x i -  t/2 +  0.1)2
, , ,  . (x2 — x c +  0 .1 ) 2 (17)

mm / 2(xc,x2) =  X2 X -,------------T7Tn2
*«.*1 ( x 2 1/2 +  0 .1)2

l/l =  Xc
S ub-system  2

■ c /  % (x3 -  xc +  0.1)2
mm / 3(xc,x3) =  x3 X ------------Trvnž"
*<=■** ( x 3 i/i +  0.1)*

t  ,  X „  (x4 - x c + 0 .1 )2 (18)
m m  / 4(xc,X4) =  -X 4 X

2/2 =  Xc

4.5 Problem #5

X c,x 1 ,x 2 ,x 3 )X4 G [—50; 50]
S ub-system  1

min / i ( x c, x i)  =  (xi -  l )2 +  (xc -  3) 2 4- (1/3 -  5)2
X c , X t

min / 2 (xc, x2) =  (x2 -  3)2 +  (xc -  7)2 +  (j/4 -  7)2
X C, X 2

y i =  (vs +  2)2 -  22 (19)
2/2 =  (2/4 +  2)2 — 22

S ub-system  2
m in / 3 (xc, x3) -  (x3 -  3)2 +  (xc -  5 )2 +  (yi -  3)2
*c>®3
min /»(xc, X4) =  (x4 -  5) 2 +  (xc -  9) 2 -f ( 1/2 -  9 )2

,  , , v 2  00 (2 °)
2/3 =  (2/1 +  8) — 33 
2/4 =  (2/2 +  3)2 -  33



5 RESULTS

C O SM O S has been run on each test problem  
w ith  tw o  se ts  o f  p a ra m e te rs : th e  f irs t w ith  a 
popula tion  o f  20 individuals, 20 system  iterations 
and  20 subsystem  iterations (light); the second one 
w ith  100 ind iv iduals , 50 system  and  subsystem  
iterations (heavy).

Two criteria are verified  for the validation 
o f  results. First, the convergence o f  the approxim ate 
co u p led  variab le  to  its rea l va lue , and  then  the 
quality  o f  the solutions obtained.

5.1 Convergence of Coupled Variables

D u rin g  s u b s y s te m  o p tim iz a t io n ,  e a c h  
d is c ip l in e  o n ly  k n o w s  th e  c o u p le d  v a r ia b le  
com puted  in the other subsystem  at the previous 
s y s te m  i te r a t io n  a n d  u s e s  it  to  f in d  an  
approxim ation  o f  its real value.

We only  evaluate the evolution  o f  the error 
o f  th e  ap p rox im ation  o f  the  coup ling  functions 
a lo n g  tim e (i.e ., a t e a ch  ite ra tio n )  and  n o t the  
evo lu tion  o f  coupling variab les to the ir optim um  
value at the end o f  the optim ization  process. We

also verify i f  the y .  w hich is pu t in the array T. is 
the one that w ould  g ive the best approxim ation  
am ong all the y .  w hich have been com puted during 
the sub-system  optim ization.

Table 1 presents the results com puted on the 
problem s #1, #2, #3 #4 and #5 w ith the l ig h t  and 
h e a v y  sets o f  param eters. The results are given in 
%  o f  the error relative to the size o f  the dom ain o f  
the coupled variables.

We o b se rv e  th a t th e  e rro r  b e tw e e n  the 
approxim ation  and the real value is quite sm all 
except for y n  and y l} in exam ple #2 as show n in 
Figures 4 and 5. The fact that a coupling function 
is used in tw o different disciplines at the sam e tim e 
seem s to disturb its approxim ation. We also notice 
that the m ean value o f  the erro r is close to  the 
m inim um  value except for this coupling variable 
that seems to  indicate that there are as m any good 
values as bad ones. Two phenom ena could explain 
these errors:
• The values o f  x c do no t cover its domain: the 

o p tim u m  x c fo r d is c ip lin e s  1, 2 and  3 a re  
re sp e c tiv e ly  in {-20}, [-20 ,4] and  {20} so 
X* g [-20,4] e {20}. For values o f  xc e ]4;20[ the 
approxim ation w ill not be good.

Table 1. M in im u m , m e a n  a n d  m a x im u m  v a lu e  o f  th e  e r r o r  o f  a p p r o x im a t io n  ( % ) ;  1 m inim um , m ean and 
m axim um  value o f  the erro r o f  approxim ation (% )

opt. test var. min mean max
L ight #1 u 0.0007 0.0157 0.1038

#2 y u 0.0192 9.2963 38.2864
T32 0.0041 1.4345 21.3760

#3 y \ 0.0047 0.1540 0.4441
T2 0.0047 0.2923 0.9366
T3 0.0051 0.1391 0.9548
T4 0.0972 0.4443 0.8602

#4 y \ 0.0495 2.4839 15.0109

y i 0.0495 2.4839 15.0109

H eavy #1 y \ 0.0001 0.0030 0.0129
#2 y u 0.1293 15.5426 41.0447

T32 0.0002 0.1891 2.4605
#3 Tl 0.0041 0.2539 1.3165

T2 0.0035 0.2215 1.0609
T3 0.0022 0.2020 0.8487
T4 0.0008 0.3336 1.3102

#4 y \ 0.0054 0.4863 2.3182

y i 0.0054 0.4863 2.3182
#5 y  i failed failed failed

y i failed failed failed

T3 failed failed failed
T4 failed failed failed



System iterations

Fig. 3. R e l a t i v e  e r r o r  o f  y  o n  # 1  ( l ig h t )

• T he op tim um  value  o f  x  is n o t un iq u e  bu t in  
[-20 ;3 ] W hen  th is  va lue  is u n iq u e , the  o ther 
d i s c ip l in e  o n ly  h a s  o n e  c h o ic e  f o r  th e  
co rrespond ing  x c. H ere  th e  d isc ip line  increases 
its p ro b ab ility  to  p ic k  an  x c co rresp o n d in g  to  
the x, th a t does no t g ive th e  op tim um  value o f  
y ^ x  fo r its ow n  discip line.

There is no strict decrease o f  the error along 
time. B ut w e notice a global decrease around the five 
firsts iterations w hich is stabilized then (Figs. 3 and 6).

T he error o f  the approxim ation, in the general 
case, does no t decrease bu t stays quite sm all along 
time. M oreover, the tests perform ed w ith  the heavy 
set o f  param eters are less chaotic (e.g., the differences 
betw een  F igures 4  and 5). W e exp lain  this b y  the 
spread o f  the values o f  v  in  the coupling table. Indeed, 
the larger the population is, the m ore chance w e have 
to  find  a x  in  the table w hich is close to the value w ec
need. This error should also tend tow ard  zero i f  the 
population tends to  a  unique x c.

Sy3tem iterations

Fig. 5. R e l a t i v e  e r r o r  o f  y I2 =  y l3 o n  # 2  ( h e a v y )

System iterations

Fig. 4. R e l a t i v e  e r r o r  o f y n  =  y l}  o n  # 2  ( l ig h t )

To sum m arize, on  m ost cases w e distinguish  
tw o  p h a s e s  in  th e  e v o lu t io n  o f  th e  e r r o r  o f  
approx im ation  o f  the coup led  variab les illustrated  
b y  F igure 7. T he firs t phase is a global decrease o f  
the erro r due to the convergence o f  the individuals 
(d isc ip linary  variables). T he second  phase is a state 
w h ere  th e  erro r is s tab ilized  and  does n o t show  
n o ticeab le  changes. T he evo lu tion  is chaotic and 
i ts  a m p l i tu d e  d e c r e a s e s  w h e n  w e  a d d  m o re  
in d iv id u a ls  in  th e  p o p u la tio n . T he  d is ta n c e  d  

decreases by  increasing  th e  popu la tion  size.
T h is d esc rip tio n  seem s to  be  re lev an t on 

exam ples w here the ob jective functions are convex. 
U n d er th is assum ption, to  each x c, there is a  single 
and  un ique  x ]  tha t m in im ize  f .  T hus, there  is a 
function  s .  : X  - »  X .  * U . th a t a llow  to  rep lace thel C l I r

system derations

Fig. 6. R e l a t i v e  e r r o r  o f  y t  o n  # 3  ( l ig h t )



Fig. 7. S c h e m e  o f  th e  e v o l u t i o n  o f  th e  e r r o r  a lo n g  

t im e

function  /. =  (X c x X .  x U ., Y ,  tf f)  by a sim plified 
one t . =  ( X ,  Y., £ )  w ith  Cju =  {( xc, y ) ( ( x c, s ( x ) ) , y )  

e  £ . } ,  w here (ff  is the graph o f  the function f i  <fif =  

{(x, y ) \ y  =  /fx)}. We have 2" thus i f  the objective 
functions are convex, 2"is a good candidate for the 
approxim ation  o f  / .

M oreover, - as show n  on  F igure  6 - the 
approxim ation  at the system  level is no t alw ays the 
b es t com puted at subsystem  level. This is true in 
tw o conditions:
• the optim um  o f  the x  are unique and the system  

d id  no t yet converge to  these solutions.
• the op tim um  o f  the x. are no t un ique and  as 

explained above, the x. value p icked by  the first 
d isc ip line  does n o t co rrespond  to  the x .  that 
g iv e s  th e  b e s t  (xc, x.) th a t can  le ad  to  th e  
optim um  solution  o f  the coupled  variable for 
the o ther discipline.

Exam ple #5 does no t fit to the sam e category 
o f  p roblem s tested. The coupling  functions have 
been  chosen as a system  o f  equation  that do not

Fig. 8. P a r e to  f r o n t  f - f 2 o n  # 3

converge w ith a Fixed Point Iteration algorithm . 
O n th is problem , C O SM O S does no t converge 
either. The error o f  approxim ation increases during 
time.

5.2 Quality of Solutions

The solutions found for problem s #1 and 
#3 are optim um. They correspond to the solutions 
that are Pareto-optim um  in the both disciplines at 
the sam e tim e. Thus, w e are sure that they are on 
the global Pareto front. Indeed, for the first test 
p rob lem , C O SM O S g lo b a lly  co n v erg ed  to  the 
solutions X* =  ( a ,  1, 3, 3, 5) w ith a  e  [3;7] w hich 
are optim um  solutions o f  the problem . Results o f  
the third test problem  are satisfying too (Figs. 8 
and 9). The thin lines at the bottom  o f  the figures 
are the Pareto frontiers o f  the tw o sub-problem s 
solved independently. The larger line corresponds 
to the Pareto front for fixed values o f  the other sub­
problem s at their optim um  (i.e. x3 = 3 and x4 = 5 in 
the first discipline, and x 1 =  1 and x2 =  3 for the 
second one). The solutions found by CO SM O S are 
close to this second Pareto front.

O n  e x a m p le  # 4  th e  c o u p le d  v a r ia b le  
converged  b u t C O SM O S did  no t find  the righ t 
solution. Indeed, the optim um  solution is unique 
an d  (y i* ,/2* , / ; , / 4*) =  (-1 0 , -10 , -1 0 , -1 0 ) b u t 
CO SM O S converged to a unique point ( f x, f r f v f i )  

=  (0, 0, 0, 0). We explain this behavior by the fact 
that the population is used  at the sam e tim e to  fit 
the objectives and to fit the approxim ation o f  the 
co u p lin g  fu n c tio n s . F lere, th is  in te rfe re n c e  is

Fig. 9. P a r e to  f r o n t  f - f  o n  # 3



explicit because the common variables are also the 
coupling variables.

If we call P, the set o f solutions found by 
COSMOS, and S the set o f theoretical solutions 
found for the global optimization problem, the P 
solution are all in the Pareto set of the global problem 
St (i.e., P c S t ) but they are not spread on the whole 
Pareto front (i.e., P riS ,  0 ). This comes from the 
decomposition o f  a m ulti-objective problem in 
multiple multi-objective sub-problems. One way to 
obtain lost solutions is described in [10],

6 CONCLUSION

Many methods have been proposed to solve 
m ultid iscip linary  problem s. M ono-level ones 
(MDF, IDF, AAO), are global methods and thus 
are not adapted to the context of extended enterprise 
w here each  d isc ip lin e  has to  so lve its own 
optimization problem without direct access to the 
others variables. Multi-level methods give more 
autonomy to the disciplines but most of them are 
not specifica lly  designed for m ulti-ob jective 
problems and need adaptations to propose more 
than one solution to the designer. COSMOS has 
been developed to fulfil these problems.

In this paper, we pointed out problems that 
can arise in the treatment o f coupling variables in 
m ulti-objective m ultidisciplinary optimization. 
COSMOS, as a first step, has only be tested on 
sim ple exam ple prob lem s and it w ould  be 
interesting to perform more tests and particularly 
real industrial problems.

Nevertheless, it appears that in this case and 
under the assum ption o f  “to a given common 
variable x , it exists one and only one value x* of 
the disciplinary variable x  that m inim izes the 
objective function^”, the array that uses COSMOS 
to approximate the coupling functions is a good 
approxim ation o f  the coupling functions. This 
assumption comes true if  the objective function is 
convex. However, in general case our tests indicate 
that if  this condition is not verified, the method is 
not capable o f determining the correct value for 
approxim ation. Moreover, we showed that the 
values that are kept for approximation - the ones 
found at the end of subsystem optimization - are 
not always the values which give the best results. 
The system tends to solutions that are optimum for 
the objective functions but not enough to solutions 
that respect the coupling functions.

Taking into account these results, future 
research will focus on improving the method of 
approximation o f coupling functions.

All the above methods have been intensively 
studied in the literature, many classification of 
methods exists but nothing about the problems. The 
difficulties pointed out in this paper could be use 
as a basis o f a classification o f multi-objective 
m ultidisciplinary design problems. This would 
permit to run tests on specific class in order to test 
the methods.
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