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Numeriéna dinamika tekoéin
Computational Fluld Dynamics

LEOPOLD SKERGET — IVAN ZAGAR — ZLATKO REK —
— MATJAZ HRIBERSEK — MARJAN DELIC

Clanek obravnava numeriéno refevanje prenosnih pojavev v tekofinah. Predstavljena
robno-obmodna integralska metoda ponuja nekatere prednosti v primerjavi z drugimi metodami
{metode konénih razlik in metodo kondnih elementov). Prednosti izhajajo 1z uporabe razllénih
Greenovih funkcij glede na vrsto obravnavanega problema. Na tej osnovi so Izpeljane razlicne
numeriéne sheme, med katerimi je najobetavinejsa shema z Greenovimi funkceljami difuzivno-
~konvektivne enacbe, ki je stabilna ne glede na vrednost Pecletovega oziroma Reyvnoldsovega
Stevila. Uporaba tehnike podobmodij ter modernih iterativnth metod omogoda modno
zmanjtanje potreb metode po racunalniskem dasu in spominu.

The paper deals with numerical solution of transport phenomena in fluids. Presented
boundary-domain ntegral method offers some advantages In comparigon with other domain-
-type methods (finite differences or finite elements methods). Advantages arise from
application of different Green's functions depending on the type of problem under
consideration. On this basis different numerical schemes are developed. among which the
most promising ls the scheme with Green's functions of diffusive-convective equation,
which is stable regardless of Peclet or Revnolds number values. Application of subdomain
technique and modern iterative methods enables great reduction of computer time and

memory demands of the method,

0. UvVoD

lzredno hiter napredek ratunalnistva je omo-
godll razvoj posebne wveje numeriéne dinamike
tekodin (1], [17). Ta predstavlja numeri¢noe mode-
liranje in simuliranje tokovnih razmer ali tudl
numeriéni preizkus, krmiljen z racunalnikom.
Numerifnemu preizkusu lahko pripi%emo  po-
membne prednosti nasproti fizikalnemu preizkusu,
krmiljenemu na laboratorijskih modelih. Velike
prednosti so predvsem v tem, da lahko lastnosti
tekoflne (gostoto, viskoznost, stisljivost, itn.)
preprosto  in poljubno  spreminjamo. numeriéni
preizkus ne moti toka, simuliramo ravningke
tokove, kar je skoraj nemogofe doseél s fizi-
kalnim preizkusom. Seveda pa ima numeriéni
prelzkus tudl pomanjkljivostl, lastne vsem nu-
meriénim postopkom, saj pomeni numeriéna re-
Eitev vedno rezultat diskretnega sistema enadh,
ki niso analogne temeljnim fizikalnim zakonom
mehanike zveznlh teles. Diskretizacija pogosto
spremeni  kollkostno in  kakovostno obnaganje
enath in resitev. Numeri¢no simuliranje ima tudi
podobno omejitev kakor fizikalni laboratorijski
prelzkus, saj so regitve le posami¢ne diskretne
vrladnnsti in ne funkcljske odvisnostl tokovnega
polja.

0. INTRODUCTION

The very fast developments of computing have
enabled the development of numerical fluld dvna-
mics [11, [17], L.e. numerical modelling and simu-
latlon of flow clrcumstances, including numerical
experiments, by a computer. Such a procedure
may have several important advantages over phy-
sical measurements on a laboratory model. It 1s of
great Importance that fluid properties (density,
viscosity, compressibility, ete.) can be simply and
arbitrarily changed, a numerical experiment does
not disturb the flow. and plane flows can simply
be simulated, which may not be the case with
laboratory experiments. A numerical experiment
also has its own drawbacks and disadvantages, as
with all numerical procedures, since a numerlcal
solution is the result of discrete equation systems,
which are not completly Identical to basic physical
laws of the mechanics of continua. Discretisation
often changes the behaviour of equations quantita-
tively and qualitatively and thus also the solutions.
Mumerical simulation has also =imilar limitatlons
to laboratory experiments, since the solutlens are
individual discrete values only, not the functions
of the flow fields.
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Ceprav se je numeritna dinamika tekotin
potrdila kot izviren natin 3tudija tokovnih razmer,
vendar ne more v celotl nadomestitl flzikalnega
preizkusa in teoreti¢ne analize. Zaradl lzjemne
tezavnostl predmeta so vsi trije omenjenl naéini
analize enakovredni in nujno potrebni. Dinamika
tekotin je podrotje raziskovanja, lzrazito bogatega
z nelinearnostmi, moénimi vplivi geometrijskih
nepravilnest! In singularnih robnih pogojev. Vo-
dilne enatbe prenosnih pojavev so v sploinem di-
fuzivno-konvektivne parcialne diferenclalne enat-
be, katerih znataj se motno spreminja od totke do
totke tokovnega polja, kar je odvisno od vrednosti
lokalnih Reynoldsovih oziroma Pecletovih 3tevil,
ki fizikalne pormenijo rezmerje med difuzijo in
konvekeljo dolofene vellélne. Take ne moremo
govoritl o élstih elipti®nih, paraboliZnih In hiper-
boli®nih enatbah, ampak o enatbah meZanega tipa.
Prav ta meganl znataj enacth dela numeriéno dina-
miko tekofin neprimernc teZjo od numeriénega
refevanja pojavov v trdni snovl.

MNavler-Stokesove enaébe so sistem nelinear-
nih parclalnih diferenclalnih enatb glhanja viskoz-
ne newtonske tekollne. Sistem Je maternatiénl
model osnovnih fizikalnih zakonov ohranitve mase,
energije, snovi in gibalne koli¢ine, veljaven za
nadzorno prostornine — Eulerjev natin. Vodilne
enache lahko zapigemo za osnovne fizikalne spre-
menljivke ali tudi za izpeljane. Na izbiro najpri-
mernejiega oblikovanja v vellki meri vpliva upo-
rabljena numeri¢éna tehnika. Tako poznamo hitrost-
no-tlatno, vrtinéno-tokovno, hitrostno-vrtinéno,
wpenalty« lzrazanje itn. Zlasti hitrostno-vrtinéni
natin se je pokazal kot zelo ugoden pri metodi
robnih elementov. Priviatnost hitrostno-vrtinéne-
ga |zrazanja je predveem v numericni locitvi ki-
nematike In kinetike toka od ratunanja tlaka. Tlak
Izratunamo pozneje z resitvijo linearnega sistema
enach Ze znanega hitrostnega in vrtinénega polja.

Melinearni sistem Navier-Stokesovih enacb v
sploinem popisuje tako laminaren kakor tudi tur-
bulenten tok. Omenjene enacbe le izjemoma upo-
rabljamo pri numeriénem simuliranju turbulentnih
tokov pri vetjih vrednostih Reynoldsovega Stevila,
saj so te resitve lzredno drage, vezane na najvedje
ratunalnlke in za praktiéne inZenirske probleme
skoraj nemogoce. Pri reSevanju inZenirskih turbu-
lentnih problemov se zato moramo zadovoljitl z
dolo¢enimi poenostavitvami na podlagi statisticnih
postopkov ¢asovnega povpredja. Znani so &Stevilni
naini regevanja turbulence, npr. popolno simuli-
ranje turbulence (FTS), simuliranje velikih vrt-
ljev (LES), Reynoldsovi ¢asovno povpreéni modeli
itn. Popolno simuliranje je preprosto numeriéna
resitev  Navier-Stokesovih enatb vseh detajlov
turbulentnega toka. Takino modeliranje je vedno
prostorsko in ¢asovno odvisno. Zapis z velikimi

Even though numerical fluid dynamics has
been recognised as an original attempt to study
flow clrcumstances, it cannot totally replace phy-
sleal experiments and theoretical analyses. Due to
the difficulties of the subject, all these approaches
are equally important and essential. Fluid dyna-
mics Is a research fleld, full of nonlinearities,
strong geometrical nonregularities and singulari-
ties due to boundary conditions. Governing equa-
tions of transpart phenomena are In general diffu-
sivity-convectivity partial differential equations,
the characteristics greatly change from point to
point in the flow field, due to local Reynolds and
Peclet number values, physically representing the
relationship between diffuslon and convection of
Individual parameters of state. Thus, It Is not
possible to diseriminate pure elliptic, parabolic and
hyperbolic equations, since they are of mixed type.
This particular character of the equations makes
numerical fluld dynamics more difficult compared
to the numerical solving of phenomena in solids.

Mavier-Stokes equations are a system of non-
linear partial differential equations of viscous
MNewtonlan fluld motlon. They are a mathematical
model of physical conservation laws of mass,
energy, species and momentum for a control vo-
lume — Eulerian caze. Governing equations may be
written for primitive physical variables or for
dependent ones. For selection of the best formula-
tion, it is of great importance which numerical
technique is applied. There Is a variety of velocity-
-pressures, vorticity-stream functions, velocity-
=vorticity, penalty formulations, ete. In particular,
the velocity-vorticity aproach has shown advanta-
ges over the boundary element method. The advan-
tage of the velocity-vorticity formulation lies
with the numerical separation of the kinematics
and kinetics of the flow from the pressure com-
putation. which Iz determined later by the solution
of a linear svstem of equations for known velocity
and vorticity flelds.

MNon=-linear Navier=Stokes equations In gene-
ral govern laminar as well as turbulent flow. The-
se equations are used only exceptionally In nume=-
rical simulation of turbulent flows for larger Re
number values, as they are extremely expensive
and applicable only on real supercomptures, which
makes computation of practical engineering pro-
blems virtually impossible. We are therefore for-
ced to make some simplifications based on sta-
tistical means of time averaging If we want to
calculate practial engineering turbulence problems.
There are many known approaches to turbulence
modelling, including full turbulence simulation
{(FTS), large eddy simulation (LES), Reynolds time
-averaged models etc. FTS is simply a numerical
solution of Navier-Stokes equations for all details
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vrtlji je prav tako prostorsko in fasovno odvisen,
eksplicitno simuliramo le velike vrtlje, medtem
ko manjge modeliramo. Kljub izrednemu razvoju
ratunalnlitva sta naflna FTS in LES praktifnoe
predraga za re3evanje InZenirskih primerov turbu-
lence. Namenjena pa sta lahko za tudi] turbulence.
Regevanje ¢asovno povpretnih MNavier-Stokesovih
enath prek Reynoldsove razvejitve trenutnih veli-
&in toka na éasovno povpreéne vrednostl In tre-
nutne deviaclje oziroma fluktuacije od éasovno
povpreéne vrednostl je 2e vedno najpoposteje upo-
rabljan nafin v numeriénem simuliranju turbu-
lentnih tokov.

Pri mnogih prakticnih aproksimacijah nas
navadno zanima le ustaljeno stanje. manj pa sam
prehoden pojav. Vsem numeriénim tehnikam je
skupno, da najuspesnejia tokovna simuliranja tudi
ustaljenega stanja, snujejo na casovno odvisnih
enachah, rezultate ustaljenega stanja pa dobimo s
Fasovnim omejevanjem prehodnth resitev. Casovno
odvisen sistem enach Je numeri¢no laze obvladljiv,
je bolj stabilen, saj je znotraj posameznth casovnih
intervalov bistveno man) nelinearen. Prehoden na-
¢in tudi ne predpostavlja ustaljenega stanja, ki
lahko v resnicl tudl ne obstaja.

1. OSNOVE DINAMIKE TEKOCIN
1.1 Zakonl ochranltve

Sistem vodiinith parcialnih  diferencialnih
enath prenosnlh pojavov v toku nestisljive tekoci-
ne podamo z osnovnimi fizikalnimi zakoni ohra-
nitve mase, glbalne kolicine, energlie In snovi,
zaplsan npr. v kartezljevem tenzorskem zapisu [3]:

of turbulent flow. Such modelling is always space
and time dependent. LES is also a space and time
dependent approach, where only large eddles are
explicitly simulated, whereas little ones are mo-
delled. In spite of the remarkable development of
maodern computers, FTS and LES are =till In prac-
tice too expensive for solving real engineering
problems, but they can serve well as an efficlent
tool for studying turbulence. Solving a time-ave-
raged form of Mavier-Stokes equations with Rey-
nolds decomposition of Instantaneous flow quanti-
ties into time-averaged part and instantaneous
deviations (or fluctuations) from time-averaged
values ig still the most common way of simula-
ting turbulent flows.

With most practical approximations, only the
steady state is of interest with respect to tran-
slent phenomena. It s common to all numerical
techniques that they are usually more effective,
also when determining the steady state, if this Is
achieved from time dependent solutions by a limit
process. A time dependent system of equatlons s
numerically simpler to deal with, and It Is more
stable since 1t has less nonlinear behaviour in in-
dividual time steps. Transient case approach also
does not presume the existance of a steady state,
which may not always exist.

1. BASIC FLUID DYNAMICS
1.1 Conservatlon Laws

The partial differential equations set gove-
rning transport phenomena In Incompressible
fluld flow represent the basic conservation ba-
lances of mass, momentum, energy and species
concentration written below in an indicial notation
form for a right-handed Cartesian coordinate
system [3):

g% =0 (1.1)

p.%% = %Ef + o Smi (1.2)
Py =g A L + (13)
Pﬂ_f = —ii::'- I, (1.4)

zal, j=1, 2, 3, kjer pomenijo: v; — lokalno tre-
nutno hitrost v x, keordinatnih smereh, D/Dt —
snovni odvod oziroma Stokesov odved, gy; — nape-
tostnl tenzor in f, — prostorninske sile (npr.:
gravitacija g,), p,. ¢,. J+ in [ — konstantna go-
stota teko¢ine, specifi¢na Izobarna toplota, toplotni
vir oz. ponor toplote in snovi zaradi kemijske re-
akelje, T — temperatura, C — koncentracija, gy
in 9o, ~ Eostoti toplotneza toka oziroma tokd
snovi.” Clen @ je Rayleighova viskozna trosilna
funkeija podana z:

for 4, j= 1. 2, 3. where v, Is the 1-th instanta-
neous velocity component, ¥, Is the i-th coordl-
nate, [/ Dt represents the substantial or Stokes
derivative, o, is the stress tensor and £, stands
for the body HJF{:E. e.g. the gravity g, po. 1!:,,, I+
and f. are respectively the constant fluid mass
density, specific isobaric heat capacity, heat sour—
ce or sink, and the rate of production or destruc-
tion of species by chemical reaction. T is the
temperature and C the concentration, while gy
and g, are heat and mass fluxes respectively!
The téfm @ is the Raylelgh wiseous dissipation
function, given by:
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i f,._,-gT":'_ (15)

ki spreminja razpoloZljivo mehansko energijo v  which converts the mechanical energy to heat
toplotno in deluje kot dodatni toplotni vir, s 7,; acting as an additional heat source term, with
viskoznim napetostnim tenzorjem: 7,y the viscous stress tensor:

aiy = —pbi; + Tij (1.6)

kjer sta p — trenutni tlak, &;; — Kroneckerjeva where p Is the instantaneous pressure and d,; the
funkcija delta. Vektor gostote toplotnega toka §p  Kronecker delta function. The heat flux vector §y
je v splosnem primeru vsota difuzijskega §p In  Is In general case a sum of the diffusive flux §;p

sevalnega toka §rg: and the radiation flux §yg:
9r=0pp + Ipp (1.7)
Pri resevanju praktiénih problemov nelzo- In many nonisothermal engineering applicati-

termnih tokov moramo upodtevati v gibalni enathbi anls. bun:-fan;:y forces play an 1m|:lﬂr;ﬁnt role in de-
(1.2) vzgonske sile, sa) lahko pomembno vplivajo Veloping velocity, temperature an concentration
na razvoj hitrostnega, temperaturnega in koncen- fields, and they thus have to be included in the

momentum conservation eq. (1.2) (23], [40]). This
tracjokega polja [231, [40]. Te lahke vkljuélmo v can be accomplished by using a Boussinesq aproxi-

analizo z Boussinesqove aproksimacljo, kjer pred- a4 100 where the temperature influence on fluld
postavimo spremenljivost gostote le pri prostor-  mass density is considered only with the body for-
ninskih silah f,, prl vseh drugih ¢lenih enatbe ce term £, while it is neglected in all other terms,
pa zanemarimo spremenljivost gostote in jo Imamo  where the fluid mass density is considered to be
za konstantno. S substitucijo funkcijske odvisnosti  Invariant. Substituting the expression for density

za gostoto splofne oblike: variation of a general form:
p=p,(1+F) (1.8)
lahko enatbo (1.2) zapifemo v obliki: (1.2) can be written in the following form:
Dy, 8oy
Po——=—=—2+p, (14 F)yi (1.9)
* Dt ﬂ!_f o
Prl izbirl zakonitosti /' moramo biti pazljivi, The function F has to be chosen physically

saj neustrezen zakon vodl do napaéne re&itve hi-  justified, otherwise the results for its velocity and
trostnega in temperaturnega polja. Pogosto zadoséa  teMperature fields may be unrealistic. For a num-
linearna zakonltost spreminjanja gostote v odvis- ber of flulds, e.g. alr, oll etc., a simple linear

approximation of fluid density temperature depen-
ﬁ::m?fﬂ;mw‘}mﬁ;";&?ﬁ; :.';.as tii;zk olje tn.. ¥ jorce is sufficlent, given by a normalised differen-

ce denslty expresslon:

£ o Pumf(T-T,) (1.10)

Pa

kjer sta B — toplotnl prostorninski razteznostni where p, is the reference density at temperature
koeficient, g, — referencna gostota pri temperatu- T., and Br is the volume coefficient of thermal
ri T, Za nekatere tekocine moramo upostevatl  gvpansion. For some fluids, nonlinear approxima-
nelinearni zakon spreminjanja gostote s tempera-  yigng of density temperature variations are nece-

Egﬁé :rﬂ;-m alkr}:d [r Eﬂﬂvrgﬁg?‘ilfapo‘;mh; p?‘llﬁiél_' ssary to account for the material behaviour, e.g.

rih procesnega InZenirstva moramo upoStevatl & quadratic function has to be used for water
hkratni vpllv temperaturnega In koncentracljskega around the point of anomaly [42). In some special
gradienta na gostoto tekofine. Sem sodijo pojavi cases of process engineering, the simultaneous
pri sudenju, sonénih toplotnih zbiralnikih, zbiral-  effect of temperature and concentration fields on
nikih utekotinjenega naravnega plina, atmosferskl  density variation has to be considered, e.g. by the
tokovi itn. Funkcljsko odvisnost med gostoto, following statement [41]:

temperaturo in koncentracijo predstavija na pri-

mer naslednji izraz [41]:

’;—’1=F=—wftr—fn}+ﬁctc~c,n (1.11)

kjer sta fic — prostorninski razteznostnl koefl- where f. is a volume coefficient of the concen-
clent in C, — referen¢na koncentracija pri tem- tration expansion and C is the reference concen-
peraturl T: tration at temperature 7.
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1.2 Kinematika

Podajmo nekaj osnovnih vektorskih in ten-
zorskih wveli¢in hitrostnega wvektorskega polja

v = V(F, t) s kartezijiviml komponentaml
V= (vy, vy V), kler je T = (x, ¥, z) vektor lege
[3]. Definirajme tenzor hitrostnega gradienta

av;/3x, oziroma Tv . all grad ¥ v simbolnem

zapisu z enakost jo:

g8y 1 (ﬂw Bv;

1fow ﬁw)
)*a(azf*a—x.—

1.2 Kinematlcs

Let us define some necessary vector and
tensor quantities of the wvelocity wvector fleld
v = (F.f), with the carteslan components
V= {wv, Vs v,) and where F= (x, y, 2) Is the
position vector [3]. The velocity gradient dv,/dx;
or Vv, and in symbolic notation grad V, is a
tenzor given with the identity:

(1.12)

Bz, = 2 \3e,; B2,
simetriénega tenzorja £ deformacijskih hitrostih:  of the symmetric tensor £, of deformat. velocities:
1 /0y Bv
|._ i it Ry —A
=3 (ﬂ.'t,- +- Eﬁi) (1.13)
in antisimetriénega tenzorja ﬂi 3 kotnlh hitrostl: iﬂnd the antlsymmetric tensor ﬂl i of rotation ve-
oclties:
g 7 au,-)
= 1 (EE? - (1.14)

medtem ko deformacijsko hitrost podajmo z lz-
razom:

T = 25565

Vektor vrtinénostl & (7, f) je rotor hitrost-
nega polja ¥V x 7 ali ret ¥, v simbolnem zapizu:

while the deformation veloclty 18 glven by the
definition:

(1.15)

The vorticity vector @ (F, t) Is a curl of the
veloclity field, Ux 7 orroft ¥, In symbalic notation:

duy,

i = e,'j'*@ {llﬁ:l
4
velja pa tudl naslednja pornembna odvisnost: and the following important relation may be written;
G=20 (1.17)

oziroma fizikalna kotna hitrost 0 (7, ) infinitezi-
malnega delca tekodine je enaka polovici vektorja
vrtincnosti . V (1.16) je e;;,. permutacijski enot-
ski tenzor, ki je enak 1 za kroizni potek indeksov
1k, npr. 12312 oziroma je enak -1 za protikroZni
potek Indeksov 32132 in je enak ni¢ za vsako pono-
vitev Indeksov. Ker pa velja za vsak vektor zveza
divrot¥ = 0, je vektor vrtinfnosti solenoiden
vektor div & = 0:

By
dx;

Vrtinénost & in antisimetriéni tenzor ﬁu
povezuje enacba;

oziroma obratna zveza:

fl;,: = T ikl

Stokesov odvoed hitrostnega polja izraZa po-
spedek fluldnega delea:

Do _ Bu  Bu
E_ .&1! +u“3£j_ ot

=0

atr; L ﬂtl'; 3 ﬂ'l.!.i ﬂﬂj
it (a:,- ﬂ_:.-')"-ﬂ’ﬂ_x,-

or the physical angular velocity 0 (F, t] of an
infinitesimal fluld particle Is equal to one-half
the vorticity vector @. Above €. In (1.16) is the

permutation unit tensor, which equals 1, If the
subscripts § f k are in cyclic order 12312, or
equals -1 when they are in anticyelic order 32132
and Is otherwise zero. The effect , of the vector

operation dfivret Vv = 0, which holds for any vector
function, isthat the vorticity vector iz a zolenoidal
vector div & = (:

(1.18)

Vorticity & and the antisymmetric tensor () 5
are related by the expression:

(1.19)

or with the inverse relation:

(1.20)

The Stokes derivative of the veocity field
expressing fluld particle acceleration:

ﬂ -
e (1.21)



STROJNISKI VESTNK — JOURMNAL OF MECHANICAL ENGINEERING. LJUBLJANA (39) 1993/5-8

oziroma zarad! definiclje (1.19):

can be expressed using (1.19) as:

Dv, 3y, & 18(viv5)
ﬁ e, +2U:ﬂu + g (1.22)
z upoitevanjem enacbe (1.20) pa tudi v obliki: or due to the definition (1.20):
Dy _ Oui 18(vjv;) (1.23)

D OV, A

1.3 Zakonl tefenja

Omejimo se na sevalno prosojne tekoéine, za
katere wveljajo preproste konstitutivne hipoteze
gradientnega tipa, npr. Newtonov, Fourlerjev in
Fickov zakon, ki pomenijo odvisnost med napetost -
nim tenzorjem 7,y In deformacijskim tenzorjem
&) I

Tij = 2Mki;

vektorjem toplotnega toka Tpln temperaturnim
poljem T(F, t):

Gr. =

?

in med vektorjem toka snovi §- in koncentracij-
skim poljem CIF, &):

'f::, = "“:E
E

kjer so 5, A In a — dinamiéna viskoznost teko-
tine, toplotna prevodnost In  difuzivnost snovi.
Viskozno disipacijsko funkcljo @ (1.5) nestlsljive
newtonske viskoznosti tekodine (1.24) podamo z
zvezo [15]:

@ = méiéy; = [E, +  + s + 2 (¢, + 85 + 6)))

2. NAVIER-STOKESOVE ENACBE
2.1 Zapls z osnovnim! spremenl jilvkami

Z upo&tevanjem konstitutivnih hipotez (1.24)
do {1.26) v osnovnih chranitvenih zakonih (1.1) do
(1.9) Izpeljemo vodilni nelinearni sistem Navier-
Stokesovih enatb prenosnlh pojavov v toku new-
tonske nestisljlve tekoéine:

9v;
zj
Deycost 1 B vusi
Lo 0l By

) Proic L

dz;

1.3 Constltutive Laws

Let us restrict the current discussion to a
heat radiation transparent fluld, obeying a simple
linear gradient type of constitutive hypothesis,
namely MNewton's, Fourler's and Fick's laws,
describing respecitvely the relation between the
stress tensor ry; and the straln tensor é&;:

(1.24)
the heat flux vector 7 and the temperature field

T(F, ¢k

ar

B (1.25)
and between the dispersion flux vector § and
the concentration fleld C(F, t):

o (1.26)

where 7, A and a. are the respective fluid dyna-
mic viscosity, heat conductivity, and mass diffusi-
vity. The viscous dissipatlon function ® (1.5) for
incompressible flulds obeying the viscous Newton s
law (1.24) Is given by the relation [15]:

(1.27)

2. MAVIER-STOKES EQUATIONS
2.1 Primitive Varlables Formulation

Substituting the constitutive hypothesis eqs.
(1.24) to (1.26) into the basic conservation laws,
equations (1.1) to (1.9), the nonlinear Navier-
-Stokes equations set can be derived, expressing
the transport phenomena In an incompressible
Newtonlan fluld flow:

=0 (2.1)
Ov;  dv;
(-’5‘:; + E)] + Fyg; (2.2)
ar
E) I+ (2.3)
(24)



STROJNSKI VESTNK — JOURNAL OF MECHANICAL ENGINEERING, LJUBLJANA (39) 1993/5—8 167

kjer sta v = n/p — kinematiéna viskoznost in
P = p - p,qyry — modificiran tlak. Ce predposta-
vimo, da =0 lastnosti snovi konstantne, kar je
razumna predpostavka v Stevilnth inZenirskih
problemih, se Navier-Stokesove enacbe pomembno
poenostavijo. £ upoitevanjem enakostl:

a8 By | 0v\] _
amj [ (ad!_, o lai‘1)j| s

in kontinuitetne enacbe (2.1), lahko zapisemo
naslednjl slstem enach:

fhu;

where v = p/p i the Kinematic viscosity and
P= p - p,qr; the modified pressure. If we assu-
me that the material properties are constant,
which is a reasonable assumption in many engi-
neering problems, the Navler-Stokes equations
set simplifies considerably. Due to the identity:

8w i} 31.-::)]

S R N e Pl 3
32}3‘2_,'.'-3:,' dzy I:'Z.a}

and the continuity eg. (2.1}, the followlng set of
equations can be written

2 - 5 (2.6)
ek a; e gty t T
BE e o

AL TR

kjer pomeni ay = A/pc, — toplotno difuzivnost,
Ta sistem enath-za Konstantne lastnosti snovi
pomeni sklenjen sistem enath za dolotitev hitrost-
nega V (T, t), tladnega p(F , £}, temperaturnega
T(7#, t) In koncentracijskega C(F, t) polja ob
upostevanju primernih zatetnlh in robnlh pogojev
za hitrost, temperaturo In koncentracijo. Sistem
Mavier-Stokesovih enatb (2.6), do (2.9) pomeni
paraboliten problem zatetnlh robnlh vrednostl,
zato mu moramo za popolnost matematidénega
opisa toka tekodine dodati Dirichletove, Neu-
mannove In Cauchyjeve robne pogoje ter zatetne
vrednost, na primer za hitrostno vektorske polje
YIF, &)

v = nafon T

i
7 v/in Q

Il

in skalarno temperaturno polje TIF, 1)

T=T na/on
U = @5, nafon
4y, = (T'=T;) nafon

g v/fin

kjer je e — toplotna prestopnost in Ty — tempe-
ratura okolice ter skalarno koncentracljsko po-

lie C(F, o)

cC=C nafon
Gou = Ton na/on
9, = @c(C = Cy) mnafon
(E— v/in

kjer je e — prestopnost snovi, Cp — Koncentra-
clja snovl v okolicl.

where aT = A/ pq, Is the thermal diffusivity. The
above equations set for constant materlal proper-
ties represents a closed system of equatins for the
determination of velocity ¥ (F, &), pressure p(F,
t), temperature T(F, ¢) and concentration C(F, t)
fields, subject to appropriate Initlal and boundary
conditions of velocity, temperature and concentra-
tion. The Navier-Stokes equation set (2.6) to (2.9)
represents a parabolic initial-boundary value pro-
blem, and the mathematical description of the fluid
motion is completed by providing suitable Dirichlet,

Neumann or Cauchy mixed type boundary condi-
tions, and some Initial conditions have also to be
known, e.g. for the velocity vector field ¥ (F, 1):

gaffor ¢t>0
prifat ¢ =i, (2.10)
for the temperature scalar field T (7, &)

Iy zaffor t>1,

I zaffor t>1¢,

I's saffor t>1,

0 prifat t=t, (2.11)
where e and T respectively are the heat transfer
coefficient and ambient fluld temperature, while

for the scalar concentration fleld C(F, #) one may
prescribe:

Iy zaffor &> 1,
Iy zaffor >4,
Iy zaffor t>t,
1] prifat t =1, (2.12)

& being the mass transfer coefficient and Cy the
ambient fluid concentraton.



168

STROJMISKI VESTNK — JOURNAL OF MECHANICAL ENGINEERING, LJUBLJANA (39) 1993/5-8

2.2 Zapls »Penalty«

Pri zaplsu »penalty« stavka ohranitve gibalne
kolitine (2.7) tlaéni ¢len p (7, &) aproksimiramo
s &1bko kompresiblino obliko Kontinuitetne enathe
[91. [101:

pe=-p2U

Fogo) nestisljlvostl je s temn poruien In je za-
pisan v obliki uteZitvene omejitvene enathe, v ka-
teri je nestisljivest zapolnjena do vnaprej znana
ravnl, odvisne od vrednosti uteZitvenega parametra
»penalty« P Stavek (2.13) vstavimo v gibalno
enatbo in eliminiramo tlak Kot osnovno velidino
ratunanja. Za vrednosti uteZitvenega parametra
P — @ Je seveda Izpolnjen pogo] o konénl vred-
nostl tlaka in nestisl jivostl tekotine dv;/dx; — 0.
¥V numeriénl analizi izberemo glede na natantnost
ratunalnlka neko vellke konéno vrednost, npr.

P=10° do 10",
2.3 Hitrostno-vrtinénl zapls

Z vektorjem vrtinfnostl (T, £ razdelimo
postopek racunanja tokovnih razmer na kinematski
in kinetski del (201, [23], [36], (371, [39].

Kinematika je zajeta v kontinuitetni enachi
(2.6) In definiciji vrtinénosti (1.16) in pomenl od-
visnost med vrtinénim poljem in hitrostnim po-
ljem v danem trenutku. Z omejitvijo obravnave na
nestisljivo tekocino, ko je hitrostno polje solenoid-
no div v = 0, ga lahko podamo_z rotorjem vek-
torskega potenclala V = rof ¢ Kkl ga lzberemo
poljubno solenoidno div 171 = () pziroma v simbol-
nem zaplsu:

(L

WS kg
4

Z neposredno kombinacijo enatb (2.14) in (2.16)
izpeljemo vektorsko eliptiéno Polssonovo enacbo
za hitrestni vektorski potencial:

i
fz;8z;

Z upostevanjem rotorja (2.15) lahko kinema-
tlke podame tudi v obliki vektorske -elipti¢ne
Poissonove enatbe za vektor hitrosti:

R
Oz;0z; +eijh 8z; e

Kinetika je podana z vrtinéno prenosno enad-
bo, ki jo lzpeljemo tako, da poidtemo rotor gibalne
enatbe (2.7), in opisuje prerazporeditev vrtinénostl
v toku tekoline:

Duw; By

+uwi=0

ﬁv,;m.‘ £ ﬂwjﬂi

2.2 Penalty Function Formulation

In penalty function formulation of the mo-
mentum conservation statement (2.7), the pressure
term p (I, 1) is approximated by a weak com-
pressible form of the continuity equation [91, [101:

2.13
Bz; (2.13)

The Incompressibility condition is violated
and written as a penalised constraint equation
in which Incompressiblility Is satlsfled up to a
predetermined level given by the penalty para-
meter FP. The statement (2.13) Is substituted
inta the momentum equation, eliminating the
pressure from the primary computation. Since
the pressure has a finite value, the penalty pa-
rameter goes off llmlts P — oo, due to the In-
compressibility of the media 3v;/dx; — 0. In
the numerical analysis, some large values for the
penalty parameters have to be taken, depending
on the computer tolerance, e.g. P = 10° do 10°.

2.3 Yeloclty-Yorticity Formulation

With vorticity vector @ (F, t) the fluld moti-
on computation scheme is partitioned into its kine-
matic and kinetic aspects [201, [23], [36], [37], (349].

The kinematics is described by the continuity
(2.6) and the vorticity definition (1.16), expressing
the relationship between the vorticity fleld at
any glven Instant of time and the velocity fleld
at the same Instant. Due to the limitation to an

Incompressible fluid, the wvelocity field is =ole-
noidal div ¥ = 0, and it may be represened by
the curl of the vector potentlal ¥ = rot ¢, which
may_be selected arbitrarily to be solenoidal,
diveg =0 in a symbolic notation:

9y;
x5
Combining directly (2.14) and (2.16), the follo-

wing vector elliptic Poisson's equation is derived
for the vector potential:

=0 (2.14)

(2.15)

By taking the curl of (2.15) the kinematlcs
can be also formulated in the form of a vector
elliptic Polsson's equation for the velocity vector:

(2.16)

The kinetics is governed by the vorticity
transport equation obtalned as a curl of the mo-
mentum (2.7), and describes the redistribution of
the vorticity In fluld flow:

8wy

aF
Dt 01T Bs; - 0z T 0a;0s; T CiiktIkg,

(2.17)
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L=22]

Iz enatbe (2.17) izhaja, da je celotna spre-
memba vriintnosti delca tekoéine podana s Stoke-
sovim odvodom na levl strani enatbe, odvisna od
¢lenov na desni strani enatbe, ki pomenijo defor-
macijo, viskozno difuzijo in vzgonske sile. Difu-
zijskl ¢len je popolnoma analogen &lenu v stavku
gibalne koli¢ine, ki podaja difuzijo gibalne kolitine.
Deformactjski ¢len ima pomen, ¢e se vektor hitro-
stl spreminja vzdol2 vrtinéne linije. Pri ravnin-
skem toku Ima vektor vrtinfnostl @ samo eno
komponento pravokotno na ravnino toka, take da
ga lahko predstavimo s skalarno veliéine .
Vrtinéno deformacijski ¢len je ni¢ (&-§) ¢ = 0,
tako da se vektorska vrtinténa enatba sketl v
skalarno:

Dw

Ow  dvjw _

Equation (2.17) shows, that the rate of change
of the vorticity as we follow a fluld particle, given
by the Stokes derivation on the left hand side of
equation, due to the vartex stretching, viscous dif-
fusion and buoyancy florce, is represented by the
terms on the right hand =side. The diffusion term
is exactly analogous to the term in the momentum
statement expressing the momentum diffusion.
The stretching term is effective whenever the ve-
locity vector 12 changing along the vortex lines.
For a two-dimenslonal flow, the verticity vector
@ has just one component perpendicular to the
plane of the flow, and It can be treated as a scalar
quanity @. The vortex stretching term Is Identl-
cally zero (& V) ¥ =0, reducing the vector vorti-
city equation to a scalar one for the vorticity o

= o
kjer je ey (, j = 1. 2) permutacijski simbol
(e, = *1, &, = -1, 6, = &, = 0).

Glavni vzrok obravnave toka tekocine v obliki
Za vrtitno porazdelitev je v tem, da je vektor
vrtinénostl & (7, £), solenclden vektor, oziroma
ne more nastat] ali izginitl v notranjosti homoge-
nega sredstva pri normalnih pogojih. Nastane sa-
mo na trdnth povrainah zaradi delovanja viskoznih
sil. Rezultirajota viskozna sila na nestisljiv delec
tekocine je podana z lokalnim vrtinénim gradien-
tomn. Za tokove tekocin majhne viskoznosti je re-
zultirajota viskozna sila pomembna le v totkah
tokovnega polja vellklh  vrtintnth  gradientov.
Enatba prenosa vrtinénostl (2.17) je motno neli-
nearna PDE zaradi zmnoZzka hitrosti ¥ in vrtingé-
nosti & v konvektivnem in deformacijskem &lenu,
hkrat! pa je hitrost kinematicno odvisna od vrtingé-
nostl. Zaradi te vsebovane nelinearnosti je kinetika
sploZnega vizkoznega gibanja, kar pa e posebej
velja za tokove z velikimi vrednostmi Reynoldzo-
vega stevila, numeriéno mnogo teZe resljiva v pri-
merjavi s kinematiko. Prenosna enacba vrtinénostl
in energijska enatba sestavljata vezani sistem
enath prek ¢lena vezponskih sil. Kar %e dodatno
oteZl numeriéno resevanje.

2.4 Tla&nl zapls

Pri »penalty« In hitrostno vrtinénem zapisu
smo tlak izlotili iz gibalne enacbe kot osnovno
spremenljivko, medtem ko se v zapisu osnovnih
spremenljivk pojavlja v obliki gradienta in lahko
poviroda numeriéne nestabilnosti.

Z upostevanjem vektorske enakosti (1.23) iz-
peljemo hitrostno-vrtinéno-tlacni zapis gibalne
enacbe (2.7), npr. v vektorskem zapisu:

av

P xB=uAT-Th+FF

at

ﬂz_; =l ﬂz;&a:_.,; + ’Ei;lg.ia_zl

& i (2.18)

where 8 (4, =1, 2) I the permutatlon unlt
gymbol (8, = +1, &, -1, 8, = 8, = 0).

The essential reason for considering the
fluid motion in terms of the vorticity distribu-
tion is that the vorticity vector @ (I, t) Is
a solenodial vector, and so it cannot be produced
or destroved In the Interlor of homogeneous
media under normal conditions. It is produced
only at the solid boundaries due to viscous
effects. The net viscous force on an Incompres-
sible fluid particle is given by the local vorticity
gradients. For a low viscosity fluld the net
viscous force is significant only at the point In
the fluld flow of large vorticity gradients. The
vorticity transport statement eq. [(2.17] s a
highly nonlinear PDE due to the products of
velocity ¥ and vorticity @& In convectlve and
stretching terms, and the velocity iz kinema-
tically dependent on vorticity. Because of this
inherent nonlinearity, the Kinetics of general
viscous motion, and what is drastically true for
high Reynolds number wvalues flows, represents
greater numerical efforts than that considered
by the Kinematics. Due to the buoyancy force
term, the vorticity transport equation Is coupled
to the energy equation, making the numerical
solutlon procedure even more severe,

2.4 Pressure Formulation

In penalty and In velocity-vorticity formu-
lation, pressure Is eliminated from the momentum
equation as a primary variable, while In the pri-
mitive variables approach, it appears In the gra-
dient form, and as such can cause numerical in-
stabilities.

In view of the vector identity (1.23) the ve-
locity-vorticity-pressure formulation of momen-
tum (2.7) can be obtained, e.g. In a vector nota-
tion:

(2.19)
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kjer je h — totalni tlak, definiran s K(F, ) =
= p/ p, - F- F+v /2 Enacba (2.19) je linearna
enacba za neznane tlatne vrednostl, ¢e uporablmo
hitrostno-vrtinénl zapis dolofitve hitrostnega in
vrtinénega polja [21]. Alternativno tlatno predsta-
vitev oblikujerno take, da poistemo divergenco
enatbe (2.19) [38], kar se kaZe v lzrazu:

vih =T . (
ki pomeni elipti¢ni problem robnih vrednostl za
totalni tlak Dirichletovih In Neumannovih robnih
POECjEY.
3. INTEGRALSKA PREDSTAVITEV
USTALJENE PRENOSNE ENACBE

Ustaljena difuzivno-konvektivna enatba je
pomemben primer parcialnih in diferencialnih
enatb oplsa prenosnih pojavov v toku tekotine,
npr. prenos toplotne energlje, gibalne kolicine,
vrtintnostl, disperzijskih problemov itn. Zaradi
mesanega elipti¢no-hiperboliénega znataja omenje-
ne parclalno diferencialne enathe je numeriéno
resevanje prenosnith procesov v tekofinah nepri-
merno tetje kakor v trdninah. To 5e posebej velja
za tokove z vellkiml vrednostmi Revoldsovih oz,
Pecletovih &tevil, ko postane konvekcija dominant-
na v primerjavi z difuzljo, ozlroma ko hiperboliéni
znata] previaduje elipti€nost enatbe.

Obravnavajmo sploino staclonarno nelinearno
difuzivno-konvektivno enatbo éasovno neodvisnega
prenosa poljubne skalarne funkelje u(7¥) v homo-
genem Izotropnem In nestisljivem mediju v ob-
moéju resltve toka {1, ograjenem z mejo ', npr.
podano v tenzorskem kartezijevem zapisu:

8 ( ﬂu)

azed s

dz; Bz
kjer je ¥ (F) lokalno solencidno hitrostno polje.
Spremenl jivka u(7) lahko predstavlja, npr. tempe-
raturo pri toplotno prenosnih problemih, koncen-
tracljo v disperzijskih procesih, vrtinénost v dina-
mikl tekofin Itn. In jo bomo eznatill ket potencial.
Dejanska difuzivnost a,(F, w) In lzvorni ¢len
I,{% u) sta poljubni monotoni funkelji kraja in po-
tenciala. Dejansko difuzivnost g, lahko vedno raz-
delimo na stalni &, in spremenljivi del a (7, ul:

Bd:j

To omogo#i precblikovanje (3.1) v obliko:
u dvju 8

_ Bvju

-

where h Is the total pressure head defined by
Wr, ) = p/lp, - & 7 +v2/2, The (2.19) can be
treated as a linear one for unknown pressure va-
lues in the case that the velocity-vorticity formu-
lation is used to determine the velocity and vorti-
city fields [21). An alternative pressure represen-
tation can be formulated by taking the divergence
of (2.19) [38], resulting In a expression:

xX@+F7) (2.20)

which represents an elliptic boundary values pro-
blem for the total pressure head evaluation, sub-
ject to Dirichlet's and Neumann's boundary con-
ditions.

3. INTEGRAL REPRESENTATION
OF STEADY TRANSPORT EQUATION

A steady diffuslon-convective equation is an
important class of partial differential equations,
governing steady transport phenomena In fluid
flow, e.g. transfer of heat energy, momentum,
vorticity, dispersion problems, etc. Due to the
mixed elliptic-hyperbolic character of mentioned
PDE, the numerical solution of transport proce-
sses In flulds 1s much more difficult than thoze In
solids. This is specially true for flows characteri-
sed with high Reynolds or Peclet number values,
when convection becomes dominant compared with
diffusion, or when the hyperbolle character of the
equation predominates over the ellipticity of the
equation, respectively. Let us consider a general
steady state nonlinear diffusion-convective equa-
tion describing the time nondependent transport of
an arbitrary scalar function ul(F) in a homoge-
neous, lsotroplc and incompressible medium of so0-
lution flow domain Q bounded by the boundary T,
e.g. glven In Indiclal notation for a right-handed
Cartesian coordinate system [18], [25]:

e =0 vfin &
Pﬂ cﬂ

where ¥ () is the local solenoidal velocity fleld.
The variable u (F) can be interpreted, e.g., as a
temperature in heat transfer problems, concentra-
tion in dispersion processes, vorticity In fluld dy-
namics problems ete., and will be refered to as a
potential. The effective diffusivity &,(F. u) and
the source term [,(F. u) are monotonic space and
potential dependent functions. The effective diffu-
sivity &, can be always partitioned into a constant
a, and a variable part ay(F, w:

(3.1)

a, = a, + a,(T,u) (3.2)
This permits rewriting (3.1) as:
l5"-'- Iu
il iy Bl | el y) 3.3
( "32-‘1) 4 o€, - i

T Oz ;0z; Ve 3‘: i ﬁ_x:

Enatba (3.3) predstavlja elipticnl problem
robnih vrednosti, take da sklenemo matematicni
opiz prenosnega pojava z robnimi pogoji, npr. Di-
richletovimi, Neumanovimi ali Cauchyeviml na
delth meje I',, T, In T';:

The (3.3) represents an elliptic boundary va-
lues problem, thus some boundary conditions have
also to be specified, to complete the mathematical
description of the transport problem, e.g. Dirichlet,
Neumann or Cauchy type boundary conditions have
to be known on the part of the boundary T, T, in I}:
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m

u="u nafon I’
du du
Eﬂj - nafon [y (3.4)
oz;% Tou(y-%7)  nafon Ty
kjer je a, — prenosni koeficient med mejo toka where a,, Isthe transfer coefficient between the

tekoéine, definirane z normalo enote 77 In okolico
potenclala ug.

Glede na uporabo razlicnih osnovnlh resitev
lahko oblikujemo &tevilne numeriéne modele difu-
zivno-konvektivne enatbe. Za vse te Integralske
zaplse lahko retemo, da so zelo stabilni, natantni
in razmeroma brez pojava umetne difuzivnosti,
znanega pri numeriénem refevanju z metodo kon-
¢nih razlik oziroma konénih elementov. Glavna
omejltev samo robne Integralske predstavitve je v
tem, da obstajajo osnovne resitve le za parcialno
diferencialne enatbe s konstantnimi koeficienti.
Ce to ni primer, lahko koeficiente vedno raz-
delimo na stalnl in spremenljivi del, ki je obrav-
navan na naéin psevdoprostorninskih sil. Glavna
pomanjkljivost takine robno-obmoéne integralske
predstavitve je v potrebnl obmo¢ni diskretizaciji
poplsa psevdo prostorninskih sil.

3.1 Integralska predstavitev osnovne
redltve Laplaceove enatbe

Obravnavajmo Integralsko predstavitev neho-
mogene ellpti®ne parclalno diferenclalne enatbe
tasovno neodvisnega prenosa poljubne skalarne
funkcije u(F) 4], [5):

u

dz;dz; £

+

kjer ¢len b(T, w) pomeni psevdo prostorninske
sile. Z uporabo Greenovih teoremov za skalarne
funkelje oziroma preprosto z aplikacijo tehnike
uteZnih ostankov lahke zapidemo naslednji robno-
obmotni integralski stavek:

a

sl
LT, B
mn

a

(eyu(e) + [ v
kjer sta u®F eliptitna osnovna resitev Lapla-
ceove enachbe:

a‘l“'l

dz;0z;

+

oz. sta £ in 5 lzvorna totka In totka polja, med-
tem ko sta 3u™E/3n odvoed esnovne resitve nor-
malno na rob in ¢(£) geometrijsko odvisen prosti
tlen zaradi Cauchyeve singularnost] na levl strani
(3.6). Z izenacitvijo ¢lena psevdo prostorninskih sil
s konvekeljo, nelinearno difuzijo in izvornim ¢le-
nom v (3.3);

fluid flow surface defined by the unit normal vec=
tor i, and the surrounding ambient at the poten-
Lial .

Different numerical models for the diffusi-
on-convective equation can now be developed based
on different fundamental solutions. All of these
integral formulations seemed to be very stable,
accurate and relatively free from the phenomenon
of artifficlal diffusion, a well known problem in
finite difference or finite elements methods of
numerical solution. The only major restriction of
the boundary integral representation ls that fun-
damental solutions are only available for PDE
with constant coefficlents. If this is not the case,
the coefficients can be always partitloned Into
constant and variable parts, which are then trea-
ted as pseudo-body forces. The malin disadvantages
of such a boundarv=-domaln Integral representation
approach, is that domain discretization Is required
for the pseudo-body forces.

3.1 Integral representation for a
fundamental solution of Laplace's equation

Let us first consider an Integral representa-
tion of a nonhomogeneous elliptic PDE describing
the time non dependent transport of an arbitrary
scalar function u(7) (4], [3]:

=0 vfin 0 (3.5)

where bIF, u) represents a pseudo body lorce
term. Using Green's theorems for scalar func-
tions, or simply by applylng a welghted residual

technique one can write the following boundary-
domain integral statement:

Ou o B
jl:ﬁ'ﬁ“ dI‘+fﬂbu dfl

where u*E Is the elliptic fundamental solution of
the Laplace s equation, l.e. the solution of:

(3.6)

§(£,5) =0 (8.7

in which £ and = are the source and field points,
respectively, while 3u"E/3n its derlvatlve In a
direction normal to the boundary, while c(£) Is
geometrically dependent free term accounting for
the Cauchy type sinpularity of the Integral on
the left hand side of (3.6). Equating the pseudo-
-body force term b by the convection, nonlinear
diffuslon and source term in (3.3):
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o _[ E‘t.l' (u'fﬂ =

izpeljemo naslednjl integralski stavek difuzivno-
-konvektlvne enatbe:

(€)u(e) + j et

kjer je v, = ¥ - i normalna kormponenta hitrosti
na rob. Enacba (3.9) velja za prostorske (j = 1, 2,
3) kakor tudi za ravninske (j = 1, 2) tokove pri
uporabl ustrezne prostorske oziroma ravninske
eliptitne osnovne refltve.

Robno-obmoéna integralska predstavitev (3.9)
opisuje prenos skalarne funkcije v v integralski
obliki na fizikalno ustrezen natin. Glede na to je
numeriéna shema, ki izhaja 1z diskretne integral -
ske enatbe, zelo stabllna in natancna. Opazimo
lahko, da je difuzija ¢isto robni problem, podan s
prvima robnima Integraloma, medtem ko tretji
robni integral daje rezultirajoéi konvektivni tok
velitine u prek kontrolne povriine, ki seveda ne
obstaja v primeru, ko ne obstaja normalna kom-
ponenta hitrosti v, = 0. Obmoénl Integral se po-
javi zaradi obmoénith konvektivnih uéinkov, ne-
linearne difuzije In prispevka lzvornega ¢lena na
ragvoj skalarnega polja. £a harmoniéne vire lahko
ta obmoénl Integral preoblikujemo v enakovreden
robni integral.

3.2 Integralska predstavitev ognovne
reltve modificirane Helmholtzove enaZbe

Integralski zapis difuzivno-konvektivne enaé-
be lahko temelji tudi na modificirani Helmholtzovi
nehomogeni parcialno diferencialni enacbi [26]:

i g
dz;dz;

kjer je parameter £ pozitivno stevilo. To diferen-
clalno enacbo preoblikujemo v ustrezno integralsko
predstavitev z uporabo tehnike uteznih ostankov,
npr. kar se kaZe v integralskem stavku:

()u(E) + fr u

kjer je u®H osnovna resitev modificirane Helm-
holtzove enaébe:

Gy
dz;0
Clen psevdoprostorninskih sil b pmds:tnvlja:

1 i) du Iy
o T S T

o]
"8x;) " poto

- - fu+b=0 v/in 2

wh
i / Ou mar 4 j budQ2
in r &n n

—pu 4 5(¢,8)=0

(3.8)

the following integral statement can be written
for the diffusion-convective equation

3‘““-5 15 _jtw“ *E4T
rﬂaﬂ"‘

_f[(""’ “"az,)

ot Ly

dfl 3.9
825 Doty (3.9)

where v, = V. 7i I8 the normal velocity component
to the boundary. The (3.9) is valid bath for space
(j=1,2, 3) and for plane (j = 1, 2) flow problems,
subject to the use of appropriate space or plane
elliptic fundamental selutions.

The boundary-domain Integral representa-
tion (3.9) describes the transport of the scalar
function v In an Integral form in a physically
adequate manner. Because of this, the numerical
scheme resulting from the discretised Integral
equation Is very stable and accurate. Note,
that the diffusion Is a boundary problem only
described by the two boundary Integrals, while
the third boundary integral glves the resulting
convective flux of the quantity o across the
control surface, and vanishes for a zero normal
velocity component, v, = 0. The domain integral
I due to the convective domaln effects, non-
linear diffusion and the contribution of the
source term on the development of the scalar
field. For an harmonic source this domain
integral part can be transformed to an equivalent
boundary integral.

3.2 Integral representation for a fundamental
solutlon of a modified Helmholtz's equation

MNext, the integral formulation of a diffusion-
convective equation can be based on a modified
Helmholtz's nonhomogeneous PDE [26]:

(3.10)

where the parameter 8 is a positive number. The
above differential equation can be transformed into
an equivalent integral representation by applying
a welghted residual technlque, l.e. resulting In the
following integral statement:

(3.11)

where u®¥ jg the fundamental solution of the
modified Helmholtz s equation, |.e. the solution of:

(3.12)

The pseudo-body force term b stands now for
the terms:

(3.13)
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tako da zaplZemo naslednjo Integralsko enadbo:

«eue)+ [ Aol

ﬂ“l-ll
‘f [(‘“‘" ™~ Bz; )ﬂz; g

FPravilna Izbira parametra g ima wvelik wpliv
na konvergenco Iterativne sheme. Vsaj za samo
nelinearne difuzivne probleme Je konvergenca
zgornje sheme monotona.

3.3 Integralska predstavitev osnovne
refiltve difuzivno konvektlvne enatbe

Mogote najprimernejsi in stabilni integralski
zapls neodvisno od vrednosti Revnoldsovera dtevila
lahko 1zpel jemo z uporabo osnovne resitve difuziv-
no kenvektivne parcialno diferencialne enatbe s
konstantnimi koeficientl. Splosnl ustaljenl tran-
sport 8 kemi¢no reakcijo prvega reda podaja enai-
ba:

o Mo
%3'&,-595,: dz;

kjer je k reakcijska konstanta. Ce zelimo razviti
integralsko enatbo zgornje parcialnoe diferencialne
enatbe, potrebujemo reditev (3.13). Ker pa ta ob-
staja le za ustaljeno hitrostno polje, moramo spre-
menljivli vektor hitrostl ¥ (F) razstavitl na pov-
pre¢nl konstantnl vektor In perturbacijski vektor,
tako da Je:

vi(r) = Tj + 0;(rk)

To omogoda zapis (3.15) kot:

a 8*u

*8z;0z; Oz;

Diferenclalni zapis lahke preoblikujemo v

ekvivalentni integralski stavek z uporabo tehnike

uteznih ostankov all Greenoviml teoremi za ska-

larne funkclje, kar se kaze v naslednjemn integral-
skem zapisu:

() +a, [ wSa—dr

(o
a\ ° Oz

kier Je v, = ¥, + ¥, = ?-7 In Trs Je seda)
glavna refitev difuzivno konvektivne enatbe s
konstantnimi koeficienti:

8 dujue

—ku+b=0 vfin Q

e V% -%’*— b=0

% ﬂzjﬂ:,- ﬂ:l:_i

— ku™® + §(£,5) =0

rendering the following integral equation:

dl’ — lj uv,u""dl
@ Jr

( b (3.14)
Pots

The proper selection of the parameter B has
a great Influence on the convergency of the itera-
tive scheme. At least for pure nonlinear diffusion
problems the convergency of the above scheme
proved to be monotonic.

3.3 Integral representation for a fundamental
gsolutlon of a diffuslon-convective equation

+ u.,.ﬂu) u‘“] df

Perhaps the most adequate and stable integral
formulation, regardless of the Reynold's number
values, can be obtained by using the fundamental
solution of a diffusion-convective PDE with con-
stant coefficlents. The general steady-state trans-
port. Including the first order reactlon, can be
governed by the equation:

(3.15)

where k stands for the reactlion constant. In order
to developed an Integral equation to the above FDE,
a fundamental solution of (3.13) 1s necessary. Since
it exists only for the case of constant velocity fi-
elds, the variable velocity vector ¥ () has to be
decomposed into an average constant and pertur-
bation vector, such that:

(3.16)

this permits rewrlting (3.15) as:

(3.17)

The above diferential formulation can now be
transformed Into an equivalent integral statement
using a weighted residual technique or Green's
theorems for scalar functions, resulting in the
following integral formulation:

du o ] :
- ZLuedT - | uv,u*cdl+
a, k an " ruu u

+ bu‘“) df (3.18)

where v,, = ¥, + ¥;, = 7. nand 4™ is now the
fundamental solution of the diffusion-convective
eq. with constant coefficients, i.e. the solution of:

(3.19)
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Opazimo lahko, da je predznak konvektivnega
¢lena v (3.13) in (3.19) nasproten, ker operator ni
sebi prirejen (adjungiran). Clen psevdoprostornin-
skih sil b izenatimo = ¢leni:

d

tako da velja naslednji integralski stavek:

&

e(E)u(€) + a, fr ua;ﬂ
(-3
+L ULy uﬂaﬁ

V obmoénem Integralu se pojavlja konvekcija
samo zaradl perturbacijskega hitrostnega polja,
zaradl desar je ta nafln, kombiniran s tehniko
podobmodij, lzredno obetaven za numeriéno rese-
vanje sploZnih problemov toka tekofin z vellkimi
vrednostml Reynoldsavega Stevila.

4. INTEGRALSKA FREDSTAVITEV
NESTACIONARNE PRENOSNE ENACBE

Mestaclonarna difuzivno kenvektivna enatha
predstavlja mesan paraboliéno hiperbeli¢en tip par-
clalne diferenclalne enatbe, ki podaja éasovno od-
visne prenosne pojave v toku tekotine. Casovno
odvizen prenosni stavek gibalpe koliéine, vrtiné-
nosti, temperature, koncentracije itn. lahko for-
malno prepoznamo kot isti tip nestacionarne difu-
zlvno konvektivne enatbe.

Obravnavajmo splofno fasovno odvisno nell-
nearno difuzivno Konvektivno enacboe, ki oplsuje
nestaclionaren transport poljubne skalarne funkcije
ulF, ) v homogenem lzotropnem mediju In defi-
niranem v obmofju R = [ x [, kI pomenl zmnoZek
obmocja (1 In ¢asovnega Intervala /(t,, ©):

a

dz;

Hu

)

kjer sta dejanska difuzivnost a, in izvorni &len
I,(F, u) poljubni prostorsko in ¢asovno odvisni
funkcliji. Z zamenjavo Izraza za varlacijo dejan-
ske difuzivnosti oblike (3.2), se (4.14) razdell na
linearni in nelinearni del:

a8

ge; (o

Enatba (4.2) predstavlja paraboliéni problem
zacetnih in robnih vrednosti. Zato moramo poznati
nekatere robne In zadetne pogoje, da bi lahko za-
okrozili matematiéni opis problema. Robni pogoji
so predpisani na ograji ', I'; in T, kot:

Fi g Hu t Hv;

u
G“ﬂ:l:jﬂzj S E‘i-

du
u® (“w—x,-) it

Bgla 08/

o s

It can be noted that the sign of convective
term is reversed In (3.15) and (3.19), since the
operator Is not self-adjoint. The pseudo-body lorce
b can now be equated to terms:

I,
PaCa
rendering the following final integral statement

(3.20)

:ﬂ‘:]n.,ﬁ ‘cdl‘—fuu,,u'cdr-k
r on r

)

Bu*°
dz;

+ I—"u'”] dfl (3.21)
Poty
Mote, that In the domaln Integral, only con-
vactlon due to the perturbation wvelocity field
axists, making this approach, combined with a
sub-structure technique, the most promlssing one
for a numerical solution of general fluid flow

problems for high Reynolds number values.

4. INTEGRAL REPRESENTATION OF
AN UNSTEADY TRANSPORT EQUATION

An unsteady diffusion-convective equation
represents a mixed parabolic=hyperbolic tvpe of
partial differential equations, governing time de-
pendent transport phenomena in fluld flow. The
time dependent transport statement for momen-
turm, vorticity, temperature, concentration etc.,
can be recognised to be formally of the same type
as the unsteady diffusion-convection equation.

Let us consider a general unsteady state non-

linear diffusion-convection equation describing
the time dependent transfer on an arbitrary
scalar function «(7, ¢ in a homogeneous and
isotropic medium defined In solution domain
R = 0 » [ representing the product of space
01 and time interval iz, £):

1y
Poto

=0 v/in R (4.1)

where the effective diffusivity a, (F, o) and
source term /,(F, u) are some arbitrary space

and potential dependent functions. Substituting
expression for effective difusivity varlation
of a form (3.2), (4.14) can be partitloned Into a
linear and nonlinear part in the following manner:

du ) Iy .
— |4+ —=0 vfin R 4‘2}
Bz;) Pty / (
The (4.2) represents a parabolic Initlal-

-boundary wvalues problem, so some boundary
and Initial conditions have to be known to
cam?letn the mathematical description of the
problem, e.g. Dirichlet, Neumann or Cauchy
tﬁpc boundary conditions have to be prescribed on
the part of the boundary T, T, and T, respectively:
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5

u=1 nafon
du  Gu
B_Ijnj e na/on
du

Eﬂj = ay(u — uy) nafon

medtem ko so zatetnl pogoji:

t=% v/in 0
4.1 Integralsk! zapls z glavno resitvijo
difuzivne enatbha

Obravnavajmo integralski zapls nehomogene
parabolitne diferencialne enatbe, ki opisuje ne-
ustaljenl prenos poljubne skalarne funkcije w7, 1)

u Hu

-—— k=10 in It
ij 7 + v/in

kjer b(F, u) predstavija ¢len prostorninskih sil.
Enatbo (4.3) preoblikujemo v ustrezno robno ob-
moéno Integralsko enacho z uporabo metode uteznih
ostankov ali Greenovih teoremov skalarnih funk-
cij, zaplZemo za ¢asovni korak = & - [p_:

deuiete) b [ [ 43

ff bu"dldﬂ-l—/u, R
i

in je u=F paraboli®na resitev difuzivne enﬂﬂbe.

Fu't Gut

E"Barjﬂmj

in sta (£ ) In (s ¢) — lzvorna In obmoéna

totka, du*Fan — odved v smerl normale na rob

obmoéja, c(F) — geometrijsko odvisen prosti tlen,

ki se pojavl zaradl singularnosti Cauchyjevega in-
tegrala na levi strani enatbe (4.6).

Z lIzenaCitvijo ¢lena prostorninskih sil b s

konvekcijo, nelinearno difuzijo in izvornim clenom

v enatbi (4.2):

b i

fz;
lahko 1zpeljemo naslednjo Integralsko enacbo:

(Eyuerte)tan [ [

SAREICE e

Enatho (4.9) lahko upnruhlmﬂ tako za prostor-
sko (f =1, 2, 3) kot ravninsko [j = 1, 2] tokovno
stanje, razlika je le v uporabljenih osnovnih re-
Eitvah. Robno obmotni integralskl stavek (4.9)
predstavlja £asovno odvisen prenos skalarne

n - - 5[{13]'5[1111) =0

i} du
i — ﬂua_x‘; +

Iy zafor =
I'; zaffor o (4.3)
I's za/for 3

while the initial conditions are:

t=1, (4.4)
4.1 Integral representation for a
fundamental solution of a diffusion equation

prifat

Let us first conslder an integral formulation
of a nonhomogeneous parabolic PDE poverning
time dependent transfer of an arbitrary scalar
function u(F, )

(4.5)

where b(F, u) stands for a pseudo body force term.
The (4.3) can be transformed into an equivalent
boundary-domain Integral equation by applying a
welghted residual technique or Green' s theorems
for the scalar functions, e.g. written in a time in-
cremental fnrm I'nr the time step = fp - fz_y:

—u'"’ dt dT'

(4.6)

where u®F is the parabolic fundamental solution
of the diffuslon equation, i.e. the solsutlon of:

(4.7)

in which (£ tg) and (s, t) are thr_- source and

field points, respectively, while 3u®"/3n its de-
rivative in a direction normal to the boundary,

while () 1z the geometrically dependent free
term due to the Cauchy type sinpularity of the
integral on the left hand side of (4.6).

Equating the pseudo body force term b with

the convection, nonlinear diffusion and source
term In (4.2):

I,
Pty
one can derive the following Integral statement:

(4.8)

t & 3 3
uﬂ;ﬂ mdr=ff’a.,;ﬁu"dur—/f”wnu'?d:dr
P—1 rdt, , S8 L P

The (4.9} Is adequate both for space (j=1,2,3)
and for plane (j = 1, 2) flow geometry, subject to
the use of appropriate space or plane parabolic
fundamental solutions. The boundary-domain inte-
gral statement (4.9) represents the time dependent
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funkeclje v v fizikalno ustrezni integralski oblikl.
Proces difuzije je opisan s prvima dvema robnima
integraloma, medtem ko tretji integral pomenl
konvektivnl tok prek roba, ki pa izgine v primeru
v, = 0. Prvi obmo&ni integral se pojavl zaradi
konvekcije, nelinearne difuzije in izvorov, medtem
ko zadnji obmotnl integral daje vpliv zatetnlh
pogojev na razvo] potenclalnega polja naslednjega
tasovnega Intervala.

4.2 Integralskapredstavitevzglavno resitvijo
modificirane Helmholtzove enalbe In Easovna
aprokeslmaci)a & kon&niml! razlikami

Vpeljimo aproksimacljo ¢asovnega odvoda 2
leve nesimetriénimi konénimi razlikami:

kar omogoca zapls enatbe (4.3) v obliki:
0,
atjarj
kjer je parameter § = 1/a,1. Z izenacitvijo ¢lena

prostorninskih sl kot:
— 1 b 7
= - BIJ' Usu

lahko izpeljemo Integralski zapis:

(©u(e) + [ umar = [

Jutt ¥
& _/ i a”&:, 9z;

Robno-obmoeéni integral (4.13) je formalne
enak enatbl (3.14), razen v primeru dodatnega
obmoenega clena, ki oplsuje zatetne pogoje. Raz-
vita Je popolna implicitna shema, vendar pa so
uporabne In izpeljive tudi druge sheme, npr.
Crank-Nicholsonova,

3. TESTNI PRIMER
5.1 Tok v odprti kotanji

Test v odprti kotanji je standarden test za
preverjanje robno obmoéne integralske sheme kakor
tudl druglh sorodnlh shem. Kvadratna kotanja
vsebuje lzotermni viskozni nestisljivi fluid. Namen
analize je doloditev gibanja fluida zaradl inducira-
nega glbanja na odprtem zgornjem robu. Analiza je
bila |zvedena za RHe = 1000 in Re = 10000, Rezul-
tatl postopka robnih elementov so primerjani =z
regitvijo »benchmark«, kil jo je podal Ghia z me-
todo konénih elementov In uporabo zelo goste mre-
ze (128 = 128 wozlis¢). Primerjava pokaZe zelo
dobra ujemanja rezultatov obeh preratunov. Slika 1
prikazuje peometrijsko obliko problema, diskretizi-
rano obmoéje in robne pogoje. Sliki 2 in 3 prikazu-
jeta polje, sliki 4 in 5 pa grafe tokovne funkeije.

-—ﬁur-l-ﬁn:'ﬂ vfin B
fu Il
e

a, Su
ra, on

transport of scalar function v In an integral form
in a physically justified way. The diffusion process
1z described by the first two boundary integrals,
while the third boundary Integral represents the
convective flow on the boundary which vanishes
for a zero normal veloclty component v, = 0. The
first domain Integral is due to the convection, non-
linear diffusion and source, while the last domain
integral gives the initial condition effects on the
development of the potential field in the next time
interval.

4.2 Integral representation for afundamental
solution of a modified Helmholtz equation and

finite-difference approximation in time

Let us introduce on the left, a non-symmet-
ric finite difference approximation of the time
derivative in (4.9):

—lpy

= (4.10)

which permits rewriting (4.5) as:
(4.11)

where the parameter § = 1/a,7. By taking the
pseudo body force term b equal to

] + Bu,_, (4.12)

Potol .
the following integral representation can be obtained:

1
*H4r - —f *H4r
u I‘wnu

P 5
ﬁu :u] dfl —i—.ﬁ‘l] up_u'd  (4.13)

The boundary-domain integral (4.13) is for-
mally ldentical to [3.14) except for the additional
initial conditions dornain term. Althought the
complete Implicit scheme Is developed, Crank-
-Nicholson and others, can be simply formulated
in the same manner.

5. NUMERICAL EXAMFLE
5.1 Driven Cavity Flow

A driven cavity test problem has been used
for validating the boundary-domain integral sche-
me. An lsothermal, viscous Incompressible fluld
is contained in a square cavity. The purpose of the
analysls is to determine the flow motion which Is
induced with steadv motion of the top wall.
Analysis Is performed for high Ae number flows:
Fe = 1000 and Re = 10000. BEM results are com-
pared with the benchmark solution which Is
proposed by Ghia, and is obtained by FEM on very
fine mesh (125 = 125 nodes) . Comparison shows a
very good agreement. The geometry of the pro-
blem, discretized model and boundary conditions
are presented in Figure 1. Figures 2 and 3 repre-
sent the velocity field, while Figures 4 and 5 show
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v w1

[ 1

Sl. 1. Mre2a, geometrija in robnl pogoji.

Diskretni model neenakomerna mreda, 41 ¥ 41 vozli%®, linearna interpolacijs za funkeljo, konstantna interpolac ja
za odvod funkcije. razmerje mrefe. Lyax/Lmin = 10. Stevilo robnih elementov Np = 160, #tevilo notranjih celic
Mg = 1600, (4 vozlidéni Zetverokotniki). Stevilo robnih vozlif® n = 160, Stevilo robnih in notranjih vozli® m = 1681.
Postopek refevanja: vriinEno-hitrostna formulacija (& — ), impliciten izrafun vrednosti v obmo&ju,
pod-relaksaci jska iterativna metoda, reformacija matrike po 5 iteracijah, r = 0,01, ratunalnik: Convex c3-220

Fig. 1. Mesh, geometry and boundary conditions
Dierete model: Noen-uniform mesh. 41 * 41 nodes. linear interpolation for function, constant interpolation for flux,
Mesh gradation: Lmase/Lmin = 10. number of boundary elements Ng = 160. number of internal cells NG 1600,
(4 noded quadrilaterals). number of boundary nodes n = 160. number of boundary and internal nodezs m = 1651,
Solution . Vorticity-velocity formulation (& — ¥). implicit computation for domain values,
under-relaxation iterative method. matrix reformation after 5 iteration steps. r = 0.01. hardware: Convex e3-220
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; SI 2. Hltfmtrm polje za RHe = XK
Fig. 2. Velocity field for Re = XK.

b — S,

Sl. 4. Tokovne funkcije za Re = 1000,
Fig. 4. Streamlines for Re = 100,

SI. 3. Hitrastno polje za Re = 10000,
Fig. 3. Velocity field for Re = 10000.

% |

Sl. 3. Tokovne funkcije za Re = 10000.

Fig. 5. Streamlines for Re = 10000,
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Sliki 6 in 7 podajata konvergenco resitve, medtem
ko je primerjava rezultatov postopek robnih ele-
mentov 7z reiltvaml =benchmark« prikazana na
slikah 8 in 9.

31

II“ I.Jr“ I.IH 'Imlﬂ‘ '.'."'I ||'l.-'l
Sl. 6. Konvergenca resitve za Re = 1000
{1 - 200 iteracij. 4—400 iteraci]. 3—800 iteracij).
Fig. B. Convergence to solution for Re = 1000
(1-200 iterations, 2—400 jterations, 3=800 iterations).

IS

l'.il'lll !IIII-H lllln -i.-ﬂ il.-ll |.u.|-n
Sl. 8. Hitrestni profil komponente v, pri x = (0,5,

za Re = J000, (— - BEM. o - benchmark).

Fig. 8. Velocity profiie of component v, at
x = 0.5, for Re = 1000, (— - BEM. o - benchmark).

6. SKLEP

Za robno obmo¢no Integralsko metodo smo
vpeljall nekaj pomembnih novosti v ratunsko me-
hanike tekotin. Zaradi uporabe osnovnih reditev
vet all manj celotnega pojava prenesemo na rob
obravnavanega obmodja, kar =e ka*e v stabilnosti
In natanénostl numerléne sheme. V primeru upo-
rabe Laplaceove ali difuzijske Greenove funkcije
prenesemo celotno difuzijo na rob obmofja, med-
tem ko zajJamemo konvekclijo z obmo¢nimi inte-
grall. Mnogo bolj uéinkovita je numeriéna shema,
ki je zasnovana na difuzijsko konvektivnl Greenovi
funkclji. Stabllnost numeriéne resitve te sheme

streamline plot. Convergences of the solution are
shown on Figures 6 and 7. Comparlson of the
BEM results with the benchmark solution Iz
shown on Figures 8 and 9.
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Sl. 7. Konvergenca resitve za Re = 10000
{1-200 iteracij, 2—400 iteracij, 3500 fteracij).
Fig. 7. Convergence to solution for Re = 10000
{1-200 iterations, 2-400 iterations, 3=800 iterations).
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Sl. 9. Hitrostni profil komponente v, pri x = 0.3,
za Re = 10000, (— - BEM. o - benchmark).

Fig. 9. Velocity profile of component v, at x = (.5,
for Re = I0KK), (— - BEM. o - benchmark).

6. CONCLUSION

The boundary-domain integral methoed offers
some important features in computational Fluid
dynamics. Due to the fundamental solutions, the
transport process is more or less transferred to
the boundary, producing a very stable and accurate
numerical scheme. In a numerical algorithm, for
example based on Laplace's or Green' s diffusion
function, the diffusion is completely described by
boundary Integrals only, and for the convectlon,
the domain discretization Is needed. A much more
efficlent numerical scheme can be formulated
regardlesz of Reynelds number wvalues for the
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je neodvizna od wvelikesti Reynoldsovega &tevila,
saj v ohmoéju popitemo le del konvekelje variabil-
nega dela hitrostnega polja. Nadalje lahko razvije-
mo za ¢asovno odvisne probleme zapis, ki je za-
snovan na elipticni osnovni resitvi, casovni odvod
pa ponazorimo s konénimi razlikami,

Kakor je znano so sistemske matrike, ki se
pojavijaje v robno cbmo®nl Integralski tehnikl,
polno zasedene, zato je uporaba Gaussove nepo-
sredne eliminaci je nujna. Zaradi tega so potrebe po
racunalniskem ¢asu in spominu velike. Metodo
lahko motno izboljfamo z uporabo tehnike pod-
obmoél] [¥] In meZanih robnlh elementov, kKl je
lahke razvita v ekstremnem primeru tudi do os-
nutka konénih prostornin. £ uporabo tehnike pod-
obmotij se mo¢no spremeni struktura sistemskih
matrik, saj postanejo delno prazne in s tem zelo
primerne za uporabo Iterativnlh metod, kar se lepo
kake pri uporabl metode konjugiranih gradientov,
kjer so bill doseZeni veliki prihranki ratunalniike-
ga ¢asa In spomina [8].

diffusion-convective Grean. 2 function, whare only
the convection for the perturbation velocity fleld
is governed by the domain Integrals. A very
straightforward formulation of time dependent
problems can be developed by using elliptic funda-
mental solutions and a [inite=difference approxi-
mation In time.

As Iz well known, system matrices resulting
in boundary-domain technique are completely oc-
cupled at least in its original form and the direct
solver has to be used. which requires enormous
computation times and memory demands. The
method can be greatly Improved by using a sub-
-domain technique [¥] and mixed-type boundary
elements, which can be developed in an extreme
case to the concept of finite volume. Using the
sub-domain approach. sparsity paterns of the sy-
stem matrices are considerably improved, and
preconditioned conjugate gradient iterative methods
can successfully be wsed with more realistic
computatlon times and memory savings [5],
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