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Using of Acoustic Models in Mechanical Diagnostics
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This paper presents an acoustical model fo r  control and diagnostics o f  single stage gear wheels. 
The model is based on various methods and procedures that as a result provide information about the 
generator ’s condition, the gear in particular. The acoustical model is part o f  a complex system that units ’ 
different models to meet diagnostics o f  single stage gear wheels as precise as possible. Using the adaptive 
FIR filter, acoustical model enables the calculation o f  impulse response fo r  different notch lengths 
between 0 and ac. The acoustical model consists o f  digital FIR filter, modified by LM S algorithm, used to 
calculate impulse responses in non-linear systems, the model fo r  the calculation o f  any impulse response 
and the frequency analysis with the use o f  FFT fo r  the simulation o f  frequency spectrums. Frequency 
spectrum o f  the simulated sound signal enables an analysis o f  the error that can be used fo r  calculating 
the remaining service life and/or determining the control cycle o f  maintenance.
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0 IN T R O D U C T IO N

U ndistu rbed  function ing  o f  eng ineering  
system s is a  p rerequ isite  fo r effec tive opera tion  o f  
industria l p rocesses. T herefore, a  constan t and  
effic ien t m ain tenance is crucial. T his inc ludes no t 
on ly  rep lac ing  the dam aged  and  w orn  ou t parts 
and  regu la r refits, b u t the u se  o f  various 
m ain tenance m odels tha t are based  on 
surveillance and  d iagnostics o f  the cu rren t 
cond ition  o f  techn ica l system s. Such m odels o f  
p reven tive m ain tenance  use  the m ethod  o f  
cond ition  m ain tenance. T h is m eans they  help  to 
d iscover dam age in  its early  stage, i.e. in  the 
in itia tion  phase. A p art from  considerab le  savings, 
this approach  also  ensures a con tinuous and 
reliab le  course o f  the eng ineering  process w ithou t 
unnecessary  in terrup tions. F o r con tro l and 
d iagnostics o f  the eng ineering  system  in question , 
sound  and  v ib ra tion  are tw o k ey  param eters.

D esp ite  the g enera lly  accep ted  fact that 
v ib rations are  im portan t and  q uality  in fo rm ation  
carriers, the sign ificance o f  sound  has grow n  in 
recen t years [1]. T he m ain  reason  for th a t is a 
d isadvan tage o f  the v ib ra tion  m easu rem en t 
m ethod , since it requ ires  an  in te rfe rence w ith  into 
the m easu red  system . T he acce le rom eters need  to 
be fastened  (u sually  sc rew ed) onto  the specific

spot, w h ich  dam ages th e  m easu red  ob ject and 
thus in terferes w ith  the m easu rem en t results, 
som etim es even  shorten ing  the o b jec t’s service 
life. T he sound  m easu rem en t m ethod  avoids this 
inconven ience  because  there is no  physical 
con tac t be tw een  the m easu red  o b jec t and  the 
m icrophone. F o r th is reason , w e in itia ted  the 
deve lopm en t o f  a m a them atica l m odel th a t allow s 
to  use  a sound  signal sim ulation . T he com parison 
o f  the m easu red  and  thus sim ula ted  sound  signal 
enab les to  analyze too th  dam age, determ ine its 
d im ension  and  fore tell its p rogress. It form s the 
basis fo r d e te rm in ing  the rem ain ing  serv ice life 
and /o r the m ain tenance  process.

1 A C O U S T IC  D IA G N O S T IC  SY ST E M

T he w ho le  com plex  d iagnostic  system  
consists  o f  m a them atica l g ea r w hee l sim ulator, an 
acoustic  m odel and  a m odel fo r calculating 
im pu lse response  fo r any  no tch  leng th  betw een  0 
and  adop. It is an  op tim um  system  for detection 
o f  defects u sing  acoustics, and  it is the basis for 
es tim ation  o f  th e  rem ain in g  lifespan  or 
asce rta inm en t o f  con tro l cyc les on  th e  basis o f 
acoustic  responses. T he structu re  o f  a  system  is 
show n in F igure  1. M en tioned  m odu les are jo ined 
and  s im u la ted  u sin g  th e  S im ulink®  sim ulation
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Fig. 1. Structure o f  the acoustic diagnostic system

Package. T he gea r w hee l sim u la to r rep resen ts 
m odeling o f  th e  too th  g rip  w ith  param etrica l 
generating -  too th  stiffness. T he v ariab le  too th  
stiffness is rep resen ted  b y  perp en d icu la r signal. 
The resu lt o f  sim ulation  is th e  tem poral response  
w hich can be exp la ined  as m oves o r a sim ulated  
v ibration signal. W ith  the  u se  o f  F FT , it is

transfo rm ed  into the frequency  spectrum  o f  the 
sim ulated  v ib ration  signal.

T he acoustic  m odel consists  o f  a digital 
F IR -filte r and  an  adap tive L M S -algorithm . The 
la tte r enab les the w eigh ted  vecto r to be  correc ted  
in  each  ite ration , w h ich  rep resen ts learning 
accord ing  to  the p rincip le  o f  neural netw orks. 
F rom  th e  m easured  sound  signals and  vibrations,



it ca lcu lates the im pulse response o r the transfer 
function  betw een  them .

A fter jo in in g  gear w heel sim u la to r and 
acoustic m odel, the thus ca lcu la ted  tran sfe r 
function  enab les a sim ulation  o f  the sound  signal.

A  m odel tha t enables ca lcu lation  o f  the 
im pulse response for any  n o tch  leng th  on the 
in terval from  0 to  adop, b ased  on the ca lcu lated  
im pulse response for a  gear w heel w ithou t a no tch  
and  one w ith  a no tch  o f  critica l leng th  w as also 
developed.

S ince the m easurem en t w as done on  a gear 
w ithou t a no tch  and on one w ith  a  no tch  o f  
critical length, the im pulse responses ca lcu lated  
w ith  the use o f  the adap tive F IR -filte r correspond  
to  the gears w ithou t the no tch  o f  critica l length  
and  w ith  it, respectively . T he im pulse response 
fo r any  leng th  o f  the no tch  betw een  0 and  ac is 
ca lcu la ted  b y  u sing  a m odule fo r ca lcu lating  any 
im pulse response. T he im pulse ca lcu lated  in  this 
w ay  and  the sim ulated  v ib ration  signal acquired

from  the  m athem atica l m odu le  o f  the gea r (both 
values fo r the sam e notch  length , o f  course) is 
then  inserted  into the F IR -filte r. T he obtained 
resu lt is a  tim e signal tha t is ca lled  sim ulated 
sound  signal. B y the use  o f  FFT  it is transferred  
in to  the frequency  spectrum  o f  the sim ulated 
sound  signal.

In the  end, the frequency  spectrum s o f  
sim ulated  v ib ra tion  signal and  sound  signal are 
com pared  to  the frequency  spectrum s o f 
m easu red  v ib ra tion  signal and  sound  signal. The 
resu lt thus ob ta ined  is the d im ension  o f  the error 
th a t can  be  used  in the m odu le  fo r ca lcu lating  the 
rem ain ing  serv ice life and /o r de term in ing  the 
con tro l cyc le  o f  m ain tenance  [2],

2 G E A R  W H E E L  S IM U L A T O R

T he m athem atica l gea r w hee l sim ulator 
rep resen ts m odeling  o f  the too th  grip  w ith 
param etrica l g ene ra ting  -  too th  stiffness.

p a r t  2  d J2*r1“A2+J1*r2AA2

Fig. 2. Block diagram o f  the gear wheel simulator
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Fig. 3. Digital F  IR-filter

T he sim ulato r is genera ted  b y  a 
perpendicu lar signal th a t rep resen ts the variab le  
tooth stiffness. T he m echan ica l substitu tion  
m odel fo r deriv ing  th e  g ear sim u la to r is described  
in detail by  [3], It consists  o f  the g ear w heel Z, 
w ith the m ass m u basic  c irc le  rad ius rx, m ass 
inertia m om ent J\ and  is loaded  w ith  the to rsion  
m om ent M u and  the gear w hee l Z2, w ith  the m ass 
m2, basic c irc le  rad ius r2, m ass inertia  m om en t J2 
and is loaded  w ith  the to rsion  m om ent M2. The 
m odule has tw o degrees o f  freedom  equ ivalen t to 
generalized  coord ina tes 0 I a n d 0 2 rep resen ting  

the angles o f  ro ta tion  o f  bo th  g ear w heels. T ooth  
engagem ent is m ode led  w ith  a  sp ring  dam ping  
elem ent w ith  th e  stiffness c and dam ping  d. T he 
m odule has no back lash , since no h igh  dynam ic 
forces tha t cou ld  cause too th  d ivergence to 
appear. B y in troducing  the dynam ic transm ission  
the system  o f  equa tion  is tran sla ted  in to  one 
degree o f  freedom  [1].

T he s im ula tion  m odu le  considers the 
length o f  the no tch /crack  up  to  the critica l leng th  
ac [4] and  [5], as the crack  expands exponentia lly .

F igure 2 show s the  b lo ck  d iag ram  o f  the 
gear w heel sim u la to r deve loped  in  Matlab® 
Simulink p rogram  package. I t consists  o f  four 
main parts. P art 1 con tains b locks w h ich  rep resen t 
param etric system  exc ita tion , p a rt 2 com bines 
blocks rep resen ting  d ifferen tia l equa tion  o f  the 
system  and  fina lly  p a rt 3 rep resen ts  b locks w h ich  
execute frequency  analysis o f  ca lcu la ted  tim e 
response. D istu rbance g enera to r is m arked  w ith  
solid line fram e.

3 A C O U ST IC  M O D E L  O F  G E A R  D R IV E

This m odel consists  o f  the adap tive  F IR - 
filter used  to  ca lcu la te  im pu lse  responses in  n o n ­
linear system s, th e  m odel fo r the ca lcu la tion  o f

any im pulse response  and the frequency  analysis 
w ith  the use o f  FFT  fo r the sim ulation  o f  
frequency  spectrum s.

3.1 Adaptive FIR-Filter

T he structure  o f  the d ig ital F IR -filte r is 
show n in F igure 3. D igita l filte r is u sed  in d iscrete 
regu la tion  system s and  p lays a sim ila r ro le as the 
tran sfe r function  in linear system s. F IR -filte r and 
its coeffic ien ts describe  the im pulse response o f  
the system . T he d ig ital F IR -filte r rep resen ts 
filtra tion  o f  the inpu t signal x(n) in steps or 
ite rations (F igure 3), w here its ind iv idual 
coeffic ien ts (/*  com ponen t o f  the w eigh t vec to r 
w  ) w\(n) rep resen t o r describe the im pulse 
response  o f  the system  o r tran sfe r function .

T he m athem atical equa tion  o f  the F IR  
algorithm  is:

L

= ( 1)
/=o

w here L is the degree o f  the d ig ital a lgo rithm  or 
the size o f  the F IR -filte r.

T he d ig ita l filte r is only  usab le in  linear 
system s. In ou r case, the no tch  in  the too th  ro o t is 
non-linear. F o r th is  reason , the F IR -filte r has been  
jo in e d  w ith  the adap tive  algo rithm , w h ich  in 
every  ite ration  ca lcu lates the co rrec tion  for 
im prov ing  the w eig h t vec to r w  from  the 
p rev ious step. F igu re  4 show s a d iagram  
rep resen ting  the d ig ital F IR -filte r w ith  the 
adap tive L M S -algorithm . x{n) rep resen ts the input 
signal, d(ri) stands fo r the ou tpu t o f  the system , 
y{n) is ou tpu t o f  the d ig ita l F IR -filte r, w hereas 
e{ri) is the error. A(z) is the tran sfe r function  o f  
the acoustic  path.

It is c lea r from  F igu re  4 tha t the ou tpu t o f  
the d ig ita l f ilte r y(n) m ust equal the d(n) ou tpu t i f



the  erro r is to  be  m inim al. In  o rder fo r the erro r to 
equal zero , the dig ital F IR -filte r m ust describe the 
com plete  im pulse response  o f  the acoustic  w ay  
A(z) w ith  vec to r w.

Fig. 4. Adaptive digital FIR-filter

T he adap tive  a lgo rithm  acqu ired  in this 
w ay  is th e re fo re  u sed  w ith  the pu rpose  o f  
sim u ltaneous id en tifica tion  o f  the im pulse 
response  w ith  the F IR -filte r th a t is b ased  on  the 
L M S (L east M ean  S quare) o f  the [6].

F igu re  5 show s th e  b lo ck  schem e for 
ca lcu la ting  the im pu lse response  u sing  the 
M atlab® Simulink p rog ram  package.

T he  tw o  b locks on the le ft side o f  the 
schem e rep resen t the inp u t o f  th e  m easured  
signals (v ib ra tion  and  sound) in to  the m odel; in 
the m idd le  b locks, the im pu lse response  is 
ca lcu la ted  and  the d a ta  s to red  in  the 
“W o rk sp ace” ; th e  b locks on  the righ t side o f 
d iag ram  ca rry  ou t the frequency  ana lysis o f  the 
inpu t s igna ls and  sto re  th em  in  the “W orkspace” 
too.

Fig. 5. Block diagram fo r  simulating the impulse response using the Matlab® Simulink

Fig. 6. Impulse response of: a) undamaged gear drive; b) gear drive with 1mm notch in tooth root
o f  gear wheel



T he b lock  d iag ram  is u sed  fo r sim ulating  
the im pulse response  o r the tran sfe r function  
betw een the tw o  m easu red  signals from  v ib ration  
into sound. F urther on, the sim ulated  im pulse 
response is u sed  in  the com bined  m athem atical 
m odel, w h ich  sim ulates a g ear w heel and  enables 
the ca lcu lation  o r sim ulation  o f  the sound  signal 
using the F IR -filter.

F igure 6 p resen ts resu lts  o f  im pulse 
response o f  undam aged  gear d rive and  gear drive 
w ith 1mm no tch  in  too th  roo t o f  g ear w heel. It is 
obvious from  the F igu re  6 th a t in  case  o f  dam age 
the im pulse response  am plitude is approx im ate ly  
50 %  h igher. T he im pu lse response  in  the first 
case is clear, w h ile  in  the second  case  in  scattered  
w ith m any  osc illa tions. Such  resu lt is expected  
since the too th  dam age cause en largem en t o f  
acoustic and  v ib ra tion  signal.

L e t us p resuppose  tha t the values o f  
im pu lse responses w ith  the g row ing  crack  change 
w ith  the In function , w h ich  is also  confirm ed  by
[2] and  [10].

T he im pulse response fo r any notch  length 

«t, is therefore

ca lcu la ted  in parts:
/

‘o y

w here ^  = ] n ! k , ( 4 )

w here ^ = ln ^ -  , (5)

r"« y
w here

3.2 Module for Calculation of any Impulse 
Response

An = In —^  and  t e  [0 ,a c ] ■ (6)

T hese tw o  ca lcu la ted  im pu lse responses 
(for the u ndam aged  g ear w hee l and  fo r the gear 
w heel w ith  a critica l dam age) w ill be  u sed  as tw o 
referential responses for tw o ex trem e m easured  
results. T he crack  appears in  specific  n um ber o f  
cycles N  (po in t A ) and  expands exponen tia lly  
until it reaches the critica l leng th  (ac), w h ich  is 
fo llow ed by the too th  b reakage. In  p rac tice , the 
crack is no t a llow ed  to  expand  to  the  size  ac, bu t 
only to  the la rgest accep tab le  size adop (ado(l ~  0,5 
ac) [2] and  [7]. F o r es tim ating  th e  re s t o f  the 
service life, the in te rval o f  the crack  from  0 to adop 
is im portant. In  the case  o f  an  u ndam aged  gear, 
the im pulse response  rep resen ts  the  low er lim it 
(point A ); fo r a gea r w ith  a 1 m m  no tch  in its 
root, how ever, the im pu lse  response  rep resen ts 
the upper lim it (ac). B y  se lec ting  any  p o in t T , the 
im pulse response fo r any  no tch  leng th  at : 0 <  at < 
ac can  be  ca lcu lated . T he im pu lse  response  values 
betw een p o in ts  A  and  ac can  theo re tica lly  change 
w ith any  function ; how ever, le t us p resuppose  
they change w ith  ex as show n in  [8] and  [9],
The im pulse response  o f  an  undam aged  gear 
w heel can be rep resen ted  by  th e  vector:

? ( ° M v rV - ’ rnfl) W

and the im pu lse response  o f  a  g ear w ith  a  critica l 
notch leng th  ac by

r(«c) = ( v r2,c’- ’rn j  (3)

4 T H E  M O D U L E  U SE D  TO  C A L C U L A T E  
T H E  R E S T  O F T H E  SE R V IC E  A C O U ST IC  

M O D E L  O F G E A R  D R IV E  LIFE

B ased  on the m odels p resen ted , w e can 
ana lyze too th  dam age level, w h ich  rep resen ts the 
basis fo r fu rther ca lcu lation  o f  the rem ain ing  
serv ice life [11] to  [13]. W e calcu late  the service 
life o f  the en tire  gear Z,GW as a sum  o f  the service 
lives o f  all gear w heels [14]:

i

(7)

w here: L, is the serv ice life o f  the gear w heel, e is 
W eilbu ll's  exponent.

I f  the p robab ility  is taken  into accoun t too, 
Eq. (23) enables us to  ca lcu late the relevan t 
serv ice life o f  the en tire gearing  LGw fo r the 
des ired  re liab ility  d iffe ren t from  90 percen t 
reliability .

log
\ S gw j

Lgw
«i

+
( L >^GW

*2
+ ...

\ 0 .9  J { A  J l  L1 )

(8)



T ab le 1. Various parameters
T est 1 T est 2 T est 3 T est 4

N otch  [mm] 0 0 1 1
R evolu tion  speed Imin"'l 175,5 351 175,5 351

5 E X PE R IM E N T A L  C O N F IR M A T IO N  O F T H E  
SY ST E M

T he developed  system  w as tested  on the 
single stage gear w heel w ith  helica l gears hav ing

d iagonal teeth . S ound  and  vibration 
m easu rem en ts w ere  carried  ou t and  frequency 
spectrum s thus ach ieved  w ere com pared  w ith  the 
ca lcu la ted  ones. M easu rem en ts and  sim ulations 
w ere carried out w ith  various param eters (Table 1).
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Fig . 7. Frequency spectrum fo r  an undamaged gear at the rotation speed 351 m in 1 
a) measured and b) simulated
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Figure 7 and  8 show  th e  com parisons o f  
m easured frequency  spectrum s and  sim ula ted  
sound signa ls,__

S im ulated  signal spectrum s (F igu res 7 b 
and 8 b) con tain  on ly  the frequency  com ponen ts 
typical fo r too th  engage and  th e ir  h ighe r 
harm onics (m arked  in  th e  figures), w h ile  the 
m easured signal spectrum s (F igu res 7 a  an d  8 a) 
besides too th  frequenc ies  con ta in  the back g ro u n d  
noise and  the  frequency  com ponen ts  o f  o the r 
m achine parts.
This is understandab le , since in th e  m odel w e 
have considered  on ly  the p aram etrica l genera ting  
w ith tooth  stiffness and  d isrega rded  o the r sound  
sources.

It is n o ticed  in the m easu red  spectrum s 
th a t som e h igher harm on ics do n o t appear o r 
stand  out. T h is is caused  by  the elec trom o to r 
w ork ing  w ith in  the m easu rem en t area, w h ich  
o ften  b lends the ind iv idual d isc re te  frequency  
com ponents.

C om paring  F igu res 7 and  8 th a t show  
frequency  spectrum s a t the sp inn ing  speed  o f  351 
m in '1 w ith o u t a no tch  and  w ith  a 1 m m  one, w e 
no tice  tha t the  w ho le  no tch  spectrum  level is 
app rox im ate ly  11 dB  h igher. Such d iffe rence 
enables to  p red ic t the error, w h ich  rep resen ts  the 
basis fo r ca lcu la ting  the rest o f  the se rv ice life.



6 SU M M A R Y

T he paper p resen ts a com plex  d iagnostic  
system  consisting  o f  fou r m odules: the 
m athem atical gear w heel sim ulato r w hich 
translates the com plete m echan ica l m odu le into 
m athem atical form , the adaptive F IR  (F inite 
Im pulse R esponse) filte r tha t ca lcu lates im pulse 
responses from  the non-linear system , the m odel 
fo r ca lcu lating  any  im pulse response , and  the FFT  
(Fast F ourier T ransform ) frequency  analysis used  
for sim ulating  frequency  spectrum s. The 
com parison  o f  sim ulated  and  m easured  sound 
frequency  spectrum s has show n that the sim ulated  
value is a good  ind icator o f  the shifts in the 
spectrum  caused  by  the too th  roo t notch . The 
resu lt o f  the d iagnostic  system  is a  frequency  
spectrum  o f  sounds tha t allow s too th  dam age 
analysis and, fu rtherm ore, an estim ate  o f  the 
g ea r’s rem ain ing  lifespan and/or the necessary  
m aintenance. B y in troducing  a  m odel for 
ca lcu lating  any  im pulse response, the system  is 
add itionally  generalized  fo r sing le stage gear 
w heels w ith  the tooth  size in  the 1:5 proportion .
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