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Sirjenje razpok v snoveh z mehéalno karakteristiko pri dinamiénih obremenitvah
Progressive Fracturing of Softening Materials Under Dynamic Loading Conditions

ZORAN REN — NENAD BICANIC

Prispevek obravnava pojavno usmerjen postopek modeliranja nastanka in $irjenja razpok
v snoveh z mehcéalno karakteristiko za primer prenosnih dinamicnih problemov, temelje¢ na
izkustveni formulaciji napetosti in deformacij ter uporabi teorije viskoplasticnosti v okviru
metode koncnih elementov. Za koracno neposredno casovno integracijo gibalnih enacb je upo-
rabljena metoda srednjih odstopkov, pri ¢emer je matrika diskretnih mas diagonalizirana in je
predpostavljena sorazmernost dusilne matrike dinamicnega problema. V vzetem osnutku po-
razdeljenih rotirajocih razpok je predpostavljeno, da je nastanek mikrorazpok odvisen od krsit-
ve kriterija plasticnosti in je njihova rast nadalje odvisna od procesa deformacijskega mehca-
nja. Pri tem je tudi predpostavljeno, da je progresivna poskodba izotropna in je modelirana s
postopno izgubo nosilnosti. Pojav deformacijskega mehcanja v telesu nujno vodi do lokalizacije
deformacije, ki povzroci lokalno izgubo nosilnosti ob nastanku razpok v lokalizacijskih obmodjih.

Nadaljnje Sirjenje teh obmocij intenzivnih deformacij povzroci nastanek popolnoma odprtih
razpok in tako tudi nezveznost konstrukcije. Za modeliranje nastanka diskretnih razpok v

prvotno zveznem telesu zaradi izgube nosilnosti v lokalizacijskem obmocju je predlagana upo-
raba tehnike odstranjevanja koncnih elementov. Podan je ustrezen numericni zgled.

A phenomenological approach based on the empirical formulation of stresses and strains
is followed in this paper, utilising the theory of viscoplasticity in the general framework of
the finite element method for modelling the progressive fracturing of softening materials in
transient dynamic problems. The central difference method is used for a step-by-step direct
time integration of equations of motion, which is coupled with lumped mass and proportional
damping matrices. In the context of the rotating smeared crack approach, it is assumed that
micro-cracking is initiated upon the violation of a yield criterion and is further governed by
the strain softening process. The progressive damage is assumed to be isotropic and is model-
led with the gradual reduction of the load carrying capability. The occurrence of strain softe-
ning in the continuum leads to the localisation of deformation, which causes a local failure
through the occurrence of cracks in the localised zones. Further propagation of localised zones
of intense deformation leads to the development of fully opened cracks and consequently to a
structural discontinuity. A finite element removal technique is proposed for modelling the fi-
nal separation of the continuum, when a complete loss of the load carrying capability in the
localised zone has been achieved. A representative numerical example is given.

0 UVOD 0 INTRODUCTION

Za popoln numeri¢éni model nastanka in Sirje-
nja razpok v dinami¢ni analizi je treba matematic-
no opisati razvoj mikrorazpok, nastanek makroraz-
pok in gibanje odlomljenih delov. Ker je problem
popolnoma spremenjen med dinami¢nim obreme-
njevanjem, ki povzro¢i porusitev (od zveznega te-
lesa do telesa z razpokami in konéno do popolne
lo¢itve delov), je treba uporabiti za dve karakte-
risti¢ni fazi problema razlitne numeri¢ne tehnike
reSevanja, in sicer metodo koncnih elementov za
modeliranje nastanka in 3irjenja razpok in metodo
diskretnih elementov za modeliranje gibanja in
konéne ustalitve odlomljenih delov zacetno zvezne
strukture. Ta prispevek obravnava le prvo fazo
problema, to je simuliranje nastanka in 8irjenja
razpok.

For a complete model of progressive fractu-
ring in transient dynamic analysis, a description
of the progressive development of micro-cracking,
subsequent fracturing and fragment motion is re-
quired. As the structure is so completely changed
during a transient loading that causes structure
failure (from jointed solid to fracture cracked solid
leading finally to a full separation) it is necessary
to use different numerical techniques for two cha-
racteristic phases of the problem: a finite element
method for modelling the progressive fracturing,
and a discrete element method to model the motion
and settling of separated parts of the Initially con-
tinuous structure. This study is concerned only
with the first phase, i.e. the numerical simulation
of the progressive fracturing.
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V zadnjih 25 letih je bilo razvitih ve¢ modelov
za simuliranje nastanka in 3irjenja razpok v okvi-
ru numeri¢ne analize razli¢nih konstrukecij z me-
todo konénih elementov. Te modele je mogoce v
osnovi razdeliti na dva primera: diskretne razpoke
in porazdeljene razpoke. Medtem ko je v primeru
diskretnih razpok razpoka Ze od vsega za¢etka mo-
delirana kot geometrijska nezveznost [111, je v
primeru porazdeljenih razpok le-ta modelirana v
zveznem telesu, kjer je predpostavljeno, da nasta-
ne razpoka zaradi ve¢jega Stevila enakomerno po-
razdeljenih mikrorazpok po celotni prostornini
konénega elementa [2].

Vsak model razpok je sestavljen iz primerne
kombinacije treh poglavitnih komponent: ugotovit-
ve nastanka razpoke, na¢ina obravnave razpok in
kriterija Sirjenja razpoke. Glede na prvo kompo-
nento se razli¢ni modeli le malo razlikujejo, saj je
v ve€ini primerov za ugotovitev nastanka razpoke
uporabljen Kriterij najve¢je nosilnosti. V osnovi
sta bila razvita dva postopka obravnave razpok
(diskretne ali porazdeljene razpoke) in dva krite-
rija 8irjenja razpoke (nosilnost in lomna trdnost).
Mogoéa je kombinacija vseh, za zdaj $e ni soglasja
glede splosne uporabnosti katerega od razvitih
modelov, saj ima skoraj vsak model dolo¢ene
pomanjkljivosti pri uporabi v analizah realnih
konstrukcij z metodo konénih elementov.

V prispevku je predpostavljeno, da je nastanek
mikrorazpok odvisen od krsitve pogoja plasti¢nosti
in je njlhovo Sirjenje nadalje odvisno od procesa
deformacijskega mehcanja. Predpostavljeno je, da
so razpoke homogeno porazdeljene po lokaliza-
cijskemn obmoéju, kar se ujema z zamislijo poraz-
deljenih razpok. Sirjenje razpok je simulirano kot
interna izotropna poskodba, ki jo je mogoce opazo-
vati z omejenim &tevilom parametrov, kakr&na je
na primer velikost neelasti¢ne deformacije, pri
kateri sta zacetek in 3irjenje po&kodbe nadzorovana
z enotno funkcijo plasti¢nosti. Prednost tak3nega
nacina je neodvisnost analize od smeri S$irjenja
razpoke, ki jih je mogoCe preprosto dolo¢iti med
dinamiéno analizo. Tako je mogoc¢e nelinearnost
razli¢nih materialov modelirati z uporabo enotne
teorije viskoplasti¢nosti.

Pri dinamiénih zunanjih obremenitvah mate-
rialov je treba upodtevati tudi vztrajnost problema,
kar se kaZze v povecanju potrebne obremenitve za
pricetek procesa mehéanja. Ceprav je na voljo le
nekaj eksperimentalnih rezultatov, obstajajo ute-
meljeni dokazi o odvisnosti cbnasanja snovi z meh-
¢alno karakteristiko od hitrosti deformacij. Opaziti
je mogoce znatno povecanje trdnosti pri vedanju
povpre¢ne hitrosti deformacij od kvazistati¢nih
stopenj (~ 10~%s) do velikih hitrosti, znatilnih za
udarne obremenitve (=~ 10%s), pri katerih je v
skrajnosti mogoce pri¢akovati tudi podvojitev trd-
nosti. Nujno je, da vsaka nelinearna numeri¢na
dinamiéna analiza pravilno simulira te vplive na
najvecjo nosilnost, najvecjo mogoc¢o deformacijo in
na¢in porusitve analizirane konstrukcije.

Over the past 25 years, a number of diffe-
rent models have been developed to represent
cracking during a finite element analysis of va-
rious structures. They can be basically subdivided
into two approaches, a discrete crack approach
and a smeared crack representation. The discrete
approach models a crack from the onset of crak-
king as a geometrical discontinuity [11], whereas
the smeared approach models a cracked solid as
a continuum, where cracking Is assumed to be
caused by a set of densely populated or smeared
cracks over the whole volume of the finite ele-
ment [2].

Each cracking model is composed of a suitable
combination of the three basic components: an
initiation determination, a method of crack re-
presentation, and a criterion for crack propagation.
In regard to the first component, there is a little
difference between various models as they mostly
rely on a strength criterion for crack initiation.
Two methods of crack representation (discrete
crack and smeared crack) and two criteria for
crack propagation (strength and fracture tough-
ness) have been introduced, and any combination
of these is possible. As yet, there is no universal
agreement on the general acceptability of any of
these models due to various problems encountered
when they are applied to the finite element ana-
lysis of real structures.

It is assumed in this paper that micro-crak-
King is initiated upon the violation of a yield crite-
rion and is further governed by the strain softe-
ning process. The cracks are assumed to be homo-
geneously distributed over the localisation zone,
which corresponds well to the idea of smeared
crack models. Cracking is interpreted as an inter-
nal isotropic damage effect which can be unam-
biguously monitored by a limited number of para-
meters, such as the amount of inelastic straining,
where a single yield function controls the onset
and evolution of damage. The advantage of such an
approach is the independence of the analysis from
any crack directions, which can be simply identi-
fied during the transient dynamic analysis. The
non-linear behaviour of different materials can
then be modelled by using the unified framework
of the theory of viscoplasticity.

Under transient loading conditions, inertia
carries a part of the load, which is manifested in
the increase of the load level corresponding to the
initiation of softening. Despite relatively scarce
experimental data, there is ample evidence of the
strain-rate dependence of behaviour of softening
materials. A significant increase of strength para-
meters can be observed as the average rate of
straining increases from the quasi-static strain
rate (&~ 107°/s) to very high strain rates typical
for impact conditions (& 10%s) and at the ex-
treme, the strength parameters can be nearly
doubled. It is essential that any nonlinear tran-
sient dynamic numerical analysis correctly reco-
vers these influences on the maximum load, the
maximum attainable deformation and the failure
mode of a structure.



STROJNISKI VESTNK — JOURNAL OF MECHANICAL ENGINEERING, LJUBLJANA (40) 1994 /112

403

1 NEPOSREDNA CASOVNA INTEGRACHJA
PROSTORSKO DISKRETIZIRANEGA
DINAMICNEGA PROBLEMA

Prostorsko diskretiziran dinamiéni problem je
mogoce z uporabo metode konénih elementov zapi-
sati v obliki naslednje matri¢ne enaébe [6]:

Ma'n+ Cd‘.!}+ fn = fﬂ

Za popolno diskretizacijo dinami¢nega pro-
blema pa je treba izvestli $e neposredno ¢asovno
integracijo (1) za ugotovitev odvisnosti d = d (1),
pri ¢emer mora biti ravnoteZje sistema zago-
tovljeno ob vsakem diskretnem trenutku. V pri-
meru analiz 3irjenja napetostnih valov, pri kate-
rih je tehni¢nega pomena odzivnost materiala na
¢elu 8irjenja napetostnih valov, je najprimernej$a
uporaba eksplicitnih neposrednih ¢asovno inte-
gracijskih shem. Ker je za tak3ne vrste analiz
Ze tako treba izbirati zelo majhne ¢asovne korake,
¢e Zelimo pravilno simulirati odziv konstrukcije,
pogojna stabilnost eksplicitne ¢asovne integracijske
sheme po navadi ni problemati¢na. Glede na to je
bila za neposredno kora¢no ¢asovno integracijo iz-
brana metoda srednjih odstopkov, po kateri so od-
vodi vektorja pomikov aproksimirani [1] z:

1 DIRECT TIME INTERGRATION
OF A SEMI-DISCRETED
DYNAMIC PROBLEM

After a semi-discretisation of the dynamic
problem by the finite element method, the fo-
llowing matrix equation is obtained [6].

(1.

int ext

To obtain the full discretisation of the dy-
namic problem, it Is necessary to apply a direct
time intergration of eq. (1) in order to find
d= d(t), with the equilibrium being satisfied at
any time instance. For wave propagation prob-
lems, in which the behaviour at the propagating
stress wave front is of engineering importance, it
is computationally very efficient to use the expli-
cit direct time integration method. Since very
small time steps are already required for captu-
ring the structure response correctly, the con-
ditional stability of the method usually does not
present a problem. The central difference time
integration method has been chosen for a
step-by-step direct time integration, where the
time derivatives of the displacement vector can be
approximated [1] by:

n+1 n = n+1 In-=1

dr:l= d = sz +d s d;n= d -d (9).
(At) 2At
Z vstavitvijo (2) v (1) po ureditvi dobimo: Substituting (2) into (1) yields:
n+1 At =) g
d"=[M+=C]

S n n At n-1

; {(ﬂt) [fext - fmt:l + OMd " - [M - TC:Id } (3).

Resevanje tega sistema enacb se zelo poeno-
stavi, ¢e je mogoce matriko diskretnih mas M in
dusilno matriko C dinamic¢nega problema na pri-
meren nadin diagonalizirati. V tem prispevku je
bila uporabljena posebna tehnika [4] za diagonaliza-
cijo masne matrike M. Sistemsko dusenje dina-
mic¢nega problema je bilo simulirano z uporabo
Rayleighovega sorazmernega dusenja [5], pri ka-
terem je predpostavljeno, da je:

Solving this system can be much simplified,
if the mass matrix M and the damping matrix C
can be diagonalised in some suitable manner.
In this paper, the special lumping technique [4]
has been used for diagonalisation of the mass
matrix M. The overall system damping was
simualted by utilising the Rayleigh proportional
damping [5], where it is assumed that:

oM (4),
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Pri diagonalizirani masni matriki tako ob upo-
rabi (4) tudi dusilna matrika postane diagonalna in
reSitev sistema (3) je preprosta, saj postanejo
enatbe popolnoma neodvisne. Tako za vsako pro-
stostno stopnjo dobimo neodvisno enacbo za dolo-
&itev komponente pomika pri ¢asu ¢ + At v od-
visnosti od informacij o stanju sistema pri ¢asih
t™in t™ - A¢, ki se nanasajo na obravnavano pro-
stostno stopnjo, v obliki:

m“ ext’y

n+1 ye

M [(f )n| 3y (rlnt)ul] 3 Zd::l £ (2 i B)d

If eq. (4) is coupled with the lumped masses,
the damping matrix also becomes diagonal and the
solution of (3) is trivial, as a complete system
decomposition is readily available. A separate
equation is then obtained for each displacement
degree of freedom at time ¢™ + At involving in-
formation regarding only the degree of freedom
at times (™ in t™ - At in a form:

n-1
ul

ul

kjer je B=1+ (At - ¢;;,)/(2m,,), pri u e {x, y. 2}
inied{l, 2 .. N} ter N enako stevilu vozlise
prostorsko diskretiziranega problema.

Enacbi (3) in (5) kazeta, da je mogoc¢e pri
uporabi metode srednjih odstopkov eksplicitno dolo-
¢iti pomike pri éasu ¢™+ At v odvisnosti od znanih
pomikov pri ¢asih ¢ in ¢™-At. To pomeni, da je
pri zagonu te metode ¢asovne integracije pri ¢° = 0
treba dolo¢iti poseben zatetni postopek, saj so po-
miki d (0 - At) neznani. Zatetni postopek je mo-
goce definirati z upostevanjem dveh potrebnih za-
¢etnih pogojev, ki popolnoma definirata dinamicni

problem:

(3),
B

where B=1 + (At - ¢;;) / (2m;;), where u ¢
{x,yv.ztandie{l, 2, ..., N} and N is the number
of nodes of the spatially discretised problem.

Egs. (3) and (5) show that, using the central
difference integration method, the displacements at
time t™ + At can be obtained explicitly from the
displacements known at time instances t™ and
t™ - At. This implies that the method is not self-
-starting and that a special starting algorithm is
required at time t° = 0, since the displacements
d (0 - At) are unknown. The starting algorithm can
be obtained by using the two required initial con-
ditions that completely define the dynamic problem:

d0) =d°ind0) = ¥° (6),

saj pri vstavitvi teh enacb v (2) lahko zapisemo:

d0) =

and substituting into (2) it holds that:

d(0 + 80 -dO-8) .

2At

(7).

d0 - At) =d(0 + At) - 2A¢tv°

Ce to aproksimacijo vstavimo v (5), lahko
pomike pri ¢asu t' dobimo z:

d1 ¥ (ﬁt)z I:(f )0

ul 2m“ ext’|

Identi¢na enatba omogoc¢a tudi moZnost nada-
ljevanja analize po zaustavitvi. V primeru zausta-
vitve ¢asovne integracije v dolotenem ¢asovnem
koraku je treba za njen ponovni zagon z enacho (8)
imeti na voljo le zapis pomikov, hitrosti in vztraj-
nostnih sil na koncu prejénje faze numeri¢ne ¢a-
sovne integracije.

If this approximation is substituted further
into eq. (3) then the displacements at t' can be
obtained from:

~(fo) ]+ dg + @ - B)aw, (8).

An identical equation offers also the possi-
bility of a restart of the analysis. If the time
integration is stopped at some stage and is to be
restarted, only a record of displacements, velo-
cities and internal forces at the end of the pre-
vious phase of numerical integration is required
for the restart of an analysis with eq. (8).
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Pri eksplicitni ¢asovni integraciji je pomemb-
na ugotovitev, da ni zahteve po iterativhem zado-
voljevanju ravnoteZnih enacb, saj je ravnotezje si-
stema pri ¢asu t"” vedno domnevano. V vsakem
diskretnem trenutku analize so pomiki d” znani,
kar omogoc¢a natanc¢no dolo¢itev notranjih sil fl::t.
Glede na to je mogoce pri takdnih analizah uposte-
vati razli¢ne oblike nelinearnosti snovi na razme-
roma preprost nacin [9].

2 DEFORMACIJSKO MEHCANJE IN
MATERIAENI MODEL PORAZDELJENIH
RAZPOK

Pojav deformacijskega meheanja je mogoce
opazitl pri razliénih tehniénih materialih npr.
zemljine, beton, polimeri in kovine. Pri teh ma-
terialih pride v dolo¢eni fazi do zmanj%anja nosil-
nosti ob hkratni narasc¢ajo¢i deformaciji [8].

Pojav deformacijskega meh¢anja snovi ima za
posledico lokalizacijo deformacije, ki lahko povzro-
¢l porusitve ob pojavu razpok v lokalizacijskih
obmoé&jih, kjer pride do lokalne izgube nosilnost.
Predpostavljeno je, da je material duktilen in mo-
rajo napetosti zadostiti ve¢dimenzionalnemu pogoju
plasti¢nosti, ki je v splodnem pri ¢asu t” defini-
ran kot:

fn(an‘ }, n)= F(d :

Za dosledno matemati¢no modeliranje snovi z
mehé¢alno karakteristiko je treba v matemati¢ni
opis snovi vkljuéiti dodatne ali visje odvode, ki za-
gotovijo dobro pogojenost sistema tudi pri pojavu
deformacijskega mehéanja in neodvisnost rezulta-
tov od nacina diskretizacije [3]. V prispevku je
vzeto upodtevanje viskoznih, to je visjih ¢asovnih
odvodov neelasti¢nega tenzorja deformacij, pri ka-
terih je teorija viskoplasti¢nosti hkrati uporabljena
tudi za simuliranje obnasanja materiala v odvisno-
sti od hitrosti deformacije pri sunkovitih zunanjih
obremenitvah.

Numeriéni proces reSevanja temelji na raz-
stavitvi tenzorja deformacij & na tenzorja elasti¢-
nih deformacij &, in viskoplasti¢nih deformacij £,
v vsakem c¢asovnem Koraku:

I

Pri eksplicitni ¢asovni integracijski shemi
so pomiki d " in torej tudi deformacije £ vedno
znane. Napetosti so definirane z elasti¢nimi
deformacijami:

! o il n
g =D s,

It is important to note that equilibrium ite-
rations are not necessary during the explicit in-
cremental step-by-step solution, as the equilib-
rium relation at time ¢” is always considered.
The displacements d " are known at any stage of
the analysis and hence the internal forces fi5, are
obtainable. As a result, a wide variety of forms
for material nonlinearities can be taken into
account in a relatively simple fashion [9].

2 STRAIN SOFTENING AND SMEARED
CRACKING MATERIAL MODEL

Strain softening can be observed In a large
number of engineering materials, including soils,
concrete, polymers and metals. These materials
at some stage exhibit a reduction of the load-car-
rying capability with the increasing deformation
[8].

The occurrence of strain softening in the
continuum leads to the localisation of deformation,
which can cause local failure through the occur-
rence of cracks in the localised zones. It is assu-
med that the material is ductile and that the
stresses must satisfy a multiaxial yield criterion,
which is in general defined at time t™ as:

I

yay g Py (9).

For an appropriate mathematical modelling of
the softening material, extra or higher-order deri-
vatives are necessary in the continuum description
for keeping the governing equations well-posed at
the occurrence of the strain softening process and
for obtaining mesh-independent results [3]. Here,
the addition of viscous, i.e. higher order time de-
rivatives, is adopted, where the theory of visco-
plasticity is at the same time conveniently used
to model the rate dependency of the materials sub-
jected to impulsive external loading.

The computational procedure is based on the
decomposition of the total strain & into the ela-

stic strain &, and the viscoplastic strain &, at
any time step:

n

o A (10).

In the explicit time integration scheme, the
total displacements d " and therefore total strains
&" are always known. The elastic strains define
the stresses with:

(.
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Ce vstavimo (10) v (11) dobimo:
c"=D, (&

V tem prispevku predpostavlijamo, da so
viskoplasti¢ne deformacije opisane s Perzynovo
teorijo viskoplasti¢nosti [71, pri katerih je hitrost
viskoplasti¢ne deformacije definirana kot:

E

v

p ¥ LG

Funkcija @(f) je najpogosteje v obliki po-
tenéne funkcije:

o(f) =

kjer je eksponent N izbran tako, da se viskopla-
sti¢ni odziv materiala ujema z dostopnimi ekspe-
rimentalnimi podatki. Za viskoplasti¢ne materiale,
ki so izpostavljeni dinami¢nim obremenitvam, mo-
rata @ (f) in v kazati realne lastnosti, ¢asovna in-
tegracija viskoznih vplivov pa mora bitl izvedena
v realnem ¢asu.

Ob krsitvi kriterija plasti¢nosti f(6”Y") >0
je mogote trenutno hitrost viskoplasti¢ne defor-
macije izratunati z enacbo (13) ter doloéiti celotno
viskoplasti¢no deformacijo na koncu ¢asovnega ko-
raka ob uporabi preproste Eulerjeve integracijske

sheme:
vp

Casovna integracija vodilnih gibalnih enach je
izvedena vzporedno in v odvisnosti od c¢asovne
integracije viskoplasti¢nih konstitutivnih enacb,
kakor to prikazuje slika 1.

Casovna odvisnost viskoplasti¢ne deformacije
-skupaj z nainom mehc¢anja materiala definira
proces deformacijskega mehc¢anja, ki ga je mogoce
v primeru izotropnega meh¢anja modelirati s
postopno izgubo nosilnosti ob nara&¢ajo¢i visko-
plasti¢éni deformaciji. Odvisnost velikosti meje
plasti¢nosti je mogoce definirati prek odvisnosti
ekvivalentne meje plasti¢nosti Y”od parametra
mehéanja x, torej Y7= Y(x"). Vzeta je hipoteza
deformacijskega mehc¢anja, pri kateri je casovna
odvisnost parametra mehéanja opisana [6] z:

l(\l'l
}'1=
o]

kjer je hitrost parametra meh¢anja sorazmerna
drugi invarianti viskoplasti¢nega deformacijskega
tenzorja:

Substituting eq. (10) into (11) leads to:

s :\f:; (12).

Here it is assumed that the viscoplastic
strains obey the Perzyna viscoplasticity theory
[7], where the viscoplastic strain rate is defined
with:

99 vp

) i3

(13).

Function ®(f) most commonly takes the
form of the power function:

)

in which exponent N is chosen such that the vis-
coplastic response of the material fits the avalia-
ble experimental data. For viscoplastic materials
under transient loading, both ®(f) and Yy must
reflect the real material properties, and time in-
tegration of the viscous effects must be done in
the context of real-time.

On violation of the yield criterionf (e Y™)>0,
the current viscoplastic strain rate is calculated
using eq. (13) and the total viscoplastic strain at
the end of the time step can be estimated by the
Euler forward scheme with:

N

f

F, (14),

g (15).

The time integration of the governing equa-
tions of motion is undertaken in parallel and in
relation to the time integration of the viscoplastic
constitutive equations as is shown in fig. 1.

The viscoplastic straining history, together
with softening rules, defines the strain softening

process, which, for the case of isotropic softening,
can be modelled with a gradual reduction of the

load-carrying capability with increasing visco-
plastic strain. The progressive evolution of the
yield surface can be defined by relating the equi-
valent yield stress Y” to the viscoplastic defor-
mation by means of the softening prameter x, so
Y™ = Y(x""). Here the strain softening hypothesis
is adopted, in which the evolution of the softening
parameter is postulated [6] as:

x dt (16),

where the softening parameter rate is proportio-
nal to the second invariant of the viscoplastic
strain tensor:
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Sl. 1. Postopek definiranja elasto-viskoplasticne deformacije v c¢asovnem koraku
Fig. 1. Algorithm for elasto-viscoplastic straining during a time step

: o el e
x=£vp= S—(E‘vp) Evp

Parameter mehcéanja je nato mogoce ¢asovno
integrirati z uporabo Eulerjeve sheme:

Tako je mogoce veli¢ine :\i;,”, it? Siigapip T
(g1 Y™*') vedno ovrednotiti na koncu éasovne-
ga koraka At, v katerem je priglo do neelasti¢ne
deformacije in so vedno znane v vsakem diskret-
nem trenutku ¢”.

Glede na vetje stevilo dostopnih podatkov
enodimenzionalne odvisnosti napetosti od celotne
deformacije, ki so eksperimentalno izmerjeni za
razlitne materiale, je mogoc¢e ugotoviti tudi od-
visnost napetosti od neelasti¢nega dela deforma-
cije. V numeri¢nem modelu, predstavljenem v tem
prispevku, je odvisnost meje plasti¢nosti od vis-
koplasti¢ne deformacije aproksimirana s preprosto
linearno odvisnostjo, kakor je to prikazano na sliki
2. Ob predpostavki, da (17) ustrezno preslika
veddimenzionalno stanje viskoplasti¢nih deformacij
v enodimenzionalni prostor, je mogoc¢e preprosto
zapisati enacbo trenutne meje plasti¢nosti v obliki:

Yn: Y(xﬂ‘) & O'Y 4 hxn

kjer je lahko zacetna meja plasti¢nosti oy enaka
natezni ali tlaéni meji plasti¢nosti materiala.

(17).

The softening parameter can then be integra-
ted in time by using the Euler forward rule with:

x At (18).

The values of g4n ', ¥ and subsequently

£ (6™, YP*1) can thus always be estimated
at the end of the time step At during which In-
elastic straining occurs, and are fully defined at
any given time instance, t"

Considering the availability of simple uniaxial
stress-strain diagrams obtained experimentally
for different materials, the general relationship
between stress and plastic strain can be deduced.
The computational model in this paper approxima-
tes the dependency of the yield stress on the
plastic strain with a simple linear relationship, as
shown in fig. 2. Assuming that eq. (17) repre-
sents a valid mapping of the multi-axial visco-
plastic strain state into the uniaxial space, the
current yield stress can then be simply written

as:
(19),

where the initial yield stress oy can be either
the tensile or the compressive yield stress.
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Sl. 2. Linearni model deformacijskega mehcanja
a) napetost-celotna deformacija, b) napetost-viskoplasti¢na deformacija
Fig. 2. Linear strain softening model
a) stress-total strain, b) stress-viscoplastic strain

Predstavljen model daje stabilne, enoli¢ne in
od na¢ina diskretizacije neodvisne rezultate, saj
numeriéni rezultati konvergirajo h kon¢ni velikosti
lokalizacijskega obmoéja tudi v primeru zgostitve
mreze kon¢nih elementov, pri ¢emer je mogoce
opaziti enoli¢nost porabljenih deformacijskih ener-
gij [9]. Predstavljen snovni model je mogote raz-
vrstiti v kategorijo porazdeljenih razpok, katerih
nastanek in rast temeljita na teoriji plasti¢nosti.

3 MODELIRANJE LOMA TELESA Z
MIKRORAZPOKAMI

Sirjenje lokalizacijskih obmoé¢ij intenzivnih
deformacij vodi do nastanka popolnoma odprtih
razpok in tako do strukturne nezveznosti. Modeli-
ranje kon¢ne faze procesa 8irjenja mikrorazpok, to
je nastanek popolnoma odprte razpoke, daje v pri-
meru zamisli porazdeljenih razpok pogosto napacne
rezultate, saj ta zamisel zahteva zveznost pomikov
v poskodovanem obmo¢ju tudi ob popolni izgubi no-
silnosti. Med procesom deformacijskega meh¢anja
materiala je predpostavka o zveznosti pomikov
prek lokalizacijskih obmo¢ij primerna, éeprav pri-
de do znatnega skoka v polju pomikov na njihovih
mejah. Vsekakor je jasna potreba po uvedbi geo-
metri¢ne nezveznosti v primeru nastanka popolno-
ma odprtih razpok, to je pri lokalni izgubi nosilno-
_ sti materiala.

Predpostavimo, da je med numeri¢nim pro-
cesom reSevanja dinamic¢nega problema mogoce
na doloten na¢in uvesti geometrijsko nezveznost v
lokalizacijskem obmo¢ju, ko pride do popolne izgu-
be nosilnosti materiala v tem obmocju. Tako je
diskretni postopek obravnave razpok dejansko upo-
rabljen v zadnji fazi nastanka razpoke, to je pri
odprtju razpoke. Kot mogo¢ postopek k uvedbi dis-
kretne porusitve v zamisel porazdeljenih razpok
je predlagana razmeroma preprosta tehnika odstra-
njevanja kon¢nih elementov [10]. Ta tehnika se
ujema z zamislijo, da je mogode ugotoviti Sirjenje
razpok v numeriénih analizah lokalizacijskih pro-
blemov preprosto s sledenjem poskodovanih to¢k v
diskretiziranem telesu. Temelji na predpostavki, da
je mogoce kon¢ni element odstraniti iz mreze ta-
koj, ko je njegov proces deformacijskega mehcanja

The above material model produces stable,
unique and mesh insensitive results, since the
numerical results converge to a finite size of the
localisation zone upon mesh refinement, and
unique strain energy consumption can be observed
[9]. The presented material model can be classified
as a smeared plasticity (viscoplasticity) based
rotating crack approach.

3 MODELLING OF FULL SEPARATION OF A
MICRO-CRACKED SOLID

Propagation of localised zones of intense de-
formation leads to the development of fully opened
cracks and, consequently, to a separation (struc-
tural discontinuity). Modelling of the final phase
of the microcracking process, i.e. the separation,
by smeared crack models very often suffers from
a lack of objectivity, since in these models, the
displacement continuity over the cracked region is
always assumed, even after a complete loss of the
load-carrying capability. It is appropriate to
assume that the displacement continuity over the
localisation zones holds during the softening ro-
cess, although a jump in the displacement field
occurs at the borders of the localisation zone.
However, once the cracks have fully developed,
i.e. material locally loses its load carrying capabi-
lity, the clear need for the introduction of a geo-
metric discontinuity can be recognised.

It is assumed that a geometric discontinuity
can be introduced during the numerical computa-
tion in the localisation zone once the material in
this region has lost its load-carrying capability.
The discrete crack approach is therefore utilised
in the final phase of the failure process, i.e. at
full rupture. A relatively simple finite element
removal technique [10] is proposed as a possible
computational procedure used for the introduction
of discrete failure of structures into the smeared
crack concept. This technique corresponds well to
the idea that crack propagation in localisation
analyses can be determined at a macroscopic level
simply by following the trajectories of the dama-
ged points in the discretised continuum. The tech-
nique is based on the assumption that the finite
element can be removed from the mesh as soon
as its strain softening process is completed, i.e.
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Sl. 3. Odstranitev kon¢nih elementov brez nosilnosti v lokalizacijskem obmodcju
Fig. 3. Removal of fully softened finite elements in the localisation zone

konéan, to je pri popolni izgubi nosilnosti konénega
elementa (sl. 3). Tako preprosto je med procesom
reSevanja uvedena geometrijska nezveznost, s ¢i-
mer se je mogoce izognitl dolo¢enim problemom
simuliranja nastanka odprte razpoke, ki so zna¢ilni
za modele porazdeljenih razpok.

Pri uporabi tehnike odstranjevanja konénih
elementov v analizah dinami¢nih problemov je mo-
goce pricakovati krsitev energijskega ravnotezja
zaradi neupostevanja zakona o ohranitvi snovi. Ko
je element odstranjen Iz mreZe, je njegov prispevek
h globalni kineti¢ni energiji sistema izgubljen, za-
radi ¢esar pride do krsitve energijskega ravnoteZja.
Alternativo pomeni porazdelitev mase odstranjene-
ga elementa na sosednje elemente, vendar se pri
tem spremenijo karakteristiéne oblike deformira-
nja diskretizirane konstrukcije za ceno priblizne
zadovoljitve energijske bilance. V tem prispevku so
mase odstranjenih konénih elementov zanemar je-
ne, kar je fizikalno mogoCe pojasniti s procesom
zdrobitve materiala v lokalizacijskem obmocju, kar
je dejansko mogoc¢e opaziti pri lomnih preizkusih
heterogenih materialov [8]. Zdrobljeni material ni-
ma nobenega vec¢jega vpliva na nadaljnje obnasanje
konstrukcij z razpokami.

4 NUMERICNI ZGLED

Zgled je udarni dvodimenzionalni preizkus, je
podan na sliki 4. Preizkusanec je izpostavljen
dinami¢nemu tlaku in obenem majhni vodoravni
obremenitvi na zgornjem robu, kar povzro¢i na-
stanek nesimetri¢ne strizne razpoke. Za zagoto-
vitev enakih navpi¢nih pomikov zgornjega roba
preizkudanca je tam predpisana linearna kinema-
ticna odvisnost vseh vozlis¢ v navpi¢ni smeri.
Predpostavljeno je ravninsko deformacijsko stanje,
za katerega je mogoce v primeru Misesovega kri-
terija plasti¢nosti in ob v = 0,49 analiti¢no dolo¢iti
strmino striznega lokalizacijskega pasu, ki je 45°
Izbrana velikost fluidnostnega parametra vy = 2000
s~ in izbira potence N v (14) enake 1 da pricakov-
ano &irino lokalizacijskega obmoéja / = 5 mm [9].

when the load carrying capability of a finite ele-
ment has been reduced to zero (Fig. 3). The geo-
metric discontinuity can thus be simply Introdu-
ced during the solutlion phase, which alleviates
some of the problems of smeared crack models in
representing the final stages of the failure pro-
cess.

By applying the finite element removal tech-
nique in transient dynamic problems, one can
expect to violate the energy balance requirement
due to non-compliance with the mass conservation
law. When an element is removed from the mesh,
the contribution of the removed element’s masses
to the global kinetic energy Is lost, which causes
a violation of the energy balance. Distributing the
mass of the removed elements to the surrounding
remaining elements does represent an alternative,
but by doing this the basic mode shapes of the
discretised structure change at the cost of a
roughly accurate energy balance. It has been cho-
sen in this study to neglect the masses of the re-
moved elements and physically attribute the loss
of its mass to the effects of crushing of the ma-
terial in the localisation zones, which can indeed
be observed from fracturing experiments conduc-
ted on heterogeneous materials [8]. The crushed
material has no significant influence on the
further response of fully cracked structures.

4 NUMERICAL EXAMPLE

The example considered is the impact biaxial
test given in figure 4. A sample is subjected to a
dynamic pressure load at the top of the sample and
to a small horizontal load at the upper edge of the
specimen, which forces an asymmetric shear band
failure pattern. Linear kinematic constraints are
used at the top of the sample to insure that all
vertical displacements are equal. The plane strain
case is assumed, which for the sample with a Mi-
ses yield criterion and v = 0.49 gives an analyti-
cally obtainable inclination angle of the shear band
of 45°. Taking the fluidity parameter y = 2000 s-'
and setting power N in(14) to 1results in /=5 mm [9].
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1F( 1)

obremenitev :
loading :
maz = 0,750y A
H =0,1Fpas
t,=3:10""s
material :
E =11920 Pa
v =049
p = 5000 kg;,h:rzl3
oy =100 Pa
h=-3333 Pa

geometrija :

geometry :
a = 60 mm
b =120 mm
A = 60 mm?

Sl. 4. Udarni dvodimenzionalni preizkus
Fig. 4. Impact biaxial test

Zadetne razmere so enake razmeram za neobre-
menjeno telo v mirovanju.

Pod vplivom dinami¢ne obremenitve se skozi
preizkuganec $iri vzdolzni val tlaénih napetosti, ki
povzro¢ijo elastiéne deformacije. Po odboju od
spodnjega, togo vpetega roba se vpadni in odbiti
napetostni val sedtejeta, pri ¢emer skupna tlaéna
napetost preseZe ekvivalentno mejo plasti¢nosti.
To povzro¢i aktiviranje procesa deformacijskega
meh¢anja po vsej Sirini preizku3anca, kar povzroci
enakomerno izboc¢itev preizkusanca za kratek cas
po odboju. Nato pride do postopnega oblikovanja
dveh striznih pasov intenzivnih deformacij, ki se
zadneta Siriti od obeh spodnjih vogalov pod strmi-
no +45°% in -45° proti sredini preizkusanca. Majh-
na vodoravna sila na zgornjem robu preizkusanca
ima za posledico koncentracijo veéine deformacij
v lokalizacijskem striznem pasu, ki izhaja iz spod-
njega levega vogala.

Numeri¢na analiza dvodimenzionalnega preiz-
kuganca pod udarno obremenitvijo je bila oprav-
ljena ob uporabi neurejene mreze paraboli¢nih
trikotnih konénih elementov. Med analizo je bil
uporabljen proces prilagodljive dolo¢itve velikosti
konénih elementov glede na rezultate analize,
rezultat cesar je zgo3tena mreza kon¢nih elemen-
tov v obmoéju velikih deformacijskih gradientov
(sl. 5a). Zaradi majhne velikosti elementov v lo-
kalizacijskem obmocju je bil za ¢asovno integra-
cijo uporabljen ¢asovni korak At = 1:107"s, ob
7-toc¢kovni ploskovni integraciji trikotnega ele-
menta. Konéni elementi so bili odstranjeni iz
mreZe takrat, ko je nosilnost vseh vzorénih
(integracijskih) to¢k elementa (n = 7) izginila.

Slika 5b prikazuje deformirano mrezo z od-
stranjenimi elementi pri ¢asu t = 0,30 ms, medtem
ko slika 6 nazorno prikazuje nastanek in 3irjenje
diskretnih razpok zaradi odstranitve elementov
med postopkom numeriénega resevanja problema.
Oc¢itno je, da vecanje razpok pravilno sledi 8irjenju
obmo¢ja popolne izgube nosilnosti v lokalizacijskem
obmo¢ju.

The initial conditions correspond to that of an un-
loaded body at rest.

Under dynamic loading, the longitudinal
pressure wave propagates in an elastic manner
through the sample. After reflection at the lower,
fixed boundary, the incoming and returning pre-
ssure waves are added together and the resulting
stress violates, the yield criterion. This causes
the initiation of the strain softening process over
the total width of the sample and the sample
starts to bulge for a short time after reflection.
A gradual development of two shear bands of
intensive deformation then occurs, which start to
propagate from both lower corners under the

inclination angles +45° and -45° towards the
centre of the sample. As a result of the small
horizontal force at the upper edge of the sample,
the deformation concentrates in the shear band
propagating from the lower left corner.

The analysis of a biaxial specimen under
impact loading was performed using unstructured
meshes with quadratic triangular elements. The
mesh adaptivity process was used in the solution
phase, which resulted in a fine mesh in the region
of high deformation gradients (Fig. 5a). Due to
small element sizes in the localisation zone a time
step At = 1-107"s was used for the time integra-
tion procedure and 7 point element spatial integ-
ration was utilised. The finite elements were
assumed to have been removed from the mesh
when all sampling (i.e. integration) points in the
element (n = 7) have lost their load carrying
capability.

Figure 5b shows the deformed shape of the
remaining finite elements at time £ = 0.30 ms,
while figure 6 illustrates the emergence and pro-
pagation of discrete crack due to element remo-
val during the solution phase. Obviously, the pro-
pagating crack correctly follows the extension
of the completely softened region in the locali-
sation zone.
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: a)
Sl. 5. Zacetna mreza in deformirana mreza z odstranjenimi elementi
a) zatetna mreZa, b) deformirana mreZa pri ¢ = 0,30 ms

Fig. 5. Initial mesh and deformed mesh with removed elements
a) initial mesh, b) deformed mesh at ¢ = 0.30 ms

Z e

Sl. 6. Sirjenje razpok med procesom resevanja
t=010 ms, t = 0,20 ms, t = 0,25 ms, ¢t = 0,30 ms

Fig. 6. Progressive fracturing during the solution process
t =010 ms, ¢t = 0.20 ms. ¢ = 0.25 ms, ¢ = 0.30 ms

S slike 7 je mogo¢e razbrati, da pride v
preizkudancu po popolni lo¢itvi na dva dela ob
¢asu t = 0,30 ms do pravilnega elasti¢nega raz-
bremenjevanja obeh delov, pri ¢emer $e vedno
delujota stalna obremenitev na zgornjem robu
preizkusanca povzroci le translatorno, enakomerno
pospeseno gibanje odlomljenega zgornjega dela

As can be observed from figure 7, the speci-
men correctly undergoes elastic unloading on full
separation achieved at time ¢ = 0.30 ms, after
which the constant external load still acting on
the upper boundary of the specimen is used only
for the translational, constantly accelerated mo-
tion of the separated upper part of the specimen.

preizkusanca. 25000

:

:

energije (energies) Nmm
: 3

das (time) ms
Sl. 7. Histogram energij v preizkusancu
Fig. 7. History of total energies in the specimen
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Pravilnost predpostavke, da je v viskopla-
stiénih analizah lokalizacijskih problemov treba
opustiti zveznost pomikov ob popolni lzgubi nosil-
nosti in uvesti diskretno razpoko, je potrjena tudi
ob primerjavi razvoja deformacijskih energij, po-
rabljenih za viskoplasti¢ne deformacije za primer
analize z odstranjevanjem Konénih elementov in
brez njega (sl. 8). Porabljena energija za visko-
plasti¢ne deformacije je omejena v primeru, ¢e so
elementi s popolno izgubo nosilnosti odstranjeni iz
mreze med procesom redevanja. Hkrati pa je moc¢
opaziti, da poraba energije za viskoplasti¢ne de-
formacije nerealno narasta zaradl navzoénosti
viskoplasti¢nih deformacij, ¢e so taksni elementi

ohranjeni v mrezi.
12000

The validity of the assumption that in visco-
plastic analyses of localisation problems the dis-
placement continuity should be dropped when the
load-carrying capability reduces to zero and a
discrete crack introduced instead, is further con-
firmed, if one compares the total viscoplastic
strain energy histories for the analyses of the
impact biaxlal test with and without element
removal (Fig. 8). Energy dissipation due to the
viscoplastic strains is limited if the fully softened
elements are removed from the mesh during the
analysis. At the same time, the energy is being
continuously dissipated in the localisation zones
due to viscoplastic effects if the fully softened
elements are retained in the mesh.

10000 +

UwNmm

2000 +

0 0.1

0.2 0.3 0.4

&as (time) ms
Sl. 8. Primerjava deformacijskih energij za viskoplasticne deformacije
Fig. 8. Comparison of total dissipated viscoplastic energies

3 SKLEP

Tipiéen primer nastanka in Sirjenja razpok
v podanem numeri¢nem zgledu nazorno ponazarja
moznosti predstavljenega numeriénega modela. Na
podlagi obSirnega numeri¢nega eksperimentiranja
[9] je mogote sklepati, da sta proces deforma-
cijskega mehcanja in lokalizacija deformacije
primerno simulirana s predstavljenim modelom
porazdeljenih razpok. Simuliranje nastanka di-
skretne razpoke z uporabo tehnike odstranjevanja
kon&nih elementov je primerno samo za probleme
z manjsim S&tevilom razlo¢no definiranih razpok,
saj so le v tak&nih primerih napovedi na¢ina po-
rusitve konstrukcije in porabljene energije pra-
vilne. Za probleme z nakljuénimi mnogokratnimi
razpokami je primerna le uporaba popolne di-
skretne obravnave razpok.

Kakor je razvidno, je bila primerjava nu-
meriénih rezultatov z eksperimentalnimi podatki
zanemarjena. Poglavitni namen tega prispevka je
predstaviti gospodarni numeri¢ni model za popolno
simuliranje nastanka in 8irjenja razpok pod vpli-
vom dinamic¢ne obremenitve.

5 CONCLUSIONS

The typical example of progressive fracturing
presented above illustrates the possibilities of the
proposed computational model. Extensive nume-
rical experimentation [9] has shown, that the
softening process and consequently the localisation
of deformation are adequately simulated with the
proposed smeared cracking model. However, the
simulation of final separation using the finite
element removal technique may be recommended
as a cheap alternative to the discrete crack ap-
proach only in the case of a small number of well
defined cracks, since only in this case are repre-
sentative solutions regarding the failure mode of
the structure and energy consumtion obtained.
For problems with multiple random cracking, full
discrete crack approaches should be used.

It is acknowledged that the tuning of the re-
sults to the experimental data has not been done
extensively. The prime aim of this study was to
explore possible ways for economical computatio-
nal modelling of progressive fracturing under
transient dynamic conditions.
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6 UPORABLJENI SIMBOLI

B — matrika odvodov interpolacijskih funkcij

C — dusilna matrika

2
)

vektor vozlisénih hitrosti

modul elasti¢nosti

vektor vozlid¢énih sil

— modul mehéanja

— masna matrika

g — neelastiéni potencial
| )

U — energija

W— delo

TS wTEAAN
|

Y — ekvivalentna meja plasti¢nosti

o — faktor sorazmernosti
v — fluidnostni parameter
At — ¢asovni korak
£ — deformacija

— hitrost deformacij

— ekvivalentna hitrost deformacije

£

£

x — parameter mehcanja
v — Poissonovo stevilo
p — gostota snovi
o — napetost

¢ — napetostni tenzor
%

— enodimenzionalna meja plasti¢nosti

Spodnji indeksi

e, el — elasti¢no

vp  — viskoplasti¢no
int ~ — notranje

ext — zunanje

kin  — Kkineti¢na
str  — deformacijska
i — mejna

Zgornji indeksi

n — pri ¢asu "
n+1 —pricasu t” + At
n-1 —pricéasu t"” - At

elasti¢na konstitutivna matrika
vektor vozlid¢ih pospeskov

vektor vozlis¢nih pomikov
referen¢na funkcija meje plasti¢nosti

— funkcija kriterija plasti¢nosti

6 NOTATIONS

B — matrix of derivatives of interpolation

functions,
C — damping matrix
D.— elasticity matrix

d — vector of nodal accelerations

— vector of nodal velocities

— Young's modulus

— reference yield function
— vector of nodal forces
— yield function

— softening modulus

— mass matrix

g — inelastic potential

6 =athimie

U — energy

W— work

Y — equivalent yield stress
a — factor of proportionality
y — fluidity parameter

At— time step

£ — strain

€ strain rate tensor

£ — equivalent strain rate
x — softening parameter
v — Poisson’s ratio

p — density

o — stress
o
O.Y

TSN TIEAR

— stress tensor
— uniaxial yield stress

Subscripts

e, el — elastic

vp — viscoplastic
int  — internal
ext — external
kin  — Kinetic

St — strain

T — limit
Superscripts

n — at time t"

n+1 —attime t”+ At
n-1 —attime t” - At

— vector of nodal displacements
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