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Porazdelitvene funkcije za velikost kapljic in trdnih delcev pri razpraevanju fluldov
in drugih materialov

Droplet and Particle Size Distribution Functions for Atomization of Flulds
and other Materlals

IVO BAJSIC — BOGDAN BLAGOJEVIC — BOGOMIL PERTOT

0. UVOD

Pomembni tehnologki postopki, ki se upo-
rabljajo v razlicnih vejah industrije, posebno pa
v procesni tehniki, so povezani z razpr3evanjem
kapljic ali trdnih delcev. Za matemati¢no modeli-
ranje taksnih transportnih procesov moramo po-
znati ustrezno porazdelitev velikosti kapljic oziro-
ma delcev. Z razvojem sodobnih brezdotikalnih
optiénih merilnih metod PDA (Particle Dynamic
Analyzer) in PDPA (Phase Doppler Particle Ana-
lyzer) so se pojavile velike moZnosti eksperimen-
talnega dolo¢anja porazdelitve velikosti trdnih ali
tekocih delcev (kapljic). Zelja mnogih raziskoval-
cev je, da bi lahko eksperimentalne izmerke veli-
kosti trdnih delcev ali kapljic opisali z enako po-
razdelitveno funkcijo. V tem prispevku so analizi-
rane tri porazdelitvene funkcije za popis porazde-
litve velikosti kapljic, in sicer: tri- in Stiripara-
metri¢na logaritemsko hiperboli¢na porazdelitvena
funkcija (v nadaljevanju LHPD-3p in LHPD-4p) ter
modificirana eksponentna porazdelitvena funkcija
(v nadaljevanju MEXP). Te funkcije, ki so neline-
arne in vecparametri¢ne, omogocajo analiti¢en opis
eksperimentalnih izmerkov velikosti delcev. Para-
metre teh funkcij smo dolo¢ili po metodi najmanj-
sih kvadratov, prirejeni za nelinearne sisteme
enacb. Kot zadovoljive aproksimacije za opis last-
nih eksperimentalnih izmerkov in razpoloZljivih
izmerkov drugih avtorjev se je pokazalo, da so tri
porazdelitvene funkcije enakovredne.

Pri¢ujo¢ prispevek je dopolnitev objave [8].

0. INTRODUCTION

Atomization of fluids into tiny droplets or
other materials into particles is a very important
industrial technological process. Coresponding
droplets size distribution or particle size distribu-
tion must be known mathematical modelling of
transport phenomena.

The new optical measurement methods and
systems PDA (Particle Dynamic Analyzer) and
PDPA (Phase Doppler Particle Analyzer) offer
many possibilites of determining droplet or particle
size distributions. The aim of much research is to
obtain a general distribution function which has a
suitable agreement. Three distribution functions
are presented in this paper: A four parameter
logarythmic hyperbolic distribution LHPD-4p, a
three parameter logarythmic hyperbolic distribu-
tion LHPD-3p and the modified exponential distri-
bution MEXP. These nonlinear functions have
parameters which can be determined numerically
by the least square method and adapted for
systems of non-linear equation. The experimental
particle and droplet size distributions are in good
agreement by these functions.

All of these functions are proved to have a
satisfactory relationship with experimental and
analytical results on the basis of our own expe-
rimental results and the results of other resear-
chers. This paper presents the continuation of a
study by the authors presented in an earlier paper
(1.
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1. TEORETICNA IZHODISCA

V nadaljevanju bomo nadrobneje predstavili
logaritemski hiperbolié¢ni funkciji s Stirimi para-
metri LHPD-4p in tremi parametri LHPD-3p ter
modificirano eksponentno porazdelitveno funkcijo
MEXP. Gostota verjetnosti prostorninske ali ste-
vilske porazdelitve delcev velikosti x je definirana:

dv

(]

fy(x) = dx

1.1. Logaritemska hiperboli&na porazdelitev
LHPD-4p

Upraba funkcije gostote logaritemsko hiper-
bolitne porazdelitve se je razsirila &Sele konec
osemdesetih let [2], [3].

Zgodovina nastajanja in osnovne lastnosti
LHPD--4p so strnjeno zapisane v [4], [5] in [6].
Mnogi avtorji so proucevall funkcije, ki bl se s
pravilno izbiro prostih parametrov ¢im bolj ujema-
le z izmerkl velikosti kapljic ali trdih delcev. Zelo
pomembno delo so opravili Bagnold [3], Barndorff-
-Nielsen [2] ter Blaesild [4]. Bagnold je prouceval
porazdelitev velikosti naravno vsedlih prasnih del-
cev. Izmerke je vrisal v diagram z logaritemsko
mreZo. Geometriéno mesto tock je dalo hiperbolo,
ki je grafiéno izraZena funkcija gostote porazde-
litve.

f(x) = ala, B, é)exp[-a 52+(x-g)2+[3(x-p):|

kjer so >0, |18l < &, §>01in - 0 < g < oo &tir-
je pmamogtrl. [4], a pa je normirna konstanta. Iz

pogoja If(x)dx = 1 izhaja:

aa, B, 9) =

1. THEORETICAL CONSIDERATION

LHPD-4p, LHPD-3p and MEXP distribution
functions will be presented in this section. The
probability densities of volumetric distribution
function f,(x) and number distribution function
f,(x) of droplets and particles size x is defined
by:

dv

T (1.

f,(x) =

1. 1 Logarithmic hyperbolic distribution
LHPD-4p

The logarithmic hyperbolic probability density
function are has become very popular during the
last decade [2], [3]. The detail evolution and the
basic properties of the LHPD-4p are described in
[4], [3], [6]. Many authors studied functions
whose parameters give analytical results with the
minimum deviation between experimental and
analytical values. The most important work was
done by Bagnold [3], Barndorff-Nielsen [2] and
Blaesild [4]. Bagnold studied the distribution of
wind blown sand and desert dunes. He presented
experimental values in a logarithmic values In a
logarithmic diagram. He derived a probability
density function whose curve in the logarithmic
diagram is a hyperbola.

The probability density function for the
onedimensional hyperbolic distribution proposed by
Barndorf-Nielsen is

(2),

where >0, |Bl < &, 6> 0 and - are
the four parameters to be fitted, [4] and a is

<p{

norming  parameter. From the condition
[ fx)dx = 1 follows.
“co
1/2
(o2-7)
(3),

kjer je K,_(a( a? - ,62)1/2) modificirana Besselova
funkcija tretje vrste in prvega reda. Parametri
funkcije imajo tudi svojo geometrijsko razlago: u
je enak abscisi, In(a) pa ordinati prese¢iséa asimp-
tot. Naklonska koeficienta leve in desne asimptote
pastaenaka = o+ Bin ¥= -(a-f).

Hiperbola ima maksimum v toéki s koordina-
tama:

200K, (5(a? - B2)7?)

where K (§(a® — ,62)'/2) is the modified Bessel
function of the third kind and the first order. The

parameters have geometrical meaning: g is the
abscissa of the intersection asymptotes, In(a) is
the ordinate of the asymptotes intersection. The
slopes of the left and right hand asymptotes are
respectiveley @ = ¢ + Band ¥ = -(a - B). The
hyperbola has its maximum at the point with
coordinates:
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Parameter merila 6, ki nima geometrijske

razlage, se lahko izratuna iz:

Polmer ukrivljenosti v to¢ki maksimuma pa

je enak:

Enacbo (2) lahko zapisemo tudi kot:

kjer je v = Ina. V mnogih primerih, zaradi bolj
nazorne ponazoritve rezultatov v logaritemskem
diagramu, navadno uporabljamo naslednji

Ho™ @t ———W fzz), - (4)

Peai T aexp(- 6(a? - ,82)‘/2) (5).

The scale parameter & can be calculated from

Ina-p,

& (6).

|fa2_ﬁ2

The radius of curvature is given by

a?s
= e (7).
(a*-57)°
Equation (2) can be written as
f(x) = exp[—a|/52+(x-p)z+ﬁ(x-p)+ v] (8),

where is v = In a. In many cases a particle or
droplet size x is replaced by In x [3]:

zapis

funkcije gostote porazdelitve LHDP-4p [3]:

f(x) = exp[— al/b‘z +(Inx-p)?+Blnx-p) + v] (9)

LHPD-4p je prikazana na sliki 1.

LHPD-4p is shown in fig. 1.

o izmerki
—LHPD -3p

o experiment
—LHPD -3p

.25 -20 -05 0 05

In x

Sl. 1. Verjetnostna funkcija LHFD.
Fig. 1. The probability function LHPD
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1.2 Logaritemska hiperboli¢na porazdelitev
LHPD-3p

Funkcija gostote verjetnosti LHPD-3p je po-
seben primer bolj splodne funkcije gostote logari-
temsko hiperboli¢ne porazdelitve LHPD-4p s 3ti-
rimi parametri. Osnovne znaliénosti LHPD-3p so
podane v literaturi [7], po Kkateri povzemamo na-
slednje znacilnosti.

V enatbi hiperbole Y 2/b? - X2/a® =1 posta-
vimo vrednost parametra b = 1 in dobimo:

kjer je a normirana konstanta. Z rotacijo koordinat

za kot @ dobimo nov koordinatni sistem, ki se z

nerotiranim izraZa takole:

X=xcos@ - ysin®
Y= xsin® + yscos©

kjer sta x in y novi koordinatni osi. Z uposteva-
njem enac¢b (10), (11) in (12) dobimo:

1. 2 Logarithmic hyperbolic distribution
LHPD-3p

Probability density function LHPD-3p is a
special case of the general logarithmic hyperbolic
distribution LHPD-4p with four parameters. The
basic properties are described in [7] from which
the following can be summarized: A hyperbola is
given in its general form as

pr (10),

where a is a normalization constant and b can take
the value 1. Then a rotation of the coordinates by
the angle @ is introduced:

(1,
(12),

where x and y are the new coordinate axis. Com-
bining equations (10), (11) and (12) results in:

a

a?cos?@-sin?@

Abscisa vrha hiperbole je:

(a® +1)sin 20

Vazcoszs-sln29+ x?

(a2+1)sin 20

2(a?cos?© - sin’ @)

(13).

The abscisa of the vertex of the hyperbola is
given by

Uy =

(14).

a’-(a%+ 1) ’sIn?@ cos2 @

a’cos? O - sin*@

LHPD-3p lahko izrazimo s podobnim zapisom
kakor LHPD-4p, ¢e upo3tevamo:

é= (8200829 - sin? 6)'/2, a=—

y (a® + 1) sin20

LHPD-3p is related to the four parameter distri-
bution LHPD-4p by the following relationships:

a

52
(13),

B =
25?2

kjer indeksa 4p in 3p pomenita parameter g pri
LHPD-4p oziroma LHPD-3p porazdelitvi. Koné&ni
zapis gostote enodimenzionalne logaritemsko hi-
perboli¢ne porazdelitvene funkcije je enak:

v H4p T H3p T Ky

where index ,, denotes parameter y by LHPD-4p
and index ,, denotes parameter u by LHPD-3p
distribution. The final formula for onedimensional
density logarithmic hyperbolic distribution functi-
on is

f(x) = exp[— o:VJz +(x-p+p )+ Blx-p+pu,) +v:|

kjer so a, ©, u parametri, v pa je normirana kon-
stanta. V enacbi (16) lahko spremenljivko x za-
menjamo z In x.

(16),

where a, © and yg are parameter and v is the
normalisation constant. In equation (16) a variable
X can be replaced with Inx.
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1.3 Modificirana eksponentna porazdelitev
MEXP

Modificirana  eksponentna  porazdelitvena
funkcija je podana in Ze opisana v [1] in [8]. Go-
stota porazdelitve je podana s funkcijo:

f(x) = ax

kjer so a, b, ¢ > 0. Funkcija ima ekstrem pri
x=b/c

2. NUMERICNO RESEVANIJE

Obravnavane porazdelitvene funkcije so neli-
nearne in &tirl- oziroma triparametri¢ne. Vred-
nosti prostih parametrov moramo izbrati tako, da
bo vsota kvadratov odstopkov med posamezno po-
razdelitveno funkcijo in izmerki minimalna. Funk-
cijo pogreskov v statistiénem pomenu definiramo
z vsoto kvadratov odstopkov:

D(x,, ... x,) = zn: [f(x) - f(xil:lz
=1

kjer je x, velikost premera delckov ali kapljic,
f(x,) izmerjena vrednost gostote porazdelitve,
f(x) aproksimirana vrednost gostote porazdelitve,
funkcija pogreskov D pa je odvisna od parametrov
a;. Za izratun parametrov smo v vseh treh prime-
rih uporabili Newtonovo gradientno metodo:

22 msag> wil £

aaj e

e e A L )

kjer je wy — uteZnostni faktor, A; > 0.

Iterativni izraéun je konéan, ko doseZemo
predpisano natanénost &: |D,,q - D,| < &, kjer in-
deks | oznacuje Stevilo iteracij. Poseben problem
iterativnih ratunskih postopkov resevanja je izbira
zatetnih vrednosti parametrov.

Zacetni priblizki parametrov LHPD-4p:

Avtorji razprave [4] predlagajo, da porazdelit-
veno funkcijo aproksimiramo s polinomom &etrte
stopnje. Za tem pa geometrijsko doloéimo ¢, ¥ in
& ter s tem tudi druge parametre.

Zacetni priblizki parametrov LHPD-3p:
V prispevku [7] je predlagana izbira zadetnih

parametrov tako, kakor je nazorno prikazano tudi
na sliki 2:

-£(x)]"

1. 3 Modifled exponential distribution MEXP

The modified exponential distribution function

is described in the literature [1] and [8]. The
density distribution is given by the function:
b axfy 1o an,

where a, b, ¢ > 0. This function (17) attains the
maximum value at x = b/c.

2. NUMERICAL SOLUTION

The distribution functions are nonlinear and
have three or four parameters. The values of the
parameters must fit experimental droplet or par-
ticle size distributions. The aggregate squared er-
ror D is defined by

(18),

where D depends upon the parameters a;, x, is the
particle or droplet diameter, f (x;) is the measu-
red value and f (x) is the aproximation function.
It is required that the value of the aggregate squa-
red error has a minimum. Numerical values of the
parameters were obtalned by the least square
method with the Newton gradient method:

9
.Y=0
a

3a, (19),

where w, Is the weighting factor and A; > 0.

The calculation is terminated when the pre-
scribed accuracy € is obtained: |Dy,, - D| < e,
where index | denotes the number of iteration.

The Initial values of the parameters for
LHPD-4p:

The authors in [4] suggest that the initial
approximation be obtained by fitting a fourth de-
gree polynominal by the least squares to the points
close to the mode and equating its derivatives at
the points close to those from the equation.

The initial values of the parameters for
LHPD-3p:

The authors in [7] suggest that the initial
values of the parameters are determined by follo-
wing equations (20), (21), (23).

The parameters can be roughly estimated di-
rectly by reffering to fig. 2.
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N = X, = X
ao=tan|31,5arctan--—-m—1 +0.5arctan—'u] (20),
Y ¥ 4 ym=5
8,=05[arc tan — ™1 _ are tan X2 Xm. @1
1+ Ym= ¥ 1* Y= Wy
in
and B ™ Xens (22).

o izmerki
—LHPD-3p

e T

3

o experiment
—LHPD-3p

-30

=05 0 05

In x

Sl. 2. Izbira zacetnih vrednosti parametrov LHFD-3p.
Fig. 2. The initial values of the parameters for LHPD-3p

Zacetni priblizki parametrov MEXP:

Med izmerki izberemo tri najbolj reprezenta-
tivne totke, skozl katere naridemo krivuljo. Zatet-
ne vrednosti parametrov a, b, c¢ lahko dolo&imo
preprosteje kakor pa v primeru porazdelitve LHPD.

Ta postopek je zelo primeren tudi za druge
porazdelitvene funkcije, kadar imamo premalo $te-
vilo eksperimentalnih izmerkov ali pa v primeru
veémodalne vzoréne porazdelitve.

3. PRIMERJAVA RAZLICNIH
PORAZDELITVENIH FUNKCIJ

Opisani algoritem smo najprej testirali za
LHPD--4p, kjer smo uporabili eksperimentalne
izmerke, zbrane v delu Bhatie in Dursta. Vred-
nosti izratunanih parametrov porazdelitvene funk-
clje so zbrane v preglednici 1. [zratunane vrednosti
po metodi avtorjev tega prispevka so oznatene z *,
za primerjavo pa so zbrane tudi vrednosti Bhatie
in Dursta [5]. Dobljeni rezultati se nanaSajo na
Stevilsko porazdelitveno funkcijo velikosti delcev
f(x), kjer se nakljuéna spremenljivka x ni izra-
zala z logaritmom, enacba (13). V preglednici 2 so
izratunane vrednosti srednjih premerov eksperi-
mentalnih izmerkov in aproksimiranih porazdelit-
venih funkclj trdnih delcev ter vrednosti funkcije
pogredkov D. Preglednici 1 in 2 prikazujeta dobro
ujemanje med izmerki in aproksimiranimi vred-
nostmi. Rezultati so prikazani na sliki 3.

The initial values of the parameters for
MEXP:

The three representative experimental values
are selected from experimental droplet or particle
size distribution. It is much easier to establish an
initial value for &, b, c in comparison with LHPD
distribution.

This procedure is also applicable to the other
distribution functions, especially when there is not
enough experimental data.

3. COMPARISON OF DISTRIBUTION
FUNCTIONS

The described algorithm was first tested on
LHPD-4p and data for this distribution were taken
from Bhatia and Durst. Calculated parameters of
the distribution functions are shown in table 1.
Our computation is asigned with an asteric. The
values of Bathia and Durst [5] are also shown for
comparision in table 1. Results are refered to
number distribution function of the particle size
f,(x). Calculated values of mean particle diame-
ters and aggregate squared error [ are given in
table 2. Results are shown in fig. 3. The values In
table 2 and 3 have a satisfactory relationship
between experimental and analytical values.
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Preglednica 1: Vrednosti parametrov $tevilske porazdelitvene funkcije trdnih delcev [5].
Table 1. Parameters of number particle size distribution functions [3].

Parametri porazdelitve — Parameters of distribution

LHPD-4p*  «=14,3022916 ~ B=1574632  &=0,1728722
u= 044272683 v =3,6095802

LHPD-4p = 14,426424 B=1570784  &=0,177148
u= 0,442536 v=3,687014

Preglednica 2: Izrac¢unani srednji premeri trdnih delcev in vrednost funkcije pogreskov D.
Table 2. Calculated mean particle diameters and the aggregate squared error D.

E{:&’g{ep mrn X0 X0 X30 X3, X3 D
{gzme"k‘ (5] 0478 0497 0515 0553 0,502
Xperiment

LHPD-4p i 0,476 0.496 0,515 0,555 0,594 0,012
LHPD-4p 0,476 0,496 0,515 0,555 0,594 0,014
Bhatia - Durst

35

30 -

o
25 i

. S
2,0 - / \
fa [x) s
1,5

o
xe
i j‘o \

o izmerki o o experiment
- LHPD -4p 05 So \e —LHPD - 4p
—e- LHPD-4p (5] E,.g,ﬁ( \&9,._;, o --LHPD-4p(5]
o Laex® | | | | XS e X0 X0~ X R 05
0 0,2 0,4 06 08 1,0 1,2mm 14

x

Sl. 3. Stevilska porazdelitvena funkcija f,(x) za velikost trdnih delcev x [5].
Fig. 3. The number particle size distribution functions f,, (x) for particle x, [5].

Algoritem smo testirali tudi za primer
LHPD-3p, kjer se je nakljuéna spremenljivka po-
javljala kot In in x. V preglednicah 3 in 4 so pri-
kazane izratunane vrednosti parametrov porazde-
litvenih funkcij, srednjih premerov trdnih delcev
in funkcije pogreska D za iste izmerke po [5].
Rezultatl so prikazani na sliki 4.

V procesnih napravah nas po navadi bolj
zanima prostorninski delez. Prostorninski delez
razpréenih delcev Av,/2 v, se lahko izraza s $te-
vilskim delezem An,/2n, [9] kakor prikazuje
naslednja formula:

Av(x),

An(x,)[U.S(x“ + xlz)]a

The algorithm was also tested for LHPD-3p,
where the random variable (particle size) is ex-
pressed as In x. Calculated parameters of the
number particle size distribution function, values
of the mean diameters and the aggregate squared
error D , are shown in table 3 and table 4 for the
experimental data [3]. All results are also pre-
sented in fig. 4.

The volumetric distribution of the particles
or droplet size is more interesting in the technolo-
gical processes than in the number distribution.
The relation between the frequency of the droplet
or particle number An,/ X n, and their volume-
tric portion Av,/ X v, is given by

v(x) = =

=1

2. Av(x), ” fl [U.S(xl, +x,2):|3An(x1)
|-

(23).
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35
301 .ﬁ?x'&a
L)
25 =
A
20
fo [ x) /
15 |
o%
10 :
o izmerki = ’i‘&. o experiment
- LHPD - 4p 05 Ves ;g\ -*LHPg-i.p
£ -8~ LHPD -3
- LHPD -3p o Lgas™ : : S~ 2 ! o2 %
0 0,2 0,4 0,6 08 1,0 1,2 mm 14

Sl. 4. Primerjava $tevilskih porazdelitvenih funkcij f,(x) za velikost trdnih delcev x [5]
Fig. 4. Comparision of the number particle size distribution functions f,, (x) for particle size x [5].

Preglednica 3: Vrednosti parametrov Stevilskih porazdelitvenih funkcij trdnih delcev,
upostevajo¢ izmerke po [5].
Table 3. Parameters of number particle size distribution functions [3].

LHPD-4p* a«= 5,24970806 B = -2,0730738 é = 0,2061893
u = -0,66625171 v = 2;101708

LHPD-3p* a= 022332201 9 = -0,083893185 u =-0,75382343
v = 2,1124045 a = 95,2545161 B =-2,06264688
é = 0,20615762 #57 -0,665846289

Preglednica 4: Izracunani srednji premeri trdnih delcev in vrednost funkcije pogreskov D.
Table 4. Calculated particle diameters and the aggregate squared error D.

Premer mm

Diameter mm Xio X20
Izmerki [5]

Experiment (5] 0478 0,497
LHPD-4p * 0,483 0,507
LHPD-3p* 0,484 0,507

V preglednicah 5 in 6 so zbrane tevilske vred-
nosti parametrov, srednji premeri in vrednosti
funkcije pogreskov D za prostorninsko porazdelitev
trdnih delcev, kjer smo primerjali MEXP, LHPD-
-4p in LHPD-3p. Rezultati so prikazani na sliki 5.

Porazdelitvene funkcije smo testirali tudi za
eksperimentalne izmerke velikosti kapljic. Nareje-
ne modele in numeri¢ne postopke smo testirali za
primer lastnih eksperimentalnih izmerkov [1], [8].
Izra¢unane vrednosti so zbrane v preglednicah 7 in
8 ter prikazane na sliki 6.

Iz dobljenih vrednosti, ki so zbrane v pregled-
nicah 1-8 ter prikazane na slikah 3—6, ugotavljamo:

— Funkcije LHPD-4p, LHPD-3p in MEXP iz-
polnjujejo vse kriterije, da jih lahko uporabimo kot
porazdelitvene funkcije [9], [11. Vse tri funkcije
so primerne za opis eksperimentalnih izmerkov
prostorninskih delezev velikosti kapljic in trdnih
delcev.

YED ‘\_’32 Y43 D
0,515 0,533 0,592
0,331 0,583 0,642 0,016
0,532 0,584 0,643 0,016

where v(x;) is the volumetric frequency of the
particle and droplet size. Numerical values of the
parameter distribution, values of the mean diame-
ters and the aggregate squared error D for the
volumetric distribution of the particle size are
collected in table 5 and 6. In tables 5, 6 and fig. 5,
a comparision between MEXP, LHPD-4p and
LHPD-3p is made.

Distribution function were also tested for our
own experimental results for droplet size [11, [8].
Calculated values are presented in tables 7 and 8
and shown in fig. 6.

From the values in the tables 1—8 and fig.
3—6 we conclude that:

— The functions LHPD-4p, LHPD-3 and
MEXP satisfy all criteria for distribution func-
tions, as listed in [9]1, [1]. They are suitable for
describing experimental results of the particle or
droplet size distribution.
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Preglednica 5: Vrednosti parametrov prostorninskih porazdelitvenih funkcij trdnih delcev [5].
Table 5. Parameters of volumetric particle size distribution functions [5].

Parametri porazdelitve — Parameters of distribution

LHPD-4p* « = 6,18318 B = -1,20306 5= 0,16479
¢ = -0,5397 v = 2186099

LHPD-3p* «= 0,16791793 © = 0,031797373 u = - 0,572427837
v= 2186455 « = 6,1831825%6 B = -1,20310663
8= 0,16479442 4= - 0,5397313

MEXP* a= 0,1624.10® b = 16,9926 c= 30,7118

Preglednica 6: Izracunani srednji premeri trdnih delcev in vrednost funkcije pogreskov D.
Table 6. Calculated mean particle diameters and the aggregate squared error D.

Premer mm e vy g s -
Diameter mm *q %20 X30 X3z X4a D

Banor i ant (5] 0478 0497 0515 0553 0502
LHPD-4p* 0,463 0,487 0,508 0,553 0,592 0,004
LHPD-3p* 0,463 0,486 0,508 0,553 0,592 0,004

MEXP* 0488 0504 0520 0553 058 0,02

35 %

30

25 =

20

£, (x)

15
o izmerki 10+ o experiment
=LHPD - 4p =% LHPD-4p
-=-LHPD- 3p 05 - --LHPD-3p
A-MEXP & - MEXP

0 L e A
0 0,2 04 0,6 08 1,0 1,2 mm 1,4

x

Sl. 5. Primerjava prostorninskih porazdelitvenih funkcij f(x) za velikost trdnih delcev x [5].
Fig 5. Comparision of the volumetric particle size distribution functions f,, (x) for particle size x [5].
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Sl. 6. Primerjava prostorninskih porazdelitvenih funkcij f(x) za velikost kapljic x [1], [8].
Fig. 6. Comparision of the volumetric droplet size distribution functions f,, (x) for droplet size x
(11, [8].
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Preglednica 7: Vrednosti parametrov prostorninskih porazdelitvenih funkcij kapljic [1]
Table 7. Parameters of volumetric droplet size distribution functions, [1], [S].

Parametri porazdelitve — Parameters of distribution

LHPD-4p* a= 240380227 §B
p= 53377037 v

LHPD-3p* a= 0,443331742 ©
v = - 0,24660863 a
5= 042046129 4,

MEXP* a= 0,153.100° b

= 0,649268 = 0,429443550
= -0,24656439

= -0,1007562288 ¢ = 5,458208532
= 2,40370290 B = - 0,64924549
= 5,337732177

= 3,6541 c= 00137

Preglednica 8: Izracunani srednji premeri kapljic in vrednosti funkcije pogreskov D.
Table 8. Calculated mean particle diameters and the aggregate squared error D.

Premer mm

Diameter mm %10 X20
Izmerki [1]

Experiment (11, [8] 194 i
LHPD-4p * 150 175
LHPD-3p* 150 175
MEXP* 140 166

— LHPD-4p in LHPD-3p dajeta zelo dobre
rezultate tudi za Stevilske velikostl delcev, za kar
je MEXP manj primerna.

— Merilo za oceno primernosti In uporabnosti
porazdelitvenih funkclj ni samo vrednost funkcije
pogredkov D, ampak tudi vrednosti srednjih pre-
merov delcev, kar potrjujeta preglednici 6 in 8.

— MEXP ima samo dva prosta parametra,
prav tako lahko za to porazdelitveno funkcijo pre-
prosto dolotimo zatetne vrednostl parametrov.

— Kakor je razvidno s histograma prostornin-
skega v(x,) in &tevilskega deleza kapljic n(x,) za
velikost kapljic x, (sl. 7), ki ponazarja izmerke,
povzete po [11, je &tevilski delez kapljic n(x,) za
kapljice, veéje od 0,5 mm, zanemarljivo majhen.
Deleze kapljic, ki so ve¢je od 0,5 mm, bi morali
ob statistiéni analizi izmerkov pravzaprav zane-
mariti, saj zelo popadijo pri¢akovano prostorninsko
porazdelitev velikosti kapljic. Ob tem je odlotujo-
¢ega pomena dobro poznavanje merilnih metod za
doloZanje velikosti in &tevila kapljic ali trdnih del-
cev [2], [9] ter [101.

— Na sliki 8 je prikazan histogram prostor-
ninskega deleza trdnih delcev na podlagi eksperi-
menta [5]. Prostorninski deleZ smo dologili z
eksperimentalnimi izmerki &tevilskega deleza
trdnih delcev. Vrednosti parametrov LHPD-4p, ki
so zbranl v preglednicl 3, zelo dobro opi&ejo histo-
gram prostorninskega deleza trdnih delcev. To pa
ne bi mogli-trditi za vrednosti prostorninskega de-
leza trdnih delcev, ki bi ga dobili, &e bi izragunali
prostorninski delez trdnih delcev po enacbi (23) in
uporabili parametre 3tevilske porazdelitvene funk-
cije LHPD-4p (pregl. 3).

X30 X3, Xis D
204 267 325

202 268 332 0,048
202 268 332 0,048
192 260 320 0,043

— LHPD-4p and LHPD-3p distribution give
good agreement between the measured and analy-
tical results for the number density distribution,
but MEXP is not so sultable.

— The criteria of the suitability and applica-
bility of the distribution function are the aggregate
squared error and values of the mean diameters
of the droplet or particle size.

— The MEXP function has only two free
parameters which must be estimated, easily done
for the initial values of the parameters.

— In fig. 7 a histogram of the number distri-
bution n(xy) and their volumetric distribution of
the droplet size v(x,) is presented. The histo-
grams were obtained from our own experimental
data [1]. The frequency of the droplet volume,
greater than 0.5 mm, must be neglected in stati-
stical anaysis. The volumetric droplet size distri-
bution is deformed by the frequencies of the drop-
let volume greater than 0.5 mm. So, the measu-
rement principles should be known very well in
order to determine number and droplet or particle
size, [2], [9], [101.

— The histogram of the volumetric particle
size distribution is given in fig. 8 on the basis of
the experimental data in [5]. The volumetric fre-
quencies of the particle size are established by aid
of the experimental values of the number frequen-
cies. The parameters of LHPD-4p, as given in ta-
ble 4, show good agreement with measured results.
But this is not true for volumetric frequencies of
the particle size, which are calculated by the va-
lues of the parameters from the number distribu-
tion functions LHPD-4p and collected in table 3.
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Sl. 7. Histogram prostorninskega in Stevilskega deleza kapljic v(x,), n(x,) za velikost kapljic x,.
Fig. 7. Histogram of the volumetrical v(x,) and number n(x,) portion of droplet size distribution
for the droplet size x;.
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Sl. 8. Histogram prostorninskega deleza trdnih delcev v(x,) za velikost trdnih delcev x,.
Fig. 8. Histogram of the volumetrical portion of particles size distribution v(x,) for droplet size x,.

— Vrednosti parametrov MEXP v preglednici
7 se nekoliko razlikujejo od vrednosti, opisanih v
[8], ker smo parameter a zamenjali z normirano
konstanto in s tem poenostavili algoritem za izra-
¢un prostorninskega deleza delcev.

— The parameters of the MEXP function in
table 7 are different from those in paper [8],
because the parameter a (here) is the normaliza-

tion constant. The simplifies the algorithm.
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4. SKLEP

Logaritemsko hiperboliéno  porazdelitveni
funkeiji LHPD-4p, LHPD-3p in modificirana ekspo-
nentna porazdelitvena funkcija MEXP omogocajo
analiticen opis eksperimentalnih izmerkov pro-
storninske porazdelitve velikosti trdnih delcev in
kapljic. LHPD-4p in LHPD-3p pa sta zelo primer-
ni tudi za opis Stevilske porazdelitve velikosti del-
cev. Funkciji LHPD-4p in LHPD-3p imata Stiri
oziroma tri proste parametre, zato sta tudi bolj
obéutljivi na izbiro zacetnih vrednosti parametrov
porazdelitvenih funkcij. Nedvomno pa je, da zaradi
vedjega Stevila prostih parametrov omogocata upo-
rabnost tako pri opisu &tevilske kakor tudi pro-
storninske porazdelitve velikosti delcev.

Za dolo¢itev parametrov porazdelitvenih funk-
cij lahko uporabimo poleg metode najmanjsih kva-
dratov tudi metodo najmanjse zanesljivosti [2], [4].
Poleg opisanih ugotovitev je iz obravnavanega pri-
spevka razvidno, da je predlagani zapis modificira-
ne eksponentne porazdelitvene funkcije MEXP (po
predlogu avtorjev) za opis prostorninskega deleza
velikosti kapljic matemati¢no in numeri¢no enako-
vreden dokaj zahtevnim logaritemsko hiperboli¢-
nim porazdelitvenim funkcljam.
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4. CONCLUSIONS

Logarithmic hyperbolic distribution functions
LHPD-4p, LHPD-3p and modified exponential di-
stribution functions MEXP can be used for descri-
bing the experimental results of the volumetric
particle or droplet size distributions. LHPD-4p
and LHPD-3p are also suitable for describing the
number droplet or particle size distributions.
LHPD-4p and LHPD-3p have four and three free
parameters respectively, so they are very sensi-
tive to the initial choice of parameters. But they
are very useful in comparision with the other
distribution functions in describing the experi-
mental results of the number or volumetric par-
ticle or droplet size distributions.

The parameters of the distribution functions
can be also estimated by the method of the grea-
test certitude [2], [4]. The form of the MEXP,
(as suggested by the authors), distribution func-
tion for describing volumetric droplet or particle
size distributions is mathematical, and numerical,
equivalent to exact logarithmic hyperbolic distri-
bution functions.
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