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Numerical and Experimental Analysis of a Shaft Bow 
Influence on a Rotor to Stator Contact Dynamics
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The shaft bow problem presents a real situation especially in case o f  slender rotors. This paper 
investigates the shaft bow influence on the rotor-stator contact dynamics. For this purpose the rotor is 
described as a simple Jeffcott model and the stator as an elastically suspended rigid ring. To test the 
numerical model, except a usual run down analysis, an emergency shut down after the sudden rotor 
unbalance increase is also analyzed. Numerical integration is carried out by the fourth-order Runge- 
Kutta method. Two different normal force models fo r  the rotor-stator interaction are analyzed. For 
analyzed parameters, both linear and nonlinear (Hunt and Crossley), normal force models gave similar 
rotor and stator responses. To confirm some o f  the results and to tune the numerical model, the 
experimental investigation on the test rig was conducted.
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0 IN T R O D U C T IO N

C ontact o r rub  betw een  ro to r and  sta to r is 
one o f  the m o st in tensive research  sub jects in 
ro to r dynam ics. M ost papers w h ich  are 
considering  th e  ro to r-sta to r contac t phenom ena 
can be  classified  in  rig id  ro to r d isc-rig id  sta tor 
con tac t [1] to  [3], b laded  d isc -sta to r contacts [4] 
and ro to r-sta to r con tac t in  re ta iner bearings w hen  
the ro to r is supported  b y  ac tive m agnetic bearings 
[5] and  [6]. C hoy  and  P adovan  [1] deve loped  a 
general analy tica l rub  m odel u sing  the fo llow ing  
assum ptions: sim ple Jeffco tt ro to r m odel, linear 
stiffness and  dam ping  characteristics, rig id  casing  
supported  by  springs ac ting  in the rad ia l direction , 
m ass inertia  o f  the casing  sm all enough  to  be 
neg lec ted , sim ple C oulom b fric tion  and  onset o f  
rub  caused  b y  unbalance. B artha [2] perfo rm ed  an 
ex tensive num erica l and  experim ental research  o f  
the backw ard  w hirl o f  ro tors considering  the rig id  
and  e lastica lly  suspended  stator. V on  G rol and 
E w ins com pared  m easurem en ts and  sim ulations 
for a  w indm illing  im balance in  aero-engines 
w h ich  is v ery  sim ila r to the classical ro to r to 
sta to r contact. T hey  have revealed  the ro tor 
response  rich  in  d iffe ren t subharm onics. Influence 
o f  to rs ion  on  the ro to r-sta to r contac t w as 
in troduced  b y  E dw ards e t al. [7]. A tten tion  w as 
pa id  to  the effec ts o f  to rsion  on a  steady  state

response o f  a system  experiencing  ro to r to sta tor 
contact. T he analyzed  Jeffco tt ro to r m odel had 
only  3 degrees o f  freedom  -  d .o.f. because  the 
sta tor w as assum ed to  be  rigid. Ž igu lić  et al. [8] 
considered  non linear dynam ics o f  a ro to r 
supported  by  tw o d ry -fric tion  bearings. T he ro tor 
w as m odeled  w ith  FE M -F in ite  e lem ent m ethod  
and the ob ta ined  non linear system  w as in tegrated  
w ith  H ilbert-H ughes-T ay lo r -  H H T  a m ethod.

K arpenko  et al. [9] have show n how  the 
p reload ing  o f  the snubber ring  cou ld  stabilize the 
dynam ic response o f  the rotor. T heoretical 
p red ic tions o f  the tw o-degrees-of-freedom  
Jeffco tt ro to r m odel w ith  the preloaded  snubber 
ring  sub jec ted  to ou t-of-balance excita tion  w as 
stud ied  in [10], w hile an experim ental verification  
w ith  special a tten tion  to the analysis o f  the shaft 
ro tational speed  (excitation  frequency) as w ell as 
d ifferen t eccen tric ities and  p re load ing  w as given 
in [11].

T his p ape r considers the con tac t betw een  
the rotor, w ith  a bow ed  shaft, and  the sta tor at the 
position  o f  ro to r disc (seal), afte r the appearance 
o f  sudden unbalance due to b lade loss. L inear and 
non linear m odels o f  the norm al con tac t force are 
com pared  fo r d iffe ren t shaft b ow  -  m ass 
unbalance com binations. In th is study, not only  
lateral b u t also  torsional d .o .f. are taken into 
account a llow ing  the additional ex tension  o f  the
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m odel w ith  m echan ica l m odel o f  the  induc tion  
m otor. R esu lts o f  n um erica l s im u la tions and  
experim ents are p resen ted  and  com pared  u sin g  
the ro to r and sta to r responses in  tim e dom ain , 
spectral m aps and  ro to r o rb its

1 M O D E L IN G  O F T H E  R O T O R -S T A T O R  
S Y S T E M

A  ra ther sim ple m ech an ica l m odel fo r the 
ro tor-sta to r in te rac tion  descrip tio n  is used. T he 
ro to r is described  b y  Je ffco tt m odel w ith  a shaft 
bow  w hile the sta to r is m od e led  as an  e lastica lly  
suspended rig id  ring . E x cep t trad itional 
consideration  o f  th e  ro to r  la tera l d .o .f. (xr, y r), 
to rsional d .o .f. (<pT) is tak en  in to  accoun t a llow ing  
an  ex tension  o f  the m o d e l w ith  to rs io n a l d .o .f. o f  
the induction  m o to r ( tpm) as w ell as app rop ria te  
m echan ica l m odel. T o  keep  consis tency  o f  the 
described  considera tion  the  s ta to r had  add itiona l 
th ree d .o .f., tw o  la teral (xs, y s) an d  one to rsional 
(<pj. F ig. 1 show s the considered  ro to r-s ta to r 
system . N ex t sec tions b rie fly  d iscuss the 
d ifferen tia l equa tions o f  m o tion , the con tac t 
m odel and  m echan ica l m odel o f  th e  induc tion  
m otor.

Motor

Fig. 1. Extended Jeffcott rotor model

1.1. Differential equations of motion

T he equa tions o f  m o tion  fo r the system  
described  above can  b e  deriv ed  u s in g  the 
L agrange equations and  have  the fo llo w in g  form :

wrxr +crxr +krxr = mretp2 cos (p+mreip sin (p+krxa -F Cl

+ Cj r + K y r  =  m i e <P2 s i n t p - m č č p m s c p + k j a - F Cy 

J Ä  +  Cn {<Pr- < P m )  + K  { (P r  ~ < P m )  =  M r l  ~ M C

msys+cJ s + ksys = Fcy
+cA + ^ < ps = m c

J jp m + c „ (%, -<pr ) + K  (<pm - <pt ) = M k  +  M m

( 1 )
T he E q u atio n  (1) is taken  from  literatu re

[12] an d  p resen ts  a  fu rther d eve lopm en t o f  the 
m odels found  in  [2], [7] and  [13], w here  mr, ms, c, 
c s, k, ks are  m ass p aram eters, la teral dam ping 
coeffic ien ts  and  s tiffnesses o f  the ro to r an d  sta tor 
respective ly , crt, cst, kn and  kst are  to rsional 
dam p in g  coeffic ien ts  and  stifnesses o f  th e  ro to r 
sha ft and  sta to r, e is th e  ro to r m ass eccen tric ity , 
Jx, J s and  J m rep resen t m ass m om ents o f  inertia  o f  
th e  ro to r, s ta to r an d  induc tion  m o to r respectively . 
Mfi\ an d  Mfr2 rep resen t the to rques o f  to ta l losses 
(fric tion  in  bearings and  losses in  m o to r fan). 
T hese  to rques w ere  iden tified  from  the 
m easu rem en ts  conduc ted  on  the te st rig. To 
sim plify  the a lready  com plicated  m odel, ro to r and 
s ta to r are  assum ed  as iso trop ic  regard ing  lateral 
s tiffness an d  dam ping  coeffic ien t, w h a t is still 
com m on  p rac tice  in  literatu re  [14],

V ec to r rr0 from  the F ig . 2 rep resen ts the 
sta tic  eq u ilib rium  positio n  o f  the b o w ed  shaft
[13 ] , w h ere  x^  an d  yvo are  its X ,Y  com ponen ts 
and  are g iven  by

X r 0 = r0x C 0S<Pr ~ r0y  ^ n (Pr

y r0 =  r0x  s i n  <Pr + r0x  cos V,- (2)

C om ponen ts r0x and  r0y rep resen t th e  static 
eq u ilib rium  p o sitio n  o f  the bow ed  shaft in the 
ro to r fixed  x ,y ,z  coord ina te  system .



C ontact fo rces FCx and  FCy as w ell as the 
contact m om ent Mc are  defined, accord ing  to  Fig. 
3, by  the fo llow ing  expression:

Fc* =FN c o s r - F T siny

F Cy =  F ’n  sin  y  + Fj  c o s y

M c = FT R (3)

w here the no rm al F N and  the tangen tia l FT contact 
forces have positive  value w hen  they are acting 
on the stator. F ig . 3 p resen ts the geom etry  o f  the 
ro to r - sta to r con tac t m odel w ith  force definition.

1.2. Contact Models

T raditionally , fo r the ro to r-sta to r im pact 
m odeling , tw o  d iffe ren t m ethods have been  
applied , nam ely  th e  N ew to n ’s restitu tion  
coeffic ien t m odel and  the C on tact force- 
inden tation  m odel. T he firs t m odel is based  on the 
sim plify ing  assum ption  o f  p erfec tly  rig id  bodies. 
A ctua l p hysica l ob jec ts are com plian t and  hence 
the im pact du ration  is stric tly  g rea ter than  zero. 
T his m ore rea listic  v iew  o f  im pact phenom ena led 
m any  researchers to  consider the continuous- 
dynam ics m odels o f  co llision  w here bodies 
deform, during  im pact and  the co llision  dynam ics 
is trea ted  as a con tinuous-tim e dynam ic 
phenom enon . In  its general form , the force- 
inden tation  re la tionsh ip  looks like [15]:

FN =Fk(^) + F’c ( j , j )  + Fp( j , (?) (4)

w here, Fk is the e lastic  (conservative) part o f  the 
norm al con tac t fo rce F N, Fc the  v iscous dam ping 
p a rt and  Fp the  d issipative part due to p lastic 
defo rm ation . In  th e  paper, p lastic  d issipations 
hav e  been  neg lec ted . F ig. 4  show s the norm al

F ig .3. Geometry o f  the rotor - stator contact 
model

contact force m odel p resen ted  as a sp ring -dam per 
system .

In the developm ent o f  the elastic  re la tion  
Ff§) ,  the  H ertz theory  has to  be m en tioned . A  
very  com m only u sed  expression  is the fo rce- 
indentation  rela tion  fo r sphere to sphere contact, 
according to  H ertz:

^  = K S m  (5)

w here, Fk is the norm al force p ressing  the solids 
together, <5 represents the approach  o f  tw o 
spheres, i.e. to ta l deform ation  o f  bo th  surfaces 
w hile ks is a  constan t depending  on  the sphere 
radii and  elastic properties o f  the sphere 
m aterials.

F ig .4 . Normal contact force model -  a spring- 
damper system

For the case o f  a cy lindrica l jo in t, R ivin
[16] based  his analysis on a  h a lf  sine d istribution  
o f  con tac t p ressu re betw een  shaft and  bearing. To 
ca lcu late the pressu re d istribution , he considered 
tw o possib le  m odels for the force -  deform ation  
rela tion , linear and  quadratic:

Fk =k,S (6)

R esults o f  h is experim ents carried  ou t w ith  cast 
iron and hardened  steel show ed that the quadratic 
m odel o ffered  a b e tter correla tion  o f  the force 
deflection  in  a jo u rn a l bearing  w hen a h igh load 
per un it leng th  w as applied. For low  loads, the 
linear m odel rep resen ted  a b e tter fit.

T he sim plest m odel o f  v iscous d issipation  
Fc ( d ,d )  w h ich  is know n from  the literature [1] is

a  linear dam per,

Numerical and Experimental Analysis o f a Shaft Bow Influence on a Rotor to Stator Contact Dynamics 695



=  c ò  ( 8)

w here c is the v iscous dam ping  coeffic ient.
N on-linea r exp ression  fo r v isco -e lastic  

force, o rig inally  p ro p o sed  b y  H un t and  C rossley  
[17], is g iven by

Fc = M n8  (9)

w here A and n are  m odel param eters. F ig . 5 
show s responses o f  tw o an a ly zed  m odels o f  the 
con tac t force rega rd ing  d iffe ren t com bination  o f  
the elastic  fo rce m odels Fk and  dam ping  force 
m odels Fc.

T he area b o u n d ed  b y  hysteresis  loop 
rep resen ts a loss o f  w o rk  d u ring  an  im p ac t o f  
ro to r and  sta to r and  can  be exp ressed  by,

W =  f F c d x  (10)

T he linear con tac t fo rce  m odel is d escribed  
by  the w ell know n lin ear equation :

m S  +  c 8  + kS  =  0 ( 11)

w here c is the v isco u s dam ping  coeffic ien t, k  is 
the stiffness, 8  = Irl -  Cr is the  local d efo rm ation  

o f  the ro to r and  s ta to r in the con tac t p o in t in 

norm al d irec tion , 8  is the re la tiv e  velocity  o f  the 
ro to r and  sta to r a long  norm al d irec tion  d u ring  the

contac t, |r| = y/(xr -  xsf  + (yr -  y sf  is the

m agn itude  o f  vec to r d iffe rence  betw een  ro to r and 
sta to r d isp lacem en t acco rd ing  to  Fig. 3 and  C r is 
the rad ia l c learance  be tw een  ro to r and  stator.

F ,\

F ig .5. Models o f  normal contact force

In  o rder to  e lim in a te  the n ega tive  fo rces 
tha t appear in the linear m odel and  w ith  the 
im provem en t in  th e  sense o f  avo id ing  the 
d iscon tinu ity , H u n t an d  C rossley  fo rm ula ted  the 
equation:

m 8 + (A 8n)8  + k 8 n =  0

T h eir  th eo ry  g ives a  re la tionsh ip  betw een  
restitu tion  co e ffic ien t and  d iss ipation  in contacts 
v ia  assum ption  o f  linear d ependency  o f  the 
restitu tio n  coe ffic ien t e and  in itia l im p ac t velocity  
v0 i.e.

s  = \ - a v 0 (13)

T hus, acco rd ing  to  [17] E qua tion  (12) can 
be  w ritten  in  the  fo llow ing  form

m 8  +  k S n —a 8  + 1 
2

=  0
(14)

w h ere  a is the co nstan t depen d en t m ain ly  
on  m ateria l a n d  geom etry  o f  b o d ies  in  contact. 
B ased  on  E q u atio n  (14) tw o sep ara te  parts  o f  
n o rm al con tac t fo rce  can  b e  iden tified ,

FN = F c + F k = ^ a k S n8  + k S a

A cco rd in g  to  [16], index  n can  vary 
betw een  1 an d  2 fo r cy lind rica l jo in ts , so the 
cho ice  o f  n = 3 /2 , o rig ina lly  p ro p o sed  by  H ertz  
(see  E quation  (5)), seem s fa irly  reasonab le .

In th is  p ap e r bo th  n o rm al fo rce  m odel? 
( lin ea r-E q u a tio n s  (6 ), (8 ) and  n o n lin ea r-E q u a tio n  
(15 )) hav e  b ee n  u sed  and  com pared .

T angen tia l con tac t fo rce has been 
rep resen ted  by  the C ou lom b dry  fric tion  law. The 
d efin ition  o f  th e  con tac t m odel d escribed  above 
can  be  exp ressed  as fo llow s

^N =
0

^ k + ^ c

fo r r <  Cr 

fo r r >  Cr

F j  =  MCFU sgnOsi) (16)

w h ere  / 4  is th e  coe ffic ien t o f  fric tion  and  vs/ is the 
slid ing  velo c ity  betw een  ro to r an d  s ta to r surfaces 
in  contac t. T he  ang le  y  from  equa tion  (3) 
rep resen ts the n o rm al force ang le  o r d irec tion  o f  
the  sm allest gap  w hen  ro to r and  s ta to r are no t in 
con tac t i.e.

* r - * s  (17)

T o determ ine  8  and  vsi fu rth e r vecto r 
ca lcu la tio n  shou ld  be  taken. F ig . 6  show s the 
velo c ity  d efin ition  fo r the ro to r an d  sta to r in 
con tac t. I f  the no rm al d irec tion  is know n,



»o = n >  ** =  — [xr x s ,  y T ys ]H (18)

as w ell as the velocities o f  ro to r and sta to r centers 
vr = K o V yr] and  vs = [ v xs,v ys] ,  one can  easily  

ob ta in  the re la tive  norm al ro to r-to -sta to r velocity ,

^  =  vm - vsn (19)

w here vm =  vr • n0 and  vsn —vs -n0 rep resen t the 

ro to r and  s ta to r velocities in  norm al direction .

F ig .6 . Velocity definition fo r  rotor and stator in 
contact

T he slid in g  velocity  vsJ can b e  further 
defin ed  as,

w here M max and s,™ are the m ax im um  m otor 
to rque or b reakdow n to rque and slip for 
m axim um  m otor torque, s is the actual slip o f  
m otors ro to r w ith  respect to  the  synchronous 
electrom agnetic field  and (p =  f i t / f i  is the ratio  o f  
actual frequency  given from  frequency  inverter 
and  nom inal frequency  given by  electrical 
netw ork  {fi =50 Hz).

I f  w e replace M max in E quation  (21) w ith  

J,̂ m a x  b ^ m a x  0  +  Smn ) / ( l  Smn ) , the K lo S S  

expression  for regenerative b rak ing  is obtained. 
T he regenerative b rak ing  starts w hen  actual speed 
o f  the m o to r’s ro to r is g rea ter than  the 
synchronous speed. T he m oto r is then behaving  
as an  electrom agnetic brake. F ig . 7 show s the 
speed to rque characteristics o f  an induction  
m otor.

F ig .7. Speed torque characteristics o f  an 
induction motor

V„, =  v„ -  v., (20) 2 N U M E R IC A L  SIM U L A T IO N S

w h ere  vrt = v rt 0 + <prR

an d  vst =  v st 0 + (f {R + Cr ) rep resen t th e  ro to r

an d  s ta to r ve locities on its p eriphe ry  in  tangen tia l 
d irec tion . R is the radius o f  the ro to r w h ile  <pT, <ps 
are  an g u la r ve locities o f  the ro to r and  stator.

1.3. Mechanical Model of the Induction Motor

T he d riv ing  m om ent o f  the induction  
e lec tric  m o to r has been  m odeled  accord ing  to the 
K lo ss  expression  [18] and [19]

M  = M „
2 + 2

s<p
+  - +  2  s„

stp (21)

T he num erical in teg ration  has been  carried 
ou t by  th e  fou rth -o rder R unge-K utta  m ethod. 

T im e step q f  A/ =  2-lCT" s , has been  applied  in 

all sim ulations w here the contac t betw een  ro tor 
and  sta to r w as reasonab ly  expected . O therw ise 

Ar =  1-10 4 s has been  used. In som e earlier 

sim ulations a g rea ter tim e step w as used  bu t it 
tu rned  ou t tha t it co u ld n ’t describe som e specific 
ro to r behaviors. T im e step during  one sim ulation  
has been  fixed, so the subsequen t frequency 
analysis cou ld  be  done.

T he param eters used  in  all ca lcu lations are 
as fo llow s: ro to r m ass mr = 4 .25 kg, sta tor mass 
ms = 3 .838 kg, m ass m om ents o f  inertia  f i  =  
4 .532-10 '3 kgm 2, Jm =  2 .115-10 '3 kgm 2, f i  =  
2 .1 1 -IO’2 kgm 2, ro tor d isc  rad ius R = 0 .06 m, 
s tiffn esses  kT =  131540 N /m , kn =  1080 N m /rad ,



ks =  1 .237-IO6 N /m , kst =  7917  N m /rad , dam ping  
coeffic ien ts cr =  22.43 N s/m , crt =  0 .0374  
N m s/rad , cs =  11.96 N s/m , c st =  0 .0258  N m s/rad , 
rad ia l c learance Cr =  0.4 m m , m o to r b reak d o w n  
to rque  Mmm =  10.25 N m  and  m o to r  speed  o f  m ax. 
b reakdow n  to rque (a t pow er n e tw o rk  f re q u en c y / j  
=  50 H z) nm =  2400  rpm .

T he iden tified  dep en d en ce  be tw een  
angu lar deceleration  and ang u la r v e lo c ity  o f  the 
ro tor, ob ta ined  from  free ru n  dow n tests  
( induc tion  m oto r sw itched  o ff) , h ad  th e  fo llow ing  
fo rm

s  = -4  ■ KT6 tu3 + 0.002®2 -  0.5376®-10.513

rad/s2 (22)

t, S

F ig .8. Simulated lateral rotor response in 
horizont direction fo r  RD analysis and speed law

2.1. Numerical Simulation of Motor Controlled 
Run-Down (RD) Analysis

T he num erica l RD  ana ly sis  has been  
perfo rm ed  to  id en tify  th e  bas ic  dynam ic 
characteris tics  o f  th e  ro to r-s ta to r system  an d  to 
co rre la te  them  w ith  the exp erim en ta l resu lts. 
K now ing , from  the m odal te s tin g  (ro to r resp o n se  
on th e  im pu lse fo rce  exc ita tion  at s tandstill)  tha t 
the f irs t ro to r  na tu ra l bend in g  frequency  is equal 
to  f  \ =  28 .0  H z  and  acco rd ing  to  the Je ffco tt (o r 
L aval) theo ry  it is the  on ly  n a tu ra l frequency , RD  
ana ly sis  has been  focused  on  speed  ran g e  n = 40 
to  0 H z. T he second  ro to r  na tu ra l bend in g  
frequency  ob ta ined  b y  the m odal testing  has been  

f 2 = 148.5 H z h ence  it has b een  far aw ay  enough  
from  th e  firs t na tu ra l freq u en cy  an d  its in fluence  
has b een  neg lig ib le .

T he basic  goal o f  th is  p a rt o f  n u m erica l 
ana ly sis  w as to  d isco v er the  app ro p ria te  re la tio n  
o f  th e  m ass u n b a lan ce  ec cen tric ity  v ec to r  e and  
th e  s ta tic  eq u ilib rium  p o sitio n  o f  th e  b o w ed  shaft 
rr0 acco rd ing  to  th e  m easu red  m ax im um  la tera l 
d isp lacem en t am p litude  o f  th e  ro to r  d isc  an d  the 
q u a lita tiv e  shape o f  th e  ro to r la tera l resp o n se  in 
tim e  d om ain , F ig. 8 . F inal p aram ete rs  have  b ee n  e 
=  0 .046  m m , rr0 = 0 .05  m m  and  p h ase  lag  o f  th e  e 
in  re la tio n  to  rr0 i.e. a0 = n  ra d  (see  F ig . 2). R D  
ana ly sis  h as been  con tro lled  b y  a lin ear frequency  
ram p (speed  law ) o f  the  synch ronous 
e lec tro m ag n e tic  fie ld  o f  induc tion  m oto r, / sf =  40 
to  0  H z  in  the tim e p e rio d  o f  34  s, w h ile  its ro to r 
b eh a v ed  acco rd ing  to  th e  p re se n ted  m ech an ica l 
m ode l. A t th e  beg in n in g  o f  the n u m erica l 
s im u la tio n , 2  s hav e  been  taken  ad d itio n a lly  for 
d isap p ea ran ce  o f  any  tran sien ts  caused  by  in itia l 
cond itio n s.

F ig . 9 show s th e  spectral m ap o f  th e  la tera l ro to r 
response  in  the h o rizon ta l d irec tion  w here  as 
expected  on ly  th e  firs t o rder can  b e  seen. O n the 
sam e figu re a t the b eg inn ing  o f  th e  sim ulation , 
the  ro to r  c ritica l speed  is exc ited  b u t on ly  because 
o f  the num erica l tran s ien t due  to  initial 
conditions.

F ig .9. Spectral map o f  the lateral rotor response 
in horizontal direction xr

2.2. Numerical Simulations of Sudden Rotor 
Unbalance Increase (SRUI) Analysis

T he b as ic  assum ption  has been  that the 
ro to r  is ru nn ing  at a nom inal speed  above the first 
ro to r  critica l speed  and  th a t the ro to r  is w ell 
balanced . T o ach ieve th e  in itial cond ition  w hich 
is sim ila r to  th e  s tead ily  runn ing  speed  and  to 
avo id  any  transien ts , th e  sudden  u n balance  w as 
in troduced  1 second  afte r  th e  start o f  sim ulation . 
A fte r sudden  appearance o f  the additional 
unb a lan ce  jd it has b een  assu m ed  th a t the



perm anent m on ito ring  system  o f  th e  turbo 
m achine has reco rded  unallow ab le  v ib rations and 
as a p recau tion  m easure it starts an  im m edia te 
shut dow n p rocedure . T his w as accom plished  by 
sw itching o f f  the  induc tion  m otor. T hen  the 
w hole ro to r starts to decelerate  due to  g iven 
torques o f  losses, expressed  b y  the iden tified  ro tor 
angular deceleration  m en tioned  above. T he ro to r 
is then approach ing  to  its c ritica l speed  and 
because o f  add itiona l unbalance  y  it contacts 
the stator. W hen  the add itiona l unbalance  is b ig  
enough, the ro to r con tacts the sta to r im m edia te ly  
after appearance o f  the additional unbalance  i.e. 
before sw itch ing  o f f  the m otor. T he tim e period  
for response o f  the shu t dow n p rocedu re  after 
sudden u n balance  appearance has been  se t to  1 s. 
T w o d iffe ren t con tac t n o rm al force m odels have 
been  com pared  i.e. linear and  non linear. L inear 
m odel has con tac t stiffness kc =  7 .7-107 N /m  and  
contact dam ping  cc =  3 .2 -103 N s/m  and  non linear 
m odel has con tac t toughness kc =  1 .8 1 0 s P a /m i/2 
and p aram ete r a =  3 s/m . T he ou tpu t inverter 
frequency  b efo re  unbalance  appearance w as set to 
nsf =  40  H z. I t tu rn s ou t th a t the fric tional losses 
in  test rig  are  qu ite  b ig  so the ro to r decelerates, 
w ith  sm all u n balance  and  w ith o u t contact, in 
som e 5 to  6  seconds from  40  H z to standstill.

In  F igs. 10 to  12 th e  ro to r response 
w ithou t con tac t to  sta to r is p resen ted , w ith o u t any 
additional unbalance , mM  = 0  (o r p resen ted  v ia  
ro to r m ass eccen tric ity  eadd =  0). I f  som eone 
com pares Fig. 9 and  Fig. 12, excep t d ifferences in  
the shape o f  firs t o rder (linear in  F ig. 9 and 
non linear in Fig. 12), on  F ig . 12 exists add itional 
ho rizon tal line  a t 28 H z. T he reason  fo r this 
m ain ly  lies in  fast ro to r speed  change w hile 
passing  th ough  its critical speed.

F ig .10 . Rotor center orbit during free  RD (red 
dashed line represents a clearance circle)

Fig. 11. Simulated lateral rotor response in 
horizontal direction fo r  free  RD analysis with 

speed law eadd = 0

Fig. 12. Spectral map o f  rotor displacements in 
horizontal direction, free  RD, eadd =  0
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Fig. 13. Rotor center orbit during RD, rotor- 
stator contact appeared, eadd =  0.124 mm
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Fig. 14. Lateral rotor and stator responses in 
horizontal direction, contact appeared, eadd =  

1.24-1 O'4 m, rro = 0.05 mm, o.o = tz rad

Fig. 15. Rotor speed laws fo r  simulations without 
and with contact

F ig .17. Spectral map o f  rotor relative torsional 
angles cpm - <pr, contact appeared
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Fig. 18. Spectral map o f  stator lateral velocities 
in horizontal direction, contact appeared

Fig. 16. Spectral map o f  rotor displacement in 
horizontal direction, contact appeared
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Fig. 19. Spectral map o f  stator torsional angles, 
contact appeared



Figures 13 to  19 show  ro to r and  sta to r response 
after the appearance o f  the additional m ass 
unbalance (p resen ted  in ro to r m ass eccen tric ity ) 
.  , =  0  124 m m , so the to ta l ro to r m assZada i
eccentricity  is ec]ua 1 to e em 4" uadd 1.1 / m m . 
The m agnitude o f  the vec to r rr0 w as r rf) =  0.05 
m m  and the p hase  lag  w as a0 = n  rad. In  this 
sim ulation  the linear m odel o f  no rm al con tac t 
force has been  app lied  and  coeffic ien t o f  fric tion  
in contact w as / / c  =  0 .18, acco rd ing  to  B artha  [2],

In F ig. 11 w e had  the supercritica l se lf­
balancing effec t b ecause  the m ass eccen tric ity  e 
w as sm aller than  the m agn itude  o f  the  shaft bow  
vector rjo. O n  the con tra ry  in Fig. 14 the se lf  
balancing effec t is p laced  subcritica lly  at the t\ =  
3.8  s o f  sim ulation  b ecause  a fte r sudden  
unbalance increase , th e  to ta l m ass unbalance 
eccentricity  e b ecam e g rea ter than  r r0.

Fig. 15 show s the d iffe rence  betw een  
speed law s fo r s im ula tions w ith  and  w ith o u t the 
ro tor-sta tor con tac t appearance. A s expected  a 
rotor deceleration  fo r s im ula tion  w here  the ro tor- 
stator con tac t appeared , w as m ore  in tensive 
especially  in  a tim e p e rio d  w ith  es tab lished  ro tor- 
stator con tac t (see con tac t ind ica tion  in  Fig. 15). 
A fter in troduction  o f  SR U I, the ro to r m ade 
several im pacts to  the s ta to r and  then  a  perm anen t 
contact w as estab lished . In F igs. 16 to  19 there  is 
a narrow  tim e p eriod  a round  t\ = 1 s o f  sim ulation  
w here m ultip le harm on ics can  be  seen. T his is 
due to in term itten t ro to r-s ta to r contact. It is 
interesting to  see a fte r the ro to r-s ta to r separation  
(/, = 2.75 s) tha t th e  ro to r and  sta to r con tinued  to 
vibrate w ith th e ir  ow n  flexural natural 
frequencies, /  = 28 H z (F ig. 16) , f  = 90 H z (Fig. 
18) and to rsiona l frequenc ies f n =  137.9 H z (Fig. 
17),/st =  97.7 H z (Fig. 19).

In Fig. 20, the in fluence  o f  the phase lag o f  
the m ass unbalance^ eccen tric ity  vec to r e in 
relation to the sta tic equ ilib rium  position  o f  the 
bow ed shaft rr0 i.e. a0 has been  analyzed. 
Presented  con tac t fo rces are  re la ted  to a0 = 180°, 
135° and 90°. In  th e  sam e tim e norm al con tac t 
forces o f  the linear and  n o n lin ear m odels have 
been com pared , so the d iag ram s in  th e  left 
colum n co rrespond  to  th e  lin ear and  in  the righ t 
colum n to the n o n lin ear m odel o f  the norm al 
contact force.

T he m ain  d iffe rence  betw een  the linear 
and non linear m odel o f  th e  con tac t no rm al force, 
presented in F ig. 20 , can  be seen  in  th e  reg ion  
im m ediately  afte r  appearance  o f  SR U I. N on linear

m odel g enera lly  h ad  a g rea te r fo rce  resp o n se  for 
the firs t im pact, w h ile  in perm an en t con tac t bo th  
linear and  n o n linear m odel had  a lm o st th e  sam e 
values. D eta ils  abou t the d iffe rences betw een  
ana lyzed  n o rm al fo rce  m odels and  in fluence  o f  
the phase  lag a0 are  p resen ted  in  T ab le  1.

T he norm al force fo r the perm an en t ro tor- 
sta to r con tac t (w ith  slid ing ) F Cperm has show ed 
expected  increasing  trend  w ith  dec reas ing  phase 
lag ot0, because  a0 sm a lle r than  180° m eans 
grea ter

T ab le  1. Results o f  contact normal force analysis 
regarding phase lag o f  the mass eccentricity 
vector e in relation to shaft bow radius vector r,-o

«0, -̂ Cmax ! -̂ Ctoerm » N
L inear N o n lin ear

180° 327 .7  / 96.8 6 1 1 .9 /9 7 .1
135° 2 7 9 .8 /9 9 .3 4 6 2 .2 /9 9 .5

90° 2 0 3 .7 /  104.8 277.1 /  105.0

unbalance exc ita tion . T he reason  for 
con trad ic to ry  trend  o f  decreas ing  o f  the FCma% 
(m ax. va lue  o f  the no rm al force fo r th e  firs t 
im pact) w ith  d ecreas ing  a 0 ( increasing  u n balance  
exc ita tion ) lies in the fac t tha t a0 o f  the em and  eadd 
is the sam e. T h is  caused  an increasing  tendency  
o f  the rad ius o f  initial ro to r o rb it and  th e re fo re  the 
decrease o f  the m ax im um  norm al ve lo c ity  at the 
firs t ro to r-s ta to r im pact.

3 E X P E R IM E N T A L  A N A L Y S IS

T he analysis has been  p erfo rm ed  on  the 
te s t r ig  w h ich  can  b e  seen  on  F ig . 21. T he te s t rig  
has been  specifica lly  d es igned  fo r the ro to r-s ta to r 
con tac t m easurem en ts. It consists  o f  the fo llow ing  
m ain  com ponen ts: robust foundation , m oun ting  
p late, ro lle r  bearings w ith  th e ir supports, ro tor, 
sta tor, f lex ib le  coup ling , induc tion  m o to r  w ith  
speed  con tro ller, m easu ring  sy stem  b ased  on 
B ruel and  K jae r non -co n tac tin g  d isp lacem en t 
sensors and  N atio n a l In strum en ts  d a ta  acqu isition  
card  P C I N I 4472  w ith  adequate  so ftw are  
(L abV IE W , M atlab). M easu rem en ts  show ed  tha t 
the firs t critical speed  o f  the ro to r  w as 28 H z, 
w h ile  the firs t natu ra l frequency  o f  the sta to r w as 
90 H z. R adia l c learance  b e tw een  th e  ro to r  and  
s ta to r w as 0 .4  m m . B efo re  th e  experim en ts  the 
ro to r had  been  balanced .



b)

Fig. 20. Normal forces in contact between rotor and stator; left column -  linear model, right column 
nonlinear model; a) ao = 180°, b) ao = 135° c) ao — 90°

A lso  befo re  every  sing le  experim en t the  con tac t 
surfaces o f  th e  ro to r and  sta to r w ere lub rica ted  
w ith  W D 40 sp ray  [2] to  decrease th e  coeffic ien t 
o f  fric tion  to  the value  o f  app rox im ate ly  / / = 0 . 1 8  
and to  m in im ize the p o ssib ility  o f  destruc tion  o f  
sensors and  o the r structural parts  o f  the te st rig.

3.1 Experimental, Motor Controlled, Run- 
Down (RD) Analysis

T o v e rify  th e  num erica l resu lts  p resen ted  in 
chap te r 2 .1 , an  experim en ta l R D  analysis has 
been  perfo rm ed .



F ig .2 1. Test rig for rotor-stator contact 
investigation

The speed change has been  con tro lled  v ia  
frequency inve rter M ic rom aste r 440  from  
Siemens. T he speed  ra te  has been  the sam e as in 
the num erical s im ula tion  on ly  the starting  speed 
has been  70 H z. F igs. 22 and  23 show  m easured  
lateral responses o f  the ro to r in  ho rizon ta l x  
direction w ith  speed  law  and  spectral m ap o f  the 
rotor lateral response  in  the ho rizon tal d irection. 
This figures can  be  com pared  to  F igs. 8 and  9 
respectively, fo r a speed  range n = 40 to  0 H z. In 
Fig. 23 excep t fo r th e  firs t harm onic, o ther h igher 
harm onics can be  also  seen  due to various 
im perfections o f  the experim en tal m odel like 
radial and  angu lar m isa lignm en t etc. F ig. 24 
shows a spectral m ap o f  sta to r d isp lacem en ts in 
horizontal direction . A lthough  there  w a sn ’t direct 
contact be tw een  the ro to r and  sta tor, the sta to r 
was excited  as it can  be  seen  on Fig. 24. T his is 
due to the fact tha t ro to r b earing  supports and 
stator supports are r ig id ly  connected  on  the 
m ounting p late, so th is  situa tion  a llow s an  
indirect sta to r exc ita tion  th rough  th e  m ounting  
plate.

M easu red  flexural na tu ra l frequencies 
were, f  =  28 H z (F ig. 23), f  =  90 H z (Fig. 24) 
and sta tor to rs iona l frequency  f ,  = 102.5 H z (Fig. 
24).

To excite  effec tive ly  bo th  sta to r natural 
frequencies (w ith  second  harm onic), the 70 H z as 
a starting speed  o f  th is R D  analysis w as chosen.

f, S

Fig.22. Measured lateral rotor x r response in 
horizontal direction and speed law

F ig.23. Measured spectral map o f  rotor 
displacement in horizontal direction

f, s
Fig.24. Measured spectral map o f  stator 

displacement in horizontal direction



3.2 Experimental Sudden Rotor 
Unbalance Increase (SRUI) Analysis

B ecause th is test rig  co u ld n ’t sim ulate  the 
SR U I scenario  du ring  the ro to r operation , 
add itional m ass has been  added  instead  o f  being  
rem oved  bu t w ith  ro to r a t standstill. T he ro to r has 
been  qu ick ly  acce le ra ted  to  ro ta tional speed  o f  40 
H z to reduce the rubb ing  w hile  passing  th rough  
ro to r critical speed. T he pow er supply  to  the 
m oto r w as then  sw itched  o f f  and  a  w ho le  ro to r 
started  a  free deceleration . T w o m easurem en ts 
have been  presen ted : free ro to r R D  w ith  good  
ro to r balance cond ition  as in p rev ious analysis 
(w ithou t appearance o f  the ro to r-sta to r con tact), 
F igs. 25 and  26 and  free RD  o f  the ro to r w ith  
add itional m ass unbalance (p resen ted  in the ro to r 
m ass eccen tric ity ) eiicu  =  0 .124  m m , F igs. 27 to 
30.

T he firs t m easu rem en t (F igs. 25 and  26) 
can be com pared  d irec tly  w ith  the num erical 
sim ulation  p resen ted  in  the F igs. 11 and  12. 
L ooking  ju s t  on F igs. 11 and  25 a g rea t 
co rrespondence can  be no ticed . C om paring  
spectral m aps o f  sim ulated  and  m easu red  la teral 
ro to r d isp lacem en ts, i.e. F igs. 12 and  26, som e 
d ifferences rega rd ing  p resence  o f  h igher 
harm onics in  m easu red  response  can be  observed. 
T he reason  for th e ir  p resence  is exp lained  in  the 
p rev ious chap ter and  th e ir in fluence is reflec ted  
on ex tended  life o f  ro to r bend ing  natural 
frequency  p resen t in  the response till the  ro to r 
standstill.

T he second  m easu rem en t (F igs. 27 to  30) 
can  be com pared  w ith  the num erical sim ulation  
p resen ted  in  F igs. 13 to  19 w ith  rem ark  that in 
sim ulation  the m o to r is sw itched  o f f  in  t\ =  2  s 
(Fig. 14) w h ile  in  m easu rem en t in t\ = 1.65 s. 
F u rtherm ore , ro to r and  sta to r w ere, in 
m easurem ent, in  perm anen t con tac t from  the very  
beg inn ing , w h ile  in  num erical SR U I sim ulation  
they  go t in to  con tac t afte r add itiona l m ass 
u n balance  ac tiva tion  i.e. in  t\ =  1.0  s o f  
sim ulation .

T ak ing  in to  accoun t the afo rem en tioned  
reasons fo r d ifferences betw een  sim ulation  and 
m easurem ent, a  g rea t co rrespondence betw een  
F igs. 14 and  27 can  be  no ticed  again. In  m easured  
spectral m ap o f  the ro to r la teral response , F ig. 28, 
v ib rations have strong  first harm onic  com ponen t
i.e. lx  ro tating  frequency , w h ile  there  are  h igher 
harm onics too. T hey  w ere p resen t a lso  in the

ro to r la teral response w ith o u t appearance  o f  the 
ro to r-s ta to r con tac t (Fig. 26), b ecause  o f  the 
above m en tioned  im perfections o f  the ro tor 
experim en tal m odel. B o th  la teral and  torsional 
na tu ra l frequenc ies o f  the sta to r are p resen t in 
each o f  its dep ic ted  responses, i.e. in th e  lateral 
response  (Fig. 29) and  in the to rsional response 
(F ig. 30), a fte r the final ro to r-s ta to r separation . 
T his happened  m ain ly  b ecause  o f  the v ic in ity  o f  
sta to r natu ra l frequenc ies and  due to  indirect 
m easu rem en t o f  to rsional sta to r ro ta tions v ia  2 
para lle l non -con tac ting  d isp lacem en t sensors in 
h o rizon ta l (la teral) d irection . A lthough  bo th  stator 
frequenc ies can  be  seen in  tw o separated  
responses, la teral frequency  is m ore em phasized  
in  la teral response  w h ile  to rsiona l frequency  is 
m ore  em phasized  in its to rsiona l response . Thus 
in  the case o f  to rsiona lly  elastic  system s 
suscep tib le  to  the  ro to r-s ta to r con tac t it is 
im portan t to  com bine the m easu rem en ts  w ith 
resu lts  o f  th e  num erica l sim ulations to m ake a 
dec ision  o f  the character o f  a  particu la r natural 
frequency .

4 C O N C L U SIO N S

T he p resen ted  num erica l m odel o f  the 
ro to r w ith  a b o w ed  shaft -  s ta to r system  has 
p roved  to  be  capab le  fo r ana lyz ing  d ifferen t 
con tac t situations. L inear and  n on linear norm al 
con tac t fo rce m odels w ere  com pared  in  th e  sam e 
sim ula ted  situations and  they  show ed  sim ilar 
responses fo r perm an en t ro to r-s ta to r contact, 
w h ile  n o n lin ear fo rce m odel g enera lly  had  a 
g rea te r response  fo r th e  firs t ro to r-s ta to r im pact. 
T h is d id n ’t have  a b ig  in fluence on a  subsequent 
ro to r and  sta to r response  and  th e ir  stab ility , for 
the an a lyzed  param eters. B o th  norm al force 
m odels, fo r perm an en t ro to r-s ta to r con tac t (w ith 
slid ing) Fcperm, show ed  increasing  tendency  w ith  
d ecreas ing  p h ase  lag  a 0> b ecau se  i f  a0 is sm aller 
than  180° the unb a lan ce  exc ita tion  w ill be  greater.

E xperim en ta l ana lysis show ed  m ore 
rea listic  ro to r  and  sta to r responses w ith  m ore 
d iffe ren t harm on ics p resen t than  in  the resu lts  o f  
num erica l sim ulations. T h is  w as m ain ly  due to 
tested  m odel im perfec tions and  m easuring  
p rincip le . In th e  rea l p rac tice  m easu red  signals are 
even  m ore  u n c lea r and  m ix ed  w ith  d ifferen t 
no ise , so it is im portan t to com b ine  the 
m easu rem en ts  w ith  adequate  num erical 
s im ula tions to  recogn ize  the  n eeded  in form ation .



Fig.25. Measured lateral rotor x r response in 
horizontal direction with speed law, contact-free 

situation, free  RD, eacjd =  0 mm
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F ig .28 . Spectral map o f  rotor lateral 
displacements in horizontal direction, free  RD, 

contact appeared, eadd = 0.124 mm
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Fig.26. Spectral map o f  rotor displacements in 
horizontal direction, free  RD, eadd = 0 mm

t, s
F ig .29. Measured spectral map o f  stator lateral 
displacement in horizontal direction, free  RD, 

eadd =  0.124 mm

Fig.27. Measured lateral rotor xr and stator xs 
responses in horizontal direction, free  RD, 

contact appeared, eoay =  0.124 mm

t, S

F ig .30. Measured spectral map o f  stator 
torsional rotations, free  RD, eadd — 0.124 mm
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