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Za vrednotenje dinamièno obremenjenih konstrukcij z vidika utrujanja, je treba poznati dinamiène
obremenitve konstrukcije, ki jih dobimo z meritvami ali simuliranji. Tako dobljene èasovne poteke obremenitev
nato spremenimo v obliko, ki je primerna za napoved utrujenostne po�kodbe. Ker je utrujenostna po�kodba
odvisna od obremenitvenih ponovitev, ki so vsebovani v èasovnem poteku obremenitev, iz èasovnega poteka
obremenitev najprej izloèimo obremenitvene ponovitve z uporabo �tevnih metod. V ta namen se v avtomobilski
industriji pogosto uporablja padavinska �tevna metoda, katere rezultat je matrika relativnih frekvenc
obremenitvenih ponovitev. Z aproksimacijo padavinske matrike z ustrezno zvezno funkcijo gostote porazdelitve
verjetnosti izloèimo nakljuène fluktuacije relatiw frekvenc v matriki in omogoèimo ekstrapolacijo verjetnosti
v podroèje obremenitvenih ponovitev, ki se niso pojavili v izmerjeni ali simuliranem èasovnem poteku
obremenitev. V prispevku je prikazana metoda modeliranja padavinskih matrik z me�anico Gaussovih funkcij.
Ocena neznanih parametrov me�anice Gaussovih funkcij je izvedena z metodo najveèje verjetnosti. Uspe�nost
te metode je ocenjena na primerih realnih èasovnih potekov obremenitev.
© 2001 Strojni�ki vestnik. Vse pravice pridr�ane.
(Kljuène besede: funkcije Gauss, gostota porazdelitve verjetnosti, metode maksimalne verjetnosti, algoritem EM)

To evaluate the fatigue damage of a dynamically loaded structure, a time history of the structure
load should be acquired first. This can be done by means of experiments or simulations. When the time history
of the loads is known, it should be transformed into a form that is suitable for the prediction of the fatigue
damage. This fatigue damage of the structure depends heavily on the load cycles that are included in the load
time history. Load cycles are extracted from the load time history with different counting methods. A rainflow
counting method is widely used in the automotive industry. The rainflow counting method results in a matrix
of the relative frequencies of the load cycles, which are included in the load time history. With an approxima-
tion of the rainflow matrix by a continuous probability density function, random fluctuations of the relative
frequencies are reduced and an extrapolation of the probability of the load cycles that were not actually
recorded is made possible. In our paper a method of modelling the rainflow matrices by means of a mixture of
Gaussian functions will be presented. Unknown parameters of the normal mixture will be estimated with a
maximum-likelihood method. The effectiveness of this method will be presented and discussed with an ex-
ample of the load time histories of a real structure.
© 2001 Journal of Mechanical Engineering. All rights reserved.
(Keywords: Gaussian functions, probability density, maximum likelihood methods, EM algorithm)
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0 INTRODUCTION

The fatigue life of structures depends on
load states and material endurance. A general ap-
proach to the fatigue-life prediction of random
loaded structures is that a correlation between the
fatigue life, the random load states and the endur-
ance of the material is determined [8]. The endur-
ance of materials is generally known and is usually
given in the form of S-N (stress-number of rever-

0 UVOD

Doba obstojnosti konstrukcij je odvisna od
obremenitvenih stanj konstrukcij in zdr�ljivosti materiala.
Splo�en postopek napovedi dobe trajanja dinamièno
obremenjenih konstrukcij je tak, da v razvojnem postopku
sku�amo oceniti povezavo med zdr�ljivostjo materiala in
dobo trajanja konstrukcije [8]. Zdr�ljivost materiala je
navadno podana v obliki krivulj zdr�ljivosti za primer
dinamiènega obremenjevanja z nespremenljivo  amplitudo

* v angle�èini: rainflow
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sals) curves for constant-amplitude loading. The
load states of structures are generally unknown and
need to be evaluated by means of experiments or
simulations. In the process of fatigue-life predic-
tion, load cycles are first extracted from time-depen-
dent load histories. Next, a proper damage rule is
chosen and the damage caused by individual load
cycles is calculated. The total damage equals the
sum the of damages resulting from individual load
cycles.

One of the most widely used damage
rules is the Palmgren-Miners linear damage rule.
However, though this method is one of the most
widely used, its accuracy can be quite poor. That
is why it tends to be used in earlier phases of the
R&D process. A more accurate fatigue-life pre-
diction is achieved in the final phases of the R&D
process by testing the structures dynamically.
When the Palmgren-Miners damage rule is used
for the fatigue damage estimation, a rainflow
counting method is generally used for extracting
the load cycles from the load histories, because
the load cycles extracted in this manner corre-
spond to closed hysteresis loops in the s-e dia-
gram [6].

In practice many different forms of the
Palmgren-Miners damage rule are used. In its most
simple variation the fatigue damage is estimated
only on the basis of load-cycle amplitudes S

a
. Such

an approach is appropriate when the influence of
the load cycle means that S

m
 can be neglected.

However, if the fracture occurs due to a large num-
ber of load cycles with small amplitudes and very
different means, the influence of load-cycle means
should not be underestimated [7]. When load-
cycle means also need to be considered in the
estimation of the fatigue damage, the extraction
of the load cycles from the load histories is per-
formed with a two-parametric rainflow method. A
load cycle is then represented as a vector S=(S

a
,S

m
)

with two components: a load-cycle amplitude S
a

and a load-cycle mean S
m
. Cycle counting with

the two-parametric rainflow method results in a
matrix of load-cycle relative frequencies. The dam-
age caused by individual load-cycles then de-
pends on a load cycle amplitude and a load-cycle
mean.

In the case of random load states that are
composed of relatively short random load histories,
it is necessary to extrapolate the distribution of load
cycles to the region where there are no measured
data for a more reliable assessment of the fatigue life.
This cannot be done with the rainflow matrix that
relates to the extracted load cycles. So a decision
was made to model the distribution of the load cycles
in a rainflow domain with a continuous multivariate
probability density function (PDF) f(S) of load cycles
S. The total damage caused by N

tot
 load cycles with

obremenitvenih ponovitev in je v splo�nem poznana.
Obremenitvena stanja konstrukcij v splo�nem
predstavljajo neznanko, zato jih je treba ovrednotiti,
bodisi s preskusi, bodisi s simuliranji. Napoved dobe
trajanja dinamièno obremenjenih konstrukcij nato
poteka tako, da najprej izloèimo obremenitvene
ponovitve iz èasovnega poteka obremenitev na�e
konstrukcije, nakar z ustrezno hipotezo o akumulaciji
po�kodb in podatkov o zdr�ljivosti materiala ocenimo
po�kodbo, ki jo povzroèijo posamezne obremenitvene
ponovitve. Celotna po�kodba je enaka vsoti po�kodb,
ki jo povzroèijo posamezne obremenitvene ponovitve.

Za napoved po�kodb dinamièno obremenjenih
konstrukcij pogosto uporabljamo Palmgren-Minerjevo
hipotezo o akumulaciji po�kodb. Èeprav je Palmgren-
Minerjeva hipoteza ena izmed najbolj uporabljanih metod
za napoved po�kodbe dinamièno obremenjenih
konstrukcij, je natanènost te metode sorazmerno majhna.
Zato jo uporabljamo predvsem v zgodnej�ih fazah
razvojnega postopka. Natanènej�o oceno dobe trajanja
izvajamo v kasnej�ih fazah razvojnega postopka z
dinamiènimi preskusi konstrukcij. Èe za napoved
po�kodbe uporabljamo Palmgren-Minerjevo hipotezo,
ponavadi izloèimo obremenitvene ponovitve iz èasovnih
potekov obremenitev z padavinsko �tevno metodo, ker
tako izloèene obremenitvene ponovitve ustrezajo
sklenjenim histereznim zankam v diagramu s-e [6].

V praksi uporabljamo veè razlièic Palmgren-
Minerjeve hipoteze o akumulaciji po�kodb. Najpreprostej�i
naèin ocene dobe trajanja je, da po�kodbo izraèunamo na
podlagi amplitude obremenitvenih ponovitev S

a
. Tak naèin

ocene dobe trajanjaje primeren, èe lahko vpliv srednjih
vrednosti obremenitvenih ponovitev zanemarimo. V
primeru, ko se po�kodba pojavi zaradi velikega �tevila
obremenitvenih ponovitev z majhnimi amplitudami in
razliènimi srednjimi vrednostmi, vpliva srednjih vrednosti
ne smemo zanemariti [7]. Tedaj je treba izloèiti obremenitvene
ponovitve iz èasovnega poteka obremenitev z
dvoparametrièno padavinsko �tevno metodo. V tem
primeru je obremenitvena ponovitev predstavljena z
vektorsko spremenljivko S=(S

a
,S

m
), ki ima dve komponenti:

amplitudo obremenitvene ponovitve S
a
 in srednjo vrednost

obremenitvene ponovitve S
m
. Rezultat �tetja z

dvoparametrièno padavinsko metodo je tako matrika
relativnih frekvenc obremenitvenih ponovitev. Po�kodba,
ki jo povzroèi ena obremenitvena ponovitev, je odvisna od
amplitude S

a
 in srednje vrednosti S

m
 obremenitvene

ponovitve.
V primeru nakljuènih obremenitvenih stanj, ki

so opisana z razmeroma kratkimi èasovnimi poteki
obremenitev, je treba za bolj zanesljivo napoved dobe
trajanja izvesti ekstrapolacijo v podroèje obremenitvenih
ponovitev z majhno verjetnostjo realizacije. Tega ni
mogoèe storiti s sedanjo padavinsko matriko. Zato smo
se odloèili, da porazdelitev obremenitvenih ponovitev v
padavinski domeni opi�emo z zvezno gostoto porazdelitve
verjetnosti (GPV) f(S) obremenitvenih ponovitev S.
Velikost po�kodbe D, ki jo povzroèi N

tot
 obremenitvenih
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the probability density function f(S) can be calcu-
lated by integrating over the domain of possible
realisations of the load cycles ([4] and [7]):

(1).

The endurance of material N
f
(S) is generally

known. What is needed is an estimation of the continuous
multivariate PDF f(S) of the load cycles. The estimation of
the function f(S) should be based on the distribution of the
load cycles S=(S

a
,S

m
), extracted from the load histories by

the two-parametric rainflow method. The multivariate PDF
f(S) must adequately represent the probability distribution
of the load cycles and must allow extrapolation to the re-
gion where there are no measured data.

1 THE BASIS FOR THE SOLUTION OF THE
PROBLEM

The goal of the research was to define a
functional structure of the multivariate PDF of the
load cycles f(S) that will fulfil both requirements that
were introduced at the end of section 0. That is why
a decision was made to model the continuous multi-
variate PDF of the load cycles f(S) with a mixture of
two-dimensional Gaussian functions [1]:

(2),

(3).

Where U
k
 is a weight factor of the k-th mul-

tivariate Gaussian function; m
k
 and S

k
 are its mean

vector and covariance matrix, respectively. S is a ran-
dom variable that represents load cycles.

After the functional structure of the multivari-
ate PDF of the load cycles f(S) has been determined, its
unknown parameters must be estimated. This is done by
means of the maximum-likelihood method, supplemented
with an Expectiation Maximization (EM) algorithm. With
this method it is possible to estimate unknown param-
eters of the normal mixture f(S) on the basis of the ex-
tracted load cycles or their corresponding rainflow ma-
trix. Both variants of the estimation of the normal mixture
parameters will be presented in this paper.

The criterion for the assessment of the effi-
ciency of the unknown parameter estimation is the
agreement of marginal probability density functions
and the loading spectra (LS) that belong to numeri-
cally modelled and experimentally obtained multivari-
ate PDFs, respectively.

2 PREPARATION OF THE DATA FOR
MODELLING THE CONTINUOUS PDF OF THE

LOAD CYCLES

Both variants of the maximum-likelihood
method, used for the estimation of the unknown pa-

ponovitev z zvezno gostoto porazdelitve f(S) lahko v
splo�nem izraèunamo z integralom po obmoèju mo�nih
realizacij obremenitvenih ponovitev ([4] in [7]):

Zdr�ljivost materiala N
f
(S) je poznana, treba

pa je oceniti zvezno veèdimenzionalno GPV
obremenitvenih ponovitev f(S) obremenitvenih
ponovitev, ki so bile izloèene iz èasovnih potekov
obremenitev s padavinsko �tevno metodo.
Veèdimenzionalna GPV f(S) mora ustrezati
porazdelitvi izloèenih obremenitvenih ponovitev in
omogoèati ekstrapolacijo v podroèje obremenitvenih
ponovitev z majhno verjetnostjo realizacije.

1 NASTAVEK ZA RE�ITEV
PROBLEMA

Namen raziskave je doloèitev tak�ne zvezne
veèvariantne GPV obremenitvenih ponovitev f(S), da
bo le-ta izpolnila zahtevi, podani v uvodu. Zato smo
se odloèili, da bomo zvezno GPV obremenitvenih
ponovitev f(S) modelirali z me�anico
dvodimenzionalnih Gaussovih funkcij [1]:

Pri tem pomenijo: U
k
 - ute�, m

k
 - vektor

srednjih vrednosti, S
k
 - kovarianèno matriko, d =

dvodimenzijske k-te veèdimenzionalne Gaussove
funkcije v me�anici. S je nakljuèna spremenljivka, ki
pomeni obremenitvene ponovitve.

Ko smo izbrali funkcionalno obliko zvezne GPV
obremenitvenih ponovitev f(S), moramo oceniti njene
neznane parametre. Oceno neznanih parametrov funkcije
f(S) izvedemo z metodo najveèje verjetnosti, ki jo dopolnimo
z algoritmom matematiènega prièakovanja (EM). Z izbrano
metodo je mogoèe neznane parametre funkcije f(S) oceniti
bodisi na podlagi izloèenih obremenitvenih ponovitev,
bodisi na podlagi matrike relativnih frekvenc
obremenitvenih ponovitev. V prispevku bosta prikazana
oba postopka ocene neznanih parametrov.

Kriterij za ovrednotenje uspe�nosti ocene
neznanih parametrov funkcije f(S) je ujemanje
izmerjenih in modeliranih obrobnih GPV in ustreznih
obrobnih obremenitvenih kolektivov (OK) amplitud
in srednjih vrednosti obremenitvenih ponovitev.

2 PRIPRAVA PODATKOV ZA MODELIRANJE
ZVEZNE FUNKCIJE GPV OBREMENITVENIH

PONOVITEV

Za prikaz uspe�nosti ocene neznanih
parametrov me�anice Gaussovih funkcij z metodo

( ) ( )tot f a mD N f N dS dS= ×òò
S

S S

( ) ( ) ( )
1

, ,
K

a m k k k
k

f f S S U N
=

= = ×åS ì Ó

( ) ( ) ( ) ( ) ( )
/ 2 1 11

, 2 det exp
2

d T
N p

- - -é ù= × × × - × - × × -ê úë û
ì Ó Ó S ì Ó S ì
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rameters of the normal mixture, will be applied to the
example of a real load state: a forklift truck with a load
capacity of 2500 kg. The load state of the forklift
truck is composed of a group of six real load histories
of a normal force F

vnh
 in a hydraulic cylinder, which is

used for the adjustment of the inclination of a lifting
mechanism. The load histories under consideration
were measured during the operation of the forklift
under constant operating conditions: straight for-
ward drive with a maximum speed and a load of one
half of the maximum load capacity. The duration of
each load history in a group is 10 s [9]. Load cycles
with an amplitude lower than 1/32 of the maximum
measured amplitude were filtered out. The distribu-
tion of load cycles, extracted from six filtered load
histories, and the corresponding matrix of relative
frequencies (RF), are presented in Fig. 1.

najveèje verjetnosti je bilo izbrano realno
obremenitveno stanje vilièarja z nosilnostjo 2500 kg.
Izbrano obremenitveno stanje je predstavljeno z
naborom �estih èasovnih potekov obremenitev sile
v nagibnem hidravliènem valju F

vhn
. Vseh �est

èasovnih potekov obremenitev je bilo izmerjenih pri
stalnih obratovalnih razmerah: vo�nja naprej z
najveèjo hitrostjo, masa bremena je enaka polovièni
nosilnosti vilièarja. Dol�ine posameznih èasovnih
potekov obremenitev so enake 10 s [9].
Obremenitvenih ponovitev z amplitudo, manj�o od
ene dvaintridesetine amplitude najveèje
obremenitvene ponovitve, nismo upo�tevali.
Porazdelitev obremenitvenih ponovitev, izloèenih iz
vseh �estih èasovnih potekov obremenitev, in
pripadajoèa matrika relativnih frekvenc (RF), sta
prikazani na sliki 1.

Sl. 1. Padavinsek obremenitvene ponovitve in pripadajoèa matrika relativnih frekvenc za silo v nagibnem
hidravliènem valju F

vhn
; kaliber 1 V = 26.5 kN

Fig. 1. Distribution of rainflow load cycles and the corresponding rainflow matrix of the normal force F
vnh

;
calibre: 1 V = 26.5 kN

Porazdelitev obr. ciklov / Distribution of load cycles

0.0

0.2

0.4

0.6

0.8

1.0

1.2

0.0 0.2 0.4 0.6 0.8 1.0

Amplituda / Amplitude [V]

S
re

d
n

ja
 v

re
d

n
o

st
 / 

M
ea

n
 [

V
]

0.03

0.26

0.50

0.73

0.09

0.39

0.70

1.00

0.000

0.005

0.010

0.015

0.020

0.025

0.030

0.035

V
re

d
n

o
st

i R
F

 /
R

F
 v

al
u

es
 [

-]

Amplituda / 
Amplitude [V]

Sred. vred. /
Mean [V]

Rainflow matrika / Rainflow matrix

0.030-0.035

0.025-0.030

0.020-0.025

0.015-0.020

0.010-0.015

0.005-0.010

0.000-0.005

Porazdelitev obr. ponovitev

Padavinska



01-10
stran 597

J. Klemenc - M. Fajdiga: Modeliranje matrik - The Modelling of Matrices

3 MODELLING OF THE CONTINUOUS PDF OF
THE LOAD CYCLES

3.1 Estimation of Parameters of the Normal Mixture
with the Maximum-Likelihood method on the Basis
of the Extracted Load Cycles

Let { }1,..., NS S  represent a set of N load
cycles S

i
=(S

a,i
,S

m,i
), extracted from the load histories

that make up the load state under consideration. If
the maximum-likelihood method, supplemented with
the EM algorithm, is applied for the estimation of the
unknown parameters of the normal mixture and the
set of load cycles { }1,..., NS S  is used as the basis for
this estimation, then parameters U

k
, m

k
 and S

k
 can be

estimated with the  following system of iterative equa-
tions ([1] to [5]):

(4),

(5),

(6).

Here:

(7),

(8),

where t is the index of an iteration. The number K of the
Gaussian functions in the normal mixture must be cho-
sen before the start of the iterative process. Good adap-
tation is generally achieved by increasing the number
of Gaussian functions in the normal mixture. In contrast,
a good extrapolation ability is usually achieved by de-
creasing the number of Gaussian functions in the nor-
mal mixture. So when choosing the number of Gaussian
functions in the normal mixture, a compromise between
good adaptation of the normal mixture to the distribu-
tion of load cycles and a good extrapolation ability of
the normal mixture must be made. Initial conditions for
the iterative process can be chosen randomly or sys-
tematically, based on some preliminary knowledge about
the distribution of load cycles.

A normal mixture with three Gaussian func-
tions, which correspond to the distribution of load
cycles presented in Fig. 1, is presented in Fig. 2. A
comparison of its marginal probability distributions
and measured marginal probability distributions is
presented in Fig. 3. A normal mixture with five
Gaussian functions that correspond to the same distri-

3 MODELIRANJE ZVEZNE FUNKCIJE GPV
OBREMENITVENIH PONOVITEV

3.1 Ocena parametrov me�anice Gaussovih funkcij
z metodo najveèje verjetnosti na podlagi izloèenih
obremenitvenih ponovitev

Naj { }1,..., NS S  pomeni mno�ico N obreme-
nitvenih ponovitev S

i
=(S

a,i
,S

m,i
), izloèenih iz èasovnih

potekov obremenitev, ki sestavljajo nakljuèno
obremenitveno stanje. Èe metodo najveèje verjetnosti
za oceno neznanih parametrov gostote porazdelitve
verjetnosti dopolnimo z EM postopkom, tedaj
neznane parametre me�anice Gaussovih funkcij U

k
,

m
k
 in S

k
 ocenimo na podlagi mno�ice obremenitvenih

ponovitev { }1,..., NS S  z naslednjim sistemom
iteracijskih enaèb ([1] do [5]):

Pri tem velja:

t je indeks iteracije. �tevilo Gaussovih funkcij v
me�anici K je treba izbrati vnaprej pred zaèetkom
iteracijskega postopka. Z veèanjem �tevila
Gaussovih funkcij v me�anici v splo�nem
izbolj�ujemo ujemanje izmerjene in modelirane GPV.
Nasprotno pa z zmanj�evanjem �tevila Gaussovih
funkcij v me�anici izbolj�ujemo ekstrapolacijske
zmo�nosti modelirane GPV. Zato je treba pri izbiri
�tevila Gaussovih funkcij v me�anici narediti
kompromis med dobrim ujemanjem izmerjene in
modelirane GPV in dobrimi ekstrapolacijskimi
zmo�nostmi modelirane GPV. Zaèetne pogoje za
iteracijo lahko izberemo poljubno ali tako, da �e
upo�tevamo nekatere znaèilnosti porazdelitve
obremenitvenih ponovitev.

Me�anica treh Gaussovih funkcij, ki
ustreza porazdelitvi obremenitvenih ponovitev na
sliki 1, je prikazana na sliki 2. Primerjava ustreznih
obrobnih izmerjenih in modeliranih porazdelitev
verjetnosti je prikazana na sliki 3. Me�anica petih
Gaussovih funkcij, ki ustreza isti porazdelitvi
obremenitvenih ponovitev, je prikazana na sliki 4.
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bution of load cycles is presented in Fig. 4. A compari-
son of its marginal probability distributions and mea-
sured marginal probability distributions is presented in
Fig. 5. The unknown parameters of the normal mixtures
were, in both cases, estimated on the basis of N=579
extracted load cycles. Initial conditions for the iterative
process were, in both cases, determined systematically
by setting up initial mean vectors of Gaussian func-
tions in regions of higher densities of load cycles.

Primerjava ustreznih modeliranih in izmerjenih
obrobnih porazdelitev verjetnosti je prikazana na
sliki 5. V obeh primerih so bili neznani parametri
me�anice Gaussovih funkcij ocenjeni na podlagi
mno�ice N=579 obremenitvenih ponovitev. Zaèetni
pogoji za iteracijski postopek so bili v obeh primerih
izbrani tako, da smo zaèetne vektorje srednjih
vrednosti Gaussovih funkcij postavili v obmoèje
veèje gostote obremenitvenih ponovitev.

Sl. 2. Me�anica treh veèdimenzionalnih Gaussovih funkcij; parametri me�anice, ocenjeni na podlagi
izloèenih obremenitvenih ponovitev; kaliber: 1 V = 26,5 kN

Fig. 2. A normal mixture with three Gaussian functions; unknown parameters of the normal mixture are
estimated on the basis of extracted load cycles; calibre: 1 V = 26.5 kN

Sl. 3. Primerjava obrobnih porazdelitev verjetnosti za me�anico treh Gaussovih funkcij; parametri
me�anice, ocenjeni na podlagi izloèenih obremenitvenih ponovitev; kaliber: 1 V = 26,5 kN

Fig. 3. Comparison of marginal probability distributions for the mixture of three Gaussian functions;  unknown
parameters of the normal mixture are estimated on the basis of extracted load cycles; calibre: 1 V = 26.5 kN
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3.2 Estimation of the Parameters of the Normal
Mixture with the Maximum-Likelihood method on
the Basis of the Rainflow Matrix, Corresponding to
the Extracted Load Cycles

The distribution of rainflow load cycles
S=(S

a
,S

m
), extracted from load histories, is now repre-

sented with a matrix of relative frequencies:

Sl. 4. Me�anica petih veèdimenzionalnih Gaussovih funkcij; parametri me�anice, ocenjeni na podlagi
izloèenih obremenitvenih ponovitev; kaliber: 1 V = 26,5 kN

Fig. 4. A normal mixture with five Gaussian functions; unknown parameters of the normal mixture are
estimated on the basis of extracted load cycles; calibre: 1 V = 26.5 kN
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Sl. 5. Primerjava obrobnih porazdelitev verjetnosti za me�anico petih Gaussovih funkcij; parametri
me�anice, ocenjeni na podlagi izloèenih obremenitvenih ponovitev; kaliber: 1 V = 26,5 kN

Fig. 5. Comparison of marginal probability distributions for the mixture of five Gaussian functions;  unknown
parameters of the normal mixture are estimated on the basis of extracted load cycles; calibre: 1 V = 26.5 kN

3.2 Ocena parametrov me�anice Gaussovih funkcij
z metodo najveèje verjetnosti na podlagi matrike
relativnih frekvenc obremenitvenih ponovitev

Porazdelitev obremenitvenih ponovitev
S=(S

a
,S

m
), izloèenih iz èasovnih potekov obremenitev,

ki sestavljajo nakljuèno obremenitveno stanje, je sedaj
predstavljena z matriko relativnih frekvenc:

GPV obremenitvenih ponovitev

�tevilo obremenitvenih ponovitev

�tevilo obremenitvenih ponovitev
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(9),

(10),

(11),

with M
a
 being the number of classes of the rainflow

matrix in the direction of load-cycle-amplitudes S
a
, and

M
m
 being the number of classes of the rainflow matrix

in the direction of load-cycle-means S
m
. The system of

iterative equations for the estimation of normal mix-
ture parameters U

k
, m

k
 and S

k
 can be obtained with a

modification of the system of iterative equations that
was presented in section 3.1 � see also [1] to [5]:

(12),

(13),

(14).

Here:

(7),

(15).

The derivation of the system of iterative
equations (12), (13) and (14) is also based on the
maximum-likelihood method, supplemented with an
EM algorithm. t is an iteration index and K is the
number of Gaussian functions in the normal mixture.
The problem of choosing a suitable number of
Gaussian functions is the same as it was in the case
of the estimation of the normal mixture parameters,
based on extracted load cycles, because the number
K of the Gaussian functions in the normal mixture
must again be chosen in advance. So a compromise
between good adaptation of the normal mixture to
the distribution of load cycles and a good extrapola-
tion ability of the normal mixture must be made again.
Initial conditions can be chosen randomly or sys-
tematically, based on some preliminary knowledge
about the distribution of load cycles.

A normal mixture with three Gaussian func-
tions, which correspond to the distribution of load
cycles, presented in Fig. 1, is presented in Fig. 6. A
comparison of its marginal probability distributions
and measured marginal probability distributions is pre-
sented in Fig. 7. A normal mixture with five Gaussian
functions that correspond to the same distribution of

kjer sta M
a
 - �tevilo razredov matrike relativnih

frekvenc v smeri amplitud S
a
, M

m
 - �tevilo razredov

matrike relativnih frekvenc v smeri srednjih vrednosti
S

m
. Sistem iteracijskih enaèb za oceno neznanih

parametrov me�anice Gaussovih funkcij U
k
, m

k
 in S

k

dobimo z modifikacijo sistema iteracijskih enaèb, ki
je bil predstavljen v poglavju 3.1 � (glej tudi [1] do
[5]):

Pri tem velja:

Izpeljava sistema iteracijskih enaèb (12),
(13) in (14) prav tako temelji na metodi najveèje
verjetnosti, ki smo jo dopolnili z EM postopkom.
Pri tem pomenita:  t - indeks iteracije, K - �tevilo
Gaussovih funkcij v me�anici. Tudi v tem primeru
imamo pri izbiri �tevila Gaussovih funkcij v me�anici
enak problem, kakor v primeru, ko so neznani
parametri me�anice ocenjeni na podlagi
porazdelitve obremenitvenih ponovitev, ker je
�tevilo K Gaussovih funkcij v me�anici spet treba
izbrati vnaprej. Zato je ponovno treba narediti
kompromis med dobrim ujemanjem izmerjene in
modelirane GPV in dobrimi ekstrapolacijskimi
zmo�nostmi modelirane GPV. Zaèetne pogoje za
iteracijo lahko ponovno izberemo poljubno ali tako,
da �e upo�tevamo nekatere znaèilnosti porazdelitve
obremenitvenih ponovitev.

Me�anica treh Gaussovih funkcij, ki ustreza
porazdelitvi obremenitvenih ponovitev na sliki 1, je
prikazana na sliki 6. Primerjava ustreznih obrobnih
izmerjenih in modeliranih porazdelitev verjetnosti je
prikazana na sliki 7. Me�anica petih Gaussovih
funkcij, ki ustreza isti porazdelitvi obremenitvenih
ponovitev, je prikazana na sliki 8. Primerjava ustreznih

( ), ,, ; 1,..., ; 1,...,ij a i m j a mp p S S i M j M= = =

, ,mina i a aS S i S= + × D

, ,minm j m mS S j S= + × D

( ) ( ) ( ) ( )( )
1 1

1 , , ,
a mM M

l ij ij l l l
i j

U t p t t U tr

= =

+ = ×åå S ì Ó

( )
( ) ( ) ( )( )

( ) ( ) ( )( )

1 1

1 1

, , ,

1

, , ,

a m

a m

M M

ij ij l l l ij
i j

l M M

ij ij l l l
i j

p t t U t

t

p t t U t

r

r

= =

= =

× ×
+ =

×

åå

åå

S ì Ó S

ì

S ì Ó

( )
( ) ( ) ( )( ) ( )

( ) ( ) ( )( )

2

1 1

1 1

, , , 1

1

, , ,

a m

a m

M M

ij ij l l l ij l
i j

l M M

ij ij l l l
i j

p t t U t t

t

p t t U t

r

r

= =

= =

× × - +
+ =

×

åå

åå

S ì Ó S ì

Ó

S ì Ó

( )
( ) ( ) ( )

( ) ( ) ( )

1 1

1 1

1

1
det exp

2
, , ,

1
det exp

2

T

l l l l l

l l l K
T

k k k k k
k

U
U

U
r

- -

- -

=

é ù× × - × - × × -ê úë û=
é ù× × - × - × × -ê úë û

å

Ó S ì Ó S ì
S ì Ó

Ó S ì Ó S ì

( ),min ,min, ; 1,..., , 1,...,ij a a m m a mS i S S j S i M j M= + × D + × D = =S



01-10
stran 601

J. Klemenc - M. Fajdiga: Modeliranje matrik - The Modelling of Matrices

load cycles is presented in Fig. 8. A comparison of its
marginal probability distributions and measured mar-
ginal probability distributions is presented in Fig. 9.
Unknown parameters of both normal mixtures were
estimated on the basis of the rainflow matrix of relative
frequencies, with an equal  number of classes in the
direction of load-cycle amplitudes and load-cycle
means: M

a
=M

m
=64. Initial conditions for the iterative

process were again determined systematically by set-

modeliranih in izmerjenih obrobnih porazdelitev
verjetnosti je na sliki 9. V obeh primerih so bili neznani
parametri me�anice Gaussovih funkcij ocenjeni na
podlagi matrike relativnih frekvenc, ki ima �tevilo
razredov v smeri amplitud in srednjih vrednosti enako
M

a
=M

m
=64 in pripada obremenitvenemu stanju,

opisanem v poglavju 2. Zaèetni pogoji za iteracijski
postopek so bili v obeh primerih izbrani tako, da smo
zaèetne vektorje srednjih vrednosti Gaussovih funkcij

Sl. 6. Me�anica treh veèdimenzionalnih Gaussovih funkcij; parametri me�anice, ocenjeni na podlagi
matrike relativnih frekvenc; kaliber: 1 V = 26,5 kN

Fig. 6. A normal mixture with three Gaussian functions; unknown parameters of the normal mixture are
estimated on the basis of the rainflow matrix; calibre: 1 V = 26.5 kN

Sl. 7. Primerjava obrobnih porazdelitev verjetnosti za me�anico treh Gaussovih funkcij; parametri
me�anice, ocenjeni na matrike relativnih frekvenc; kaliber: 1 V = 26,5 kN

Fig. 7. Comparison of marginal probability distributions for the mixture of three Gaussian functions;  unknown
parameters of the normal mixture are estimated on the basis of the rainflow matrix; calibre: 1 V = 26.5 kN
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ting up initial mean vectors of Gaussian functions in
regions of higher densities of load cycles and are the
same as in the case of the estimation of the normal
mixture parameters on the basis of extracted load cycles.

4 CONCLUSION

It can be seen from the comparison of the
measured and the modelled marginal probability

postavili v obmoèje veèje gostote obremenitvenih
ponovitev. Njihove komponente so enake kakor v
primeru ocene neznanih parametrov na temelju
izloèenih obremenitvenih ponovitev.

4 SKLEP

Èe primerjamo ujemanje izmerjenih in
modeliranih GPV, vidimo, da je ujemanje bistveno

Sl. 8. Me�anica petih veèdimenzionalnih Gaussovih funkcij; parametri me�anice, ocenjeni na podlagi
matrike relativnih frekvenc; kaliber: 1 V = 26,5 kN

Fig. 8. A normal mixture with five Gaussian functions; unknown parameters of the normal mixture are
estimated on the basis of the rainflow matrix; calibre: 1 V = 26.5 kN

Sl. 9. Primerjava obrobnih porazdelitev verjetnosti za me�anico petih Gaussovih funkcij; parametri
me�anice, ocenjeni na matrike relativnih frekvenc; kaliber: 1 V = 26,5 kN

Fig. 9. Comparison of marginal probability distributions for the mixture of five Gaussian functions;  unknown
parameters of the normal mixture are estimated on the basis of the rainflow matrix; calibre: 1 V = 26.5 kN
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densities that better agreement between the measured
and the modelled PDFs can obtained if the PDF of the
load cycles is modelled with the normal mixture con-
sisting of five instead of three Gaussian functions.
This is true for the estimation of normal mixture param-
eters based on extracted load cycles as well as for the
estimation of normal mixture parameters based on the
rainflow matrix. Such a result is logical, because of the
better adaptation ability of the normal mixture with
five Gaussian functions when compared to the normal
mixture with three Gaussian functions. At the same
time it turned out that the extrapolation abilities of
normal mixtures with five and three Gaussian func-
tions are almost the same for our example of load state.
So it can be concluded that the normal mixture with
five Gaussian functions is a better choice in this case.

The results appertaining to normal mixtures
consisting of the same number of Gaussian functions
are similar, if the estimation of the normal mixture param-
eters was made on the basis of the extracted load cycles
or on the basis of the rainflow matrix. This is a conse-
quence of the fact that solutions of the system of the
iterative equation have converged to the same local
maximum of the likelihood function, regardless of the
variant of the estimation of the normal mixture param-
eters. The reason for this can be found in the same
initial conditions for the iterative process in both vari-
ants of the estimation of the normal mixture parameters.
However, the speed of convergence for different vari-
ants of the estimation was not the same. If the number
of Gaussian functions in the normal mixture is fixed to
some specified value, then the speed of convergence
depends only on the number of load cycles, when the
estimation is done on the basis of extracted load cycles,
or on the number of nonzero elements of the rainflow
matrix when the estimation is done on the basis of the
rainflow matrix. The greater the number of extracted load
cycles or the number of nonzero elements of the rainflow
matrix, the lower the speed of the iterative process. So
when the number of extracted load cycles is of the same
order of magnitude as the number of non-zero elements
of the rainflow matrix, the estimation of the normal mix-
ture parameters should be made on the basis of the
extracted load cycles, otherwise it should be made on
the basis of the rainflow matrix.

Nevertheless, good agreement between the
measured and the modelled probability distribution
can be seen in all the presented results. This means
that the maximum-likelihood method, supplemented
with the EM algorithm, is a good method for model-
ling the PDF of the load cycles. In spite of all that,
one drawback of this method should be mentioned at
the end. Namely, the result of the iterative process
for the parameter estimation sometimes depends on
the initial conditions of the iterative process. But this
can be overcome if the initial conditions are chosen
systematically, based on some preliminary knowledge
of the distribution of the load cycles.

bolj�e, èe je GPV modelirana s petimi namesto s tremi
Gaussovimi funkcijami. Ta sklep velja tako za primer
ocene neznanih parametrov me�anice Gaussovih
funkcij na podlagi porazdelitve obremenitvenih
ponovitev kakor tudi za primer ocene neznanih
parametrov me�anice Gaussovih funkcij na temelju
matrike relativnih frekvenc obremenitvenih
ponovitev. Tak rezultat je logièen, saj je me�anica
Gaussovih funkcij, ki vsebuje veè Gaussovih
funkcij, bolj prilagodljiva, èe so izmerjene
porazdelitve obremenitvenih ponovitev moèno
razgibane. Izkazalo se je tudi, da ekstrapolacijske
zmo�nosti me�anice petih Gaussovih funkcij ne
zaostajajo bistveno za ekstrapolacijskimi zmo�nostmi
treh Gaussovih funkcij. Zatorej lahko sklepamo, da
je izbira me�anice petih Gaussovih funkcij v tem
primeru bolj upravièena.

Iz rezultatov je tudi razvidno, da praktièno
ni razlike, èe neznane parametre GPV ocenimo na
podlagi izloèenih obremenitvenih ponovitev ali na
podlagi matrike relativnih frekvenc obremenitvenih
ponovitev. To pomeni, da se je re�itev pri obeh
postopkih pribli�ala k istemu lokalnemu vrhu
funkcije verjetnosti, kar je tudi posledica enakih
zaèetnih pogojev pri obeh postopkih. Kljub temu,
da smo dobili enake rezultate, pa hitrost
konvergence pri posameznih postopkih ni enaka.
Hitrost konvergence pri izbranem �tevilu
Gaussovih funkcij v me�anici je odvisna od �tevila
izloèenih obremenitvenih ponovitev, èe neznane
parametre GPV ocenjujemo na temelju izloèenih
obremenitvenih ponovitev, oziroma od �tevila od
niè razliènih elementov v matriki relativnih
frekvenc, èe neznane parametre GPV ocenjujemo
na podlagi matrike relativnih frekvenc. Z veèanjem
�tevila izloèenih obremenitvenih ponovitev ali
�tevila od niè razliènih elementov padavinske
matrike se hitrost iteracijskega postopka zmanj�uje.
Nasvet za izbiro ustreznega postopka bi bil tak�en:
èe je red velikosti �tevila izloèenih obremenitvenih
ponovitev enak redu velikosti �tevila od niè
razliènih elementov v matriki relativnih frekvenc,
tedaj neznane parametre GPV ocenimo na temelju
izloèenih obremenitvenih ponovitev, sicer pa
neznane parametre GPV ocenimo na temelju matrike
relativnih frekvenc.

Ujemanje izmerjenih in modeliranih GPV je
zadovoljivo v vseh �tirih prikazanih primerih, iz èesar
je mogoèe sklepati, da je metoda najveèje verjetnosti,
dopolnjena z EM algoritmom, primerna metoda za
modeliranje zvezne GPV obremenitvenih ponovitev.
Morebitna pomanjkljivost te metode je, da so rezultati
iteracijskega postopka vèasih odvisni od zaèetnih
vrednosti parametrov GPV. Vendar lahko to
pomanjkljivost odpravimo, èe zaèetnih vrednosti za
iteracijski postopek ne izbiramo na slepo, ampak
upo�tevamo nekatere znaèilnosti porazdelitve
nakljuène spremenljivke.
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