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V prispevku je prikazan razvoj numeriène sheme na osnovi metode robnih elementov (MRE) za
modeliranje ravninskih tokov viskoelastiène tekoèine. Kot podlaga za razvoj je namenjena shema za
modeliranje nestisljivih viskoznih tokov, ki smo jo raz�irili in ji dodali potrebne èlene za zajemanje
viskoelastiènosti nenewtonskih tekoèin. Posebno pozornost smo namenili integraciji ohranitvenih zakonov
in reolo�kih modelov. Shema je zapisana za hitrostno-vrtinèno formulacijo vodilnih enaèb. Kot testni primeri
so predstavljeni tokovi nenewtonske Maxwellove tekoèine v kanalih razliènih geometrijskih oblik.
© 2002 Strojni�ki vestnik. Vse pravice pridr�ane.
(Kljuène besede: modeli robnih elementov, dinamika tekoèin, tekoèine viskoelastiène, modeli Maxwellovi)

In this paper we show a numerical scheme based on the boundary-element method (BEM) for the
numerical modeling of planar, viscoelastic fluid flows. In particular, the singular-boundary-integral approach,
which has been established for the viscous, incompressible flow problem, is modified and extended to include
the viscoelastic fluid state. Special attention is given to a proper integration of the conservation and
constitutive equations. A velocity-vorticity formulation of the governing equations is adopted. As test cases,
non-Newtonian�Maxwell fluid flows in the channels of various geometries are studied.
© 2002 Journal of Mechanical Engineering. All rights reserved.
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0 INTRODUCTION

This paper deals with a numerical scheme based
on the boundary-element method (BEM) developed to
numerically simulate viscoelastic, incompressible fluid
flows. The method is based on a solution of the Navier�
Stokes equations set in the velocity-vorticity formulation
for different viscoelastic Maxwell fluids. This formulation
has some advantages in the case of a boundary-domain
integral representation of governing equations. It is
simpler than a primitive variable formulation since the
pressure does not appear explicitly in the field-function
equations and thus the well-known difficulty connected
with the computation of the pressure boundary values in
incompressible flows is avoided. Particular attention is
given to a proper transformation of the differential
governing equations to the corresponding boundary-
domain integral representations that satisfy the continuity
equation or the solenoidality of the velocity field exactly.

The stability and the accuracy of the developed
numerical scheme is achieved by employing the parabolic
diffusion fundamental solution describing the linear part
of transport phenomena without any additional
stabilization techniques. The numerical model presented
here is easy to upgrade in the sense of effectiveness,

0 UVOD

V prispevku predstavljamo numerièni
model robnih elementov (MRE) za re�evanje
dinamike viskoelastiène nestisljive tekoèine.
Sis tem Navier-Stokesovih  enaèb ob
upo�tevanju Maxwellovih modelov teèenja
viskoelas t iène  tekoèine  smo zapisa l i  za
hitrostno-vrtinèno formulacijo. Ta ima v primeru
robnoobmoène in tegra lske  predstavi tve
vodilnih enaèb doloèene prednosti, saj smo iz
raèunske sheme izloèili tlak, kar pomeni, da se
izognemo te�avam pri predpisovanju robnih
vrednost i  t laka .  Posebna pozornost  je
posveèena spremembi diferencialnih vodilnih
enaèb v pripadajoèe robnoobmoène integralske
predstavi tve,  ki  zado�èajo omeji tvenemu
kri ter i ju  ohrani tve  mase ozi roma pogoju
solenoidnosti tokovnega polja.

Stabilnost in natanènost numeriènega
algori tma dose�emo brez dodatnih
stabilizacijskih tehnik z uporabo paraboliène
difuzijske osnovne re�itve, ki opisuje linearni del
prenosnega pojava.  Numerièni  model,
predstavljen v prispevku, je mogoèe nadgraditi
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stability and accuracy using a diffusion-convective
fundamental solution where a larger part of the transport
phenomena is taken into account. The subdomain
technique can also be implemented [5].

1 GOVERNING EQUATIONS

1.1 Conservation laws

The analytical description of the motion of a
continuous medium is based on the conservation of
mass, momentum, energy and species concentration,
with associated rheological models and equations of
state. The present development will be focused on the
laminar flow of an incompressible, viscoelastic, isotropic
fluid in a solution domain W bounded by a boundary G.

The field functions of interest are the velocity
vector field v

i
(r

j
,t), the pressure field p(r

j
,t), and the

temperature field T(r
j
,t), such that the mass,

momentum, and energy equations:

(1)

(2)

(3)

written in the Cartesian frame x
i
 are satisfied,  where r

0

and c
p0

 are the constant fluid mass density and the isobaric
specific heat capacity, t is the time, g

i
 is the gravitational

acceleration vector, s
ij
 denotes the components of the

total stress tensor, q
i
 stands for the specific heat flux, and

D(.)/Dt = ¶(.)/¶t+v
k
 ¶(.)/¶x

k
 represents the Stokes material

derivative of the variable (.). The natural convection effect
is considered in the momentum, Eq. (2), by using the
Boussinesq approximation, where the temperature�s
influence on mass density is considered only with the
body force rg

i
.

The set of field equations needs to be closed
and solved in conjunction with the appropriate
rheological equations of the fluid and the boundary,
and the initial conditions of the flow problem. The
boundary conditions in general depend on the
dependent variables applied, i.e. the primitive or
velocity-vorticity variables formulation.

1.2 Rheological models

For an incompressible fluid the Cauchy total
stress s

ij
 can be decomposed into a pressure

contribution plus an extra deviatoric stress-tensor
field function t

ij
:

(4)

where d
ij
 is the Kronecker delta. The central problem

in visco-elastic fluid dynamics is the selection of an
appropriate rheological model that relates the extra

v smislu uèinkovitosti, stabilnosti in natanènosti
z uporabo difuzivno-konvektivne osnovne
re�itve, ki zajema veèji del prenosnega pojava,
in modela podobmoèij [5].

1 VODILNE ENAÈBE

1.1 Ohranitveni zakoni

Analitièni opis gibanja zvezne snovi temelji
na osnovnih ohranitvenih zakonih mase, gibalne
kolièine, energije in kemijskih sestavin, pripadajoèih
reolo�kih modelih in enaèbah stanja. V obravnavi se
bomo omejili na laminarni tok nestisljive
viskoelastiène izotropne tekoèine v obmoèju re�itve
W, ograjenim z ograjo G.

Opazovane funkcije polja so vektor hitrosti
v

i
(r

j
,t), tlak p(r

j
,t) in temperaturno polje T(r

j
,t), ki

zado�èajo kontinuitetni, gibalni in energijski
enaèbi:

ki so zapisane v obliki karteziènega tenzorskega zapisa
x

i
 in kjer so r

0
 in c

p0
 nespremenljiva masna gostota

oziroma izobarna specifièna toplota, t èas, g
i
 te�nostni

pospe�ek, s
ij
  napetostni tenzor, q

i
 gostota difuzijskega

toplotnega toka in D(.)/Dt = ¶(.)/¶t+v
k
 ¶(.)/¶x

k
 Stokesov

oziroma snovski odvod spremenljivke (.). V gibalni
enaèbi (2) smo upo�tevali nestisljivost tekoèine v
smislu Boussinesqove poenostavitve, pri kateri je
vpliv spremenljive masne gostote zajet le v
prostorninski sili rg

i
.

Zapisani sistem ohranitvenih enaèb pomeni
nedokonèan sistem parcialnih diferencialnih enaèb,
ki ga moramo dopolniti z ustreznimi reolo�kimi modeli
oziroma modeli teèenja za posamezno tekoèino in
znanimi robnimi ter zaèetnimi pogoji. Ti so v
splo�nem odvisni od zapisanega sistema enaèb in
so lahko podani za osnovne fizikalne ali izpeljane
funkcije polja.

1.2 Reolo�ki modeli

Cauchyjev napetostni tenzor s
ij
 lahko v

primeru toka nestisljive tekoèine loèimo na prispevek
tlaka in dodatnega deviatoriènega napetostnega
tenzorja t

ij
:

kjer je d
ij
 Kroneckerjeva funkcija delta. Bistveni del

dinamike viskoelastiènih tekoèin je izbira primernega
reolo�kega modela, ki podaja soodvisnost dodatnih

0j

j

v

x

¶
=

¶

0
iji

i
j

Dv
g

Dt x

s
r r

¶
= +

¶

0 0
j

p
j

qDT
c I

Dt x
r

¶
= - +

¶

ij ij ijps d t= - +
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stress in Eq. (4) to the flow kinematics. The differential
constitutive equations to be considered here are
implicit, rate-type rheological models, generally
associated with the name of Maxwell. For the broad
class of materials, such as simple fluids with fading
memory, the constitutive equation can be expressed
using a relation between stress and the strain-rate
tensor and their time derivatives.

For an Eulerian reference frame the material time
derivative or convected derivative of an arbitrary
symmetric, second-order tensor u

ij
, which can be equated

to the extra-stress tensor t
ij
 or the strain-rate tensor 

ije& ,
can be formulated in several ways. Let us first define the
Stokes material time derivative with the expression:

(5)

then the upper-convected or codeformation:

(6)

while the lower-convected derivative is defined as:

(7)

where the superscripts Ñ and D stand for the upper-
or lower-convected derivatives, respectively, and the
velocity-gradient tensor L

ij
 is defined as:

(8)

where 
ijW&  denotes the rotational velocity tensor.

Using implicit Maxwell rheological models the
extra-stress tensor is given as a sum of the viscosity
and elasticity effects:

(9)

The linear Maxwell constitutive model is given as
follows:

(10)

where l
1
 is a material constant for the fluid and is

called the stress-relaxation time, whereas h
0
 stands

for the dynamic viscosity. The elasticity is given by
the local time derivative of the additional stress
tensor, which is significant during transient
conditions. As the flow develops, the local time
derivative losses its influence to finally arrive at a
steady state where the viscosity is dominant.

The simplest quasilinear Maxwell model may
be given in the following form:

(11)

where the nonlinearity of the model is due to the
local and convective derivatives of the stress tensor.

napetosti v en. (4) in kinematike toka. Obravnavo
bomo omejili na razmeroma preproste diferencialne
konstitutivne enaèbe, znane kot implicitni Maxwellovi
reolo�ki modeli. Za �irok spekter snovi, kakor so na
primer tekoèine s pojemajoèim spominom, lahko
konstitutivne enaèbe zapi�emo v obliki odvisnosti
med napetostnim in deformacijskim tenzorjem ter
njunimi odvodi po èasu.

Za Eulerjev postopek velja, da lahko snovske
èasovne odvode poljubnega simetriènega tenzorja
drugega reda u

ij
, ki ga lahko enaèimo z dodatnim

napetostnim tenzorjem t
ij
 ali deformacijskim tenzorjem

ije& , podamo na razliène naèine. Z naslednjim izrazom
definiramo Stokesov èasovni snovski odvod tenzorja:

nato zgornje konvektivni oziroma sodeformabilni:

medtem ko je spodnje konvektivni odvod podan z
izrazom:

kjer nadpisa Ñ in D oznaèujeta zgornje oziroma
spodnje konvektivni odvod. Hitrostni gradient L

ij
 je

definiran kot:

kjer je 
ijW&  tenzor vrtilnih hitrosti.

Pri implicitnih Maxwellovih reolo�kih modelih
podamo dodatni napetostni tenzor z vsoto viskoznih
in elastiènih uèinkov:

Linearni Maxwellov konstitutivni model podamo z
odvisnostjo:

kjer snovska stalnica tekoèine l
1
 pomeni napetostni

sprostitveni èas, medtem ko je h
0
 dinamièna

viskoznost. Vpliv elastiènosti, ki je podan z lokalnim
èasovnim odvodom dodatnega napetostnega
tenzorja, je pomemben le med prehodnim pojavom. Z
razvojem hitrostnega polja lokalni èasovni odvod
izgublja pomembnost, tako da v ustaljenem stanju
prevladujejo uèinki viskoznosti.

Najpreprostej�i kvazilinearen Maxwellov
model, podan v obliki:

zajema nelinearnost zaradi lokalnega in
konvektivnega odvoda napetostnega tenzorja.

ij ij ij
k

k

Du u u
v

Dt t x

¶ ¶
= +

¶ ¶

ij
ij ik jk jk ik

Du
u u L u L

Dt

Ñ

= - -

ij
ij ik kj jk ki

Du
u u L u L

Dt

D

= + +

i
ij ijij

j

v
L

x
e

¶
= = + W¶

&&

v e
ij ij ijt t t= +

0 12 ij
ijij t

t
t h le

¶
= -

¶
&

0 12 ij
ijij

D

Dt

t
t h le= -&
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The model (11) does not relate to practical problems,
but it can be examined due to its simplicity as an
appropriate model to study the stability and accuracy
of the developed numerical solution algorithm.

In addition, both convected Maxwell models
are studied. The upper-convected Maxwell model is
governed by the following constitutive relation:

(12)

while for the lower-convected Maxwell model the
following equation is valid:

(13)

The upper-convected Maxwell model (12) is
used extensively in testing numerical solution models.
Some real fluids behave qualitatively like Eq. (12), at
least over a limited range of kinematics.

Let us write the constitutive model of
diffusion heat flux in Eq. (3). In the case of intensive,
unsteady heat transfer it is important to take into
account the terminal velocity of a moving frontier:

(14)

where the material constants k
0
 and l

0
 stand for the

heat conductivity and the heat relaxation time. For
most heat-transfer problems of practical importance
the simplification known as the Fourier law of heat
diffusion is accurate enough:

(15)

1.3 Summary of the governing equations

Combining the constitutive models for the
stress tensor (9) to (13) and the specific heat flux (15)
in the conservation equations (2) and (3), the following
system of nonlinear equations is developed:

(16)

(17)

(18)

(19)

where a
0
 = k

0
/ c

p0
r

0
  is the thermal diffusivity. The

closed system of equations (16) to (19) is formally
identical to the equations governing the motion of a
Newtonian viscous fluid, except for the additional term
describing the elasticity effects (denoted by the
superscript �e�). The appearance of the additional terms

Model predstavljen z en. (11), v praksi ni uporaben,
kljub temu pa ga zaradi preprostosti lahko uporabimo
pri �tudiju stabilnosti in natanènosti razvitega
numeriènega algoritma.

V nadaljevanju sta prikazana oba konvektivna
Maxwellova modela. Zgornje konvektivni Maxwellov
model podamo z odvisnostjo:

medtem ko za spodnje konvektivni model velja zapis:

Zgornje konvektivni Maxwellov model je namenjen
testiranju numeriènih modelov re�evanja viskoelastiènih
tokov, saj je gibanje nekaterih stvarnih tekoèin, vsaj v
omejenem obsegu, mogoèe opisati z en. (12).

Preostane �e, da zapi�emo konstitutivni model
difuzijskega toplotnega toka v en. (3). V primeru
intenzivnega prehodnega pojava prenosa toplote
moramo upo�tevati konèno hitrost �irjenja motnje,
tako da velja odvisnost:

kjer sta snovski stalnici k
0
 in l

0
 toplotna prevodnost

in toplotni sprostitveni èas. Za veèino praktièno
pomembnih prenosnih pojavov zado�èa
poenostavitev, znana kot Fourierjev zakon difuzije
toplote:

1.3 Povzetek vodilnih enaèb

Z upo�tevanjem konstitutivnih modelov za
napetostni tenzor (9) do (13) in gostoto toplotnega
toka (15) v ohranitvenih zakonih (2) in (3) izpeljemo
naslednji sistem nelinearnih enaèb:

kjer je a
0
 = k

0
/ c

p0
r

0
 toplotna difuzivnost. Sklenjen

sistem enaèb (16) do (19) je formalno identièen
enaèbam, ki opisujejo tok newtonske viskozne
tekoèine z izjemo dodatnega èlena, ki je posledica
elastiènih uèinkov tekoèine in je v sistemu oznaèen z
nadpisom �e�. Ta èlen v enaèbi ohranitve gibalne

0 12 ijijijt h l te
Ñ

= -&

0 12 ijijijt h l te
D

= -&

0 0
i

i
i

qT
q k

x t
l

¶¶
= - -

¶ ¶

i
i

T
q k

x

¶
= -

¶

0j

j

v

x

¶
=

¶
2

0 0

e
iji i

i
i j j j

Dv vp
g

Dt x x x x

t
r h r

¶¶¶
= - + + +

¶ ¶ ¶ ¶

02 e
ijij ijt h te= +&

2

0
0 0j j p

T T I
a

t x x c r
¶ ¶

= +
¶ ¶ ¶
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in the momentum equation at the same time increases
the nonlinearity of the dynamical system of equations.

For the two-dimensional planar geometry the
Eqs. (16) to (19)  provide seven relations for the seven
unknowns, v

1
, v

2
, p, t

11
, t

12
, t

22
, and T. The above field

equations are to be solved for the appropriate boundary
and initial conditions. Assuming that at time level t = t

n

all the relevant field quantities, such as ( )trvv j
n
i

n
i ,= ,

( )trj
n
ij

n
ij ,tt = , etc., are known, the issue is to determine

the field functions during the time level t
n+1

 = t
n
 + Dt.

2 THE VELOCITY-VORTICITY FORMULATION

Introducing the vorticity vector field function
w

i
(r

j
,t) as a curl of the corresponding velocity field v

i
(r

j
,t):

(20)

which is a solenoidal vector by definition, the fluid-
motion computation procedure is partitioned into its
kinetics and kinematics [8] parts. The vorticity
transport in the fluid domain is governed by a
nonlinear parabolic diffusion-convection equation
obtained as a curl of the momentum eq. (17):

(21)

for i,j,k,m = 1,2,3. In the transport eq. (21) an additional
transport term w

j
L

ij
 is represented, whereas it cannot

be found in eq. (17). Regarding the relation:

(22)

it is easy to understand the behaviour of ijjew & , ije&
for i = j, representing vorticity transport due to the
stretching of the vorticity line, while the other part,

ije&  for i ¹ j, stands for the twisting of the vorticity
line. Twisting and stretching transport phenomena
do not exist during the planar flows when vector eq.
(21) is reduced to the scalar one:

(23)

for i,j,k = 1,2. The vorticity equation (21) expresses
time-dependent vorticity transport by viscous
diffusion, convection, bouyancy forces, while the
elasticity and deformation of the fluid acts as a highly
nonlinear production term, making the nonlinearity
of the equation even more severe, when compared to
Newtonian viscous fluid flow.

By applying the curl operator to the vorticity
definition:

(24)

and by using the continuity eq. (16), 0=vdiv
r

, the
following vector elliptic Poisson equation is
obtained:

kolièine vpelje dodatno nelinearnost v dinamièni
sistem enaèb.

Za tok v ravnini sistem enaèb od (16) do (19)
zagotavlja sedem enaèb za sedem neznank, v

1
, v

2
, p,

t
11

, t
12

, t
22

, in T. Enaèbe razre�imo z upo�tevanjem
primernih robnih in zaèetnih pogojev. Èe
predpostavimo, da so vse funkcije polja, npr.

( )trvv j
n
i

n
i ,= , ( )trj

n
ij

n
ij ,tt =  itd., v èasovnem koraku t

= t
n
 znane, je treba doloèiti vrednosti funkcij polja v

naslednjem trenutku t
n+1

 = t
n
 + Dt.

2 HITROSTNO-VRTINÈNA FORMULACIJA

Z vektorjem vrtinènosti w
i
(r

j
,t) , ki pomeni rotor

hitrostnega polja v
i
(r

j
,t):

raèunsko shemo gibanja tekoèine razdelimo na
kinematièni in kinetièni del [8]. Kinetiko toka
podamo z nelinearno parabolièno difuzivno-
konvektivno prenosno enaèbo vrtinènosti, ki jo
izpeljemo z delovanjem operatorja rotor na gibalno
enaèbo (17):

za i,j,k,m = 1,2,3. V prenosni enaèbi (21) je opazen
dodatni prenosni èlen w

j
L

ij
 , ki ga ne zasledimo v

gibalni enaèbi (17). Z upo�tevanjem odvisnosti:

preprosto poka�emo, da del èlena ijjew & , ije&  za i = j,
opravlja prenos vrtinènosti z raztezanjem vrtinène
èrte, preostali del, ije&  za i ¹ j, pa prena�a vrtinènost z
obraèanjem vrtinène èrte. Prenosni pojav raztezanja
in obraèanja ne obstaja pri ravninskih tokovih, ko se
vektorska enaèba (21) poenostavi v skalarno:

za i,j,k = 1,2. Enaèba (21) podaja èasovno spremembo
vrtinènosti delca tekoèine zaradi viskozne difuzije,
konvekcije, vzgona, uèinkov deformacije in
elastiènosti tekoèine. V primerjavi z enaèbo gibanja
newtonske viskozne tekoèine je enaèba (21) moèneje
nelinearna, prav zaradi moèno nelinearnega
elastiènega izvirnega èlena.

Z delovanjem operatorja rotor na vektor
vrtinènosti:

in ob upo�tevanju kontinuitetne enaèbe (16),
0=vdiv

r
, izpeljemo naslednjo vektorsko eliptièno

Poissonovo enaèbo:

0jk
i ijk

j j

v
e

x x

w
w

¶¶
= , =

¶ ¶

2 2

0
0 0

1 1 e
i i i i i km

j j ijk k ijk
j j j j j j k

D v
v e g e

Dt t x x x x x x x

w w w w tr
n w

r r
¶ ¶ ¶ ¶ ¶¶

= + = + + +
¶ ¶ ¶ ¶ ¶ ¶ ¶ ¶

( )ij ijijj ij j jLw w we e= + =W&& &

22

0
0 0

1 1
e
jk

j ij j ij
j j j i i k

D
v e g e

Dt t x x x x x x

tw w w w r
n

r r

¶¶ ¶ ¶ ¶
= + = + +

¶ ¶ ¶ ¶ ¶ ¶ ¶

( ) ( )v v vwÑ ´ = Ñ ´ Ñ ´ = Ñ Ñ × - D
r r r r rr r r r



02-12
stran 650

[kerget L., Po`arnik M.: MRE za dinamiko viskoelasti~ne - BEM for the Dynamics of a Viscoelastic

(25)

The equation represents the kinematics of an
incompressible fluid motion expressing the
compatibility and restriction conditions between the
solenoidal velocity and the vorticity vector field
functions at a given point in space and time. To
accelerate convergence of the coupled velocity-
vorticity iterative scheme the false transient approach
is used. Thus, in a solution scheme Eq. (25) is rewritten
as parabolic diffusion equation for the velocity vector:

(26)

with a as a relaxation parameter. It is obvious that the
governing velocity equation (26) is exactly satisfied
only during the steady state (t®¥), when the time
derivative vanishes.

3 PRESSURE EQUATION

In the case of incompressible fluid motion, pressure
is only a function of the velocity field, and vice versa, while
the fluid mass density is assumed to be invariant. Therefore,
pressure is not a thermodynamic variable. Let us write
momentum, Eq. (17), for the pressure gradient, grad p, by
taking into account the vector relation (24):

(27)

which simplifies in the case of planar flows in the
following way:

(28)

Inertia, diffusion, gravitational and elasticity
effects are incorporated in vector function f

i
. To derive

the pressure equation dependent on velocity the
divergence of Eq. (27) should be calculated, resulting
in the elliptic Poisson pressure equation

(29)

4 THE BOUNDARY-ELEMENT METHOD

The unique advantage of the boundary-
element method (BEM) originates from the application
of Green fundamental solutions as particular
weighting functions. Since they only consider the
linear transport phenomenon, the appropriate
selection of a linear differential operator L[.] is of
vital importance in establishing stable and accurate
singular integral representations corresponding to
original differential conservation equations.

All the various conservation models can be
written in the following general form

(30)

Enaèba podaja kinematiko toka nestisljive
tekoèine oziroma zdru�ljivosti in omejitveni pogoj
med solenoidnima vektorskima poljema hitrosti in
vrtinènosti v dani toèki prostora in èasa. Z namenom,
da bi poveèali konvergenco in stabilnosti vezane
hitrostno-vrtinène iterativne sheme, en. (25)
zapi�emo v njeni nepravi prehodni obliki, kar se izra�a
v naslednji parabolièni difuzijski enaèbi za vektor
hitrosti

kjer je a sprostitveni parameter. Oèitno je, da je vodilna
hitrostna enaèba (26) natanèno izpolnjena v
ustaljenem stanju (t®¥), ko umetni èasovni odvod
hitrosti odpade.

3 TLAÈNA ENAÈBA

Za nestisljive tekoèine velja ugotovitev, da je
tlak le funkcija hitrostnega polja in nasprotno, medtem
ko je gostota nespremenljiva. Tlak torej ni
termodinamièna velièina stanja. Zapi�imo gibalno en.
(17) z upo�tevanjem vektorske enakosti (24) za tlaèni
gradient grad p:

ki se v primeru ravninskega toka poenostavi v
odvisnost:

V vektorski funkciji f
i
 smo zdru�ili vztrajnostne,

difuzijske, te�nostne in elastiène uèinke. Pri izpeljavi
tlaène enaèbe v odvisnosti od hitrosti poi�èemo
divergenco èlenov en. (27), kar se ka�e v naslednji
eliptièni Poissonovi enaèbi za tlak:

4 METODA ROBNIH ELEMENTOV

Uporaba Greenovih osnovnih re�itev kot
ute�nih funkcij v numeriènem modelu pomeni eno
izmed osnovnih lastnosti in prednosti metode robnih
elementov (MRE). Ker osnovne re�itve opisujejo le
linearni del prenosnega pojava, je izbira primernega
linearnega operatorja L[.] kljuènega pomena za zapis
integralskih enaèb, ki ustrezajo prvotnemu sistemu
ohranitvenih diferencialnih enaèb.

Znane diferencialne modele prenosnih
pojavov v toku tekoèine lahko zapi�emo v obliki
naslednjega splo�nega stavka:
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where the operator L[.] can be either elliptic or
parabolic, u(r

j
,t) is an arbitrary field function, and the

nonhomogenous term b(r
j
,t) is applied for nonlinear

transport effects or pseudo body forces.

4.1 Integral representation of flow kinematics

The velocity Eq. (26) can be recognized as a
parabolic diffusion equation. Employing the linear
parabolic diffusion operator as follows:

(31)

the following can be stated:

(32)

The singular boundary integral representation
for the velocity vector can be formulated by using
the Green theorems for scalar functions or weighting
residuals technique rendering the following vector
integral formulation:

(33)

with u* the parabolic diffusion fundamental solution
as the solution of the equation:

(34)

and given by the expression:

(35)

where (x,t
F
) and (s,t) are the source point and the

reference field point, d is the dimension of the problem
and t = t

F
 - t. The pseudo-body force vector includes

the vortical fluid flow part:

(36)

rendering the following final integral formulation of
flow kinematics, in vector form:

(37)

or in tensor symbolic notation:

(38)

The kinematics of plane motion is given by
two scalar equations as follows:

(39)

kjer je L[.] eliptièni ali parabolièni linearni diferencialni
operator, u(r

j
,t) je poljubna funkcija polja in b(r

j
,t)

pomeni nehomogeni del nelinearnih vplivov oziroma
prostorninskih virov.

4.1 Integralska predstavitev kinematike

Hitrostno en. (26) lahko prepoznamo kot
parabolièno difuzijsko enaèbo, zato uporabimo
linearni parabolièni difuzijski operator:

tako, da lahko zapi�emo:

Pri izpeljavi singularne robne integralske
enaèbe izhajamo iz Greenovih teoremov za skalarna
polja ali iz integrala ute�nega ostanka, kar se ka�e v
naslednji obliki vektorske integralske formulacije:

kjer je u* parabolièna difuzijska osnovna re�itev, npr.
re�itev enaèbe:

in podana z izrazom:

kjer sta (x,t
F
) in (s,t) izvirna toèka in referenèna toèka

polja, d pomeni izmero problema in t = t
F
 - t. Èe

izenaèimo prostorninske sile z enakostjo:

velja konèna oblika integralske predstavitve
kinematike toka, npr. v vektorski obliki:

oziroma v tenzorskem simbolnem zapisu:

Kinematika ravninskega toka je podana z
dvema skalarnima enaèbama:
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One of the most important issues in the
numerical modeling of incompressible flow phenomena
is to obtain a divergence-free final solution both for
the velocity field and for the vorticity conservation. In
the case of equations (36) or (38) it can be easily shown
that solutions where none of the divergences are zero
are permitted [9]. Thus, it is possible to conclude that
Eq. (38) does not generally represent the kinematics of
incompressible fluid flow. By using additional
compatibility and restriction conditions for the velocity
and vorticiy fields, vrot

rr
=w  and 0=vdiv

r
, boundary

integrals on the right-hand side of Eq. (38) are rewritten,
resulting in the final singular boundary integral
statement of the kinematics of spatial flow:

(40)

or in the compact symbol notation for the cyclic
combination of: ijkij = 12312:

(41)

The kinematics of planar fluid motion is given by:

(42)

Equation (41) is equivalent to the continuity
equation, also recognized as the restriction equation and
the vorticity definition expressing the kinematics of general
incompressible fluid flow in the integral form. Velocity
boundary conditions are incorporated into boundary
integrals, while in domain integrals the influence of the
vorticity field on the developing velocity field is given. The
last domain integral takes into account the influence of the
initial velocity conditions of false transient phenomena. In
Eq. (42) the normal and tangential derivatives of the
fundamental solution, ¶u*/¶n and ¶u*/¶t, are employed, an
important difference in comparison to Eq. (39), where the
fundamental solution and the normal derivative of the
fundamental solution, u* and ¶u*/¶n, are used. To compute
the boundary values of the field functions, the normal or
tangential form of vector Eq. (40), [7], is required.

The boundary vorticity values are expressed
in integral form within the domain integral. When the
unknows are the boundary vorticities one has to use
the tangential component of vector Eq. (40) because
of the nonsingular implicit system of equations

(43)

4.2 Integral representation of flow kinetics

Considering the kinetics of viscoelastic fluid
flow in an integral representation one has to take into

Eno osnovnih izhodi�è numeriènega modela
toka nestisljive tekoèine je divergence prosta
oziroma solenoidna re�itev za hitrostno in vrtinèno
polje. Za en. (36) oziroma (38) lahko preprosto
poka�emo, da sta enaèbi izpolnjeni tudi v primeru,
ko nobena od divergenc ni enaka niè [9].
Povzamemo lahko, da en. (38) v splo�nem ne
predstavlja kinematike toka nestisljive tekoèine. S
ponovno zahtevo po zdru�ljivosti in omejitvi
hitrostnega ter vrtinènega polja, vrot

rr
=w  in

0=vdiv
r

, robna integrala na desni strani en. (38)
preoblikujemo, kar se ka�e v konèni obliki
singularne robne integralske predstavitve
kinematike prostorskega toka:

ali tudi v zgo�èenem simbolnem zapisu za kro�no
kombinacijo indeksov ijkij = 12312:

Kinematika ravninskega toka je podana z:

Enaèba (41) je popolnoma ustrezna
kontinuitetni oziroma omejitveni enaèbi in definiciji
vrtinènosti ter podaja kinematiko nestisljive
tekoèine v integralski obliki. Hitrostni robni pogoji
so vkljuèeni v robnih integralih, medtem ko je z
obmoènim integralom zajet vpliv vrtinènega polja
na razvoj hitrostnega polja. Zadnji obmoèni integral
upo�teva vpliv zaèetnih hitrostnih pogojev
nepravega prehodnega pojava. V en. (42) se
pojavljata normalni in tangentni odvod osnovne
re�itve ¶u*/¶n in ¶u*/¶t, kar je pomembna razlika
proti en. (39), kjer sta osnovna re�itev in njen
normalni odvod, u* in ¶u*/¶n. Pri izraèunu robnih
vrednosti funkcij polja moramo uporabiti normalno
oziroma tangentno obliko vektorske enaèbe (40),
[7].

Robne vrednosti vrtinènosti so v integralski
obliki zajete v obmoènem integralu. Izraèun robnih
vrednosti vrtinènosti zaradi zapisa nesingularnega
implicitnega sistema terja tangentno obliko vektorske
enaèbe (40).

4.2 Integralska predstavitev kinetike

Za zapis kinetike toka viskoelastiène tekoèine
v integralski obliki moramo upo�tevati parabolièno
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account the parabolic diffusion-convection character of
the vorticity transport equation. Since only the linear
parabolic diffusion differential operator is employed, i.e.:

(44)

the vorticity equation (33) can be formulated as a
nonhomogenous parabolic diffusion equation as follows:

(45)

with the following corresponding integral
representation written in a time-increment form for a
time step Dt = t

F
 - t

F-1
:

(46)

where u* is the parabolic diffusion fundamental solution
given by Eq. (35). The domain integral of the non-
homogenous nonlinear contribution b, represented as:

(47)

includes the convection, the bouyancy force effects,
and the viscoelastic effects. Thus the final integral
statement reads as:

(48)

Eq. (48) shows the analogy between the
vorticity transport in the viscoelastic fluid and the
vorticity transport in viscous, Newtonian motion,
with the only difference in the extra viscoelastic
contribution acting as a highly nonlinear source term.

By applying a similar procedure to the heat-
transport equation, one derives the following integral
statement:

(49)

4.3 Integral representation of the pressure equation

The pressure Eq. (29) is recognized as an
elliptic Poisson equation, thus employing the linear
elliptic Laplace differential operator:

(50)

the following can be stated:

(51)

difuzivno-konvektivno naravo prenosne enaèbe
vrtinènosti. Z uporabo linearnega paraboliènega
difuzivnega diferencialnega operatorja:

prenosno enaèbo vrtinènosti (33) zapi�emo v obliki
nehomogene paraboliène difuzivne enaèbe:

z naslednjim pripadajoèim integralskim stavkom,
zapisanim za èasovni korak Dt = t

F
 - t

F-1
:

kjer je u* difuzivna osnovna re�itev, podana z en.
(35). Obmoèni integral nehomogenega nelinearnega
prispevka b:

vsebuje konvekcijo, vzgonske in elastiène uèinke,
tako da velja naslednji zapis kinetike vrtinènosti v
integralski obliki:

Iz en. (48) je razvidna popolna podobnost med
prenosom vrtinènosti v viskoelastièni tekoèini in
prenosom vrtinènosti v toku newtonske viskozne
tekoèine z izjemo dodatnega elastiènega prispevka,
ki deluje kot moèno nelinearni izvirni èlen.

Singularno robno integralsko predstavitev
toplotne prenosne enaèbe izpeljemo enako kakor izpeljavo
vrtinène enaèbe, tako da velja integralski stavek:

4.3 Integralska predstavitev tlaène enaèbe

Tlaèna en. (29) je eliptièna Poissonova enaèba,
tako da uporabimo linearni eliptièni Laplacev
diferencialni operator:

kar se izra�a v zapisu:
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while the corresponding singular integral pressure
representation is given by:

(52)

where u* is the Laplace fundamental solution, being
the solution of the equation:

(53)

For planar geometry the following solution is suitable:

(54)

By equating pseudo-body forces with the expression:

(55)

the integral statement is derived:

(56)

Using the Gauss divergence theorem the
domain integral in eq. (56) is rewritten as:

(57)

because the relation nfnp
rr

×=¶¶ , the final form of
the pressure integral statement is obtained:

(58)

where vector f
i
 for the spatial flow is given by eq. (27)

and for planar flow by Eq. (29).

5 COMPUTATIONAL SCHEME

If one wants to solve singular, boundary-
domain, integral equations to obtain values of field
functions in the computational domain one first has to
transform the derived integral equations into their
discrete algebraic forms. The key to this is the
partitioning of the computational external boundary
into boundary elements and the interior domain into
domain cells [10]. Use of the Green fundamental
solution results in boundary discretization of the linear
part of the solution (diffusion), while internal cells take
care of the nonlinear contribution of the transport
phenomena. In this paper, quadratic interpolation
functions were used in the case of boundary elements
and internal cells in the case of domain.

The kinematics and kinetics of the fluid-flow
motion can be seen as two intertwined problems in a
nonlinear system of equations. For general time-
dependent flows using known information about the
motion at an instant time level, new vorticity values for a
subsequent time level are determined by solving eq. (48).
With this new domain, vorticity values corresponding to

medtem ko je pripadajoèa singularna robna integralska
tlaèna predstavitev podana s stavkom:

kjer je u* Laplaceova osnovna re�itev, npr. re�itev
enaèbe:

Za ravninsko geometrijo velja re�itev:

Z izenaèitvijo navidezno prostorninskih sil:

izpeljemo integralsko odvisnost:

Z Gaussovim divergenènim stavkom obmoèni
integral v en. (56) preoblikujemo kot:

ker pa je nfnp
rr

×=¶¶ , velja konèna oblika tlaènega
integralskega stavka:

kjer je vektor f
i
 podan za prostorski tok z en. (27) in za

ravninsko gibanje z en. (29).

5 RAÈUNSKA SHEMA

Singularne robnoobmoène integralske enaèbe
lahko re�imo za neznane funkcije polja le pribli�no v
smislu ustreznega numeriènega modela, s katerim
integralske enaèbe predelamo v pripadajoèi sistem
algebrajskih enaèb. Osnova modela robnih elementov
je diskretizacija roba z robnimi elementi in obmoèja
re�itve z notranjimi celicami [10]. Ker je za ute�no
funkcijo izbrana Greenova osnovna re�itev, z robno
diskretizacijo v celoti zajamemo linearni del re�itve
(difuzijo), medtem ko z notranjo delitvijo na celice
upo�tevamo nelinearne prispevke prenosnega pojava.
V prispevku so uporabljeni daljièni kvadratni zvezni
robni elementi in èetverokotne kvadratne zvezne
notranje celice.

V raèunskem postopku iskanja pribli�ne
re�itve predstavljata kinematika in kinetika
prenosnega pojava vezan nelinearni sistem. V
primeru splo�nega èasovno odvisnega pojava
izraèunamo najprej na temelju znanih zaèetnih
vrednosti funkcij polja nove pribli�ke vrtinènega
polja z re�itvijo en. (48). Z novimi obmoènimi

( ) ( )
u p

c p p d u d bu d
n n

x x
G G W

¶ ¶
+ G = G + W

¶ ¶ò ò ò
å

å å

( )
2

0
i i

u
s

x x
d x

¶
+ , =

¶ ¶

å

1 1
ln

2
u

rp
æ ö= ç ÷
è ø

å

i

i

f
b

x

¶
= -

¶

( ) ( ) i

i

fu p
c p p d u d u d

n n x
x x

G G W

¶¶ ¶
+ G = G - W

¶ ¶ ¶ò ò ò
å

å å

i
i i i

i i

f u
u d f n u d f d

x xW G W

¶ ¶
W = G - W

¶ ¶ò ò ò
å

å å

( ) ( ) i
i

u u
c p p d f d

n x
x x

G W

¶ ¶
+ G = W

¶ ¶ò ò
å å



02-12
stran 655

[kerget L., Po`arnik M.: MRE za dinamiko viskoelasti~ne - BEM for the Dynamics of a Viscoelastic

boundary vorticity values are determined by solving the
flow kinematics Eq. (43). This part of the computation is
of crucial importance for preserving the solenoidality of
the velocity and vorticity fields, which is followed by an
explicit computation of domain velocities. In the case of
nonisothermal flows, where the bouyance forces are
important, all three equations, such as the continutity,
vorticity and energy equations, are coupled into a highly
nonlinear system, which can be solved only iteratively.
For viscoelastic fluids, an additional nonlinearity is
introduced by computing the components of the stress
tensor in accordance with the rheological model
employed. The pressure field is determined outside the
nonlinear scheme on the basis of all known field functions
by solving Eq. (58).

6 NUMERICAL SOLUTION

6.1 Natural convection

As a first numerical example, the natural
convection of a viscoelastic fluid in a closed cavity
is examined. The problem has been analyzed by De
Vahl Davis et al. ([2] and [3]) as one of the standard
test cases of Newtonian viscous fluid flows in CFD.

vrednostmi vrtinènosti kinetike toka izraèunamo
nove robne vrednosti vrtinènosti z re�itvijo
kinematike en. (43). Ta izraèun je kljuènega pomena
za ohranitev solenoidnosti hitrostnega in vrtinènega
polja. Sledi izrecen izraèun hitrosti v obmoèju. Èe
obravnavamo neizotermne tokove, pri katerih so
vzgonski uèinki pomembni, so vse tri enaèbe, tj.
kontinuitetna, vrtinèna in energijska, vezane v
moèno nelinearen sistem, ki ga lahko razre�imo le
iterativno. Za viskoelastiène tekoèine velja, da
moramo v nelinearno shemo vkljuèiti �e izraèun
napetostnega tenzorja, skladno z reolo�kim
modelom. Tlaèno polje doloèimo zunaj nelinearne
sheme na podlagi vseh znanih funkcij polja z re�itvijo
en. (58).

6 NUMERIÈNI REZULTATI

6.1 Naravna konvekcija

V prvem numeriènem primeru smo preuèili
naravno konvekcijo viskoelastiène tekoèine v zaprti
kotanji. Kot standardni testni primer CFD je problem
gibanja newtonske tekoèine zaradi vzgonskih sil
predlo�il �e De Vahl Davis s sodelavci ([2] in [3]).

Sl. 1. Naravna konvekcija v zaprti kotanji. Geometrija in robni pogoji.
Fig. 1. Natural convection in a closed cavity. Geometry and boundary conditions.

Kotanja je popolnoma napolnjena z nestisljivo
viskoelastièno tekoèino. Uporabljena konstitutivna
modela sta v prvem primeru kvazilinearni Maxwellov
model (model A) in v drugem premeru zgornje
konvektivni Maxwellov model (model B), ki sta
podrobno opisana v poglavju 3.

Zgornja in spodnja stena kotanje sta izolirani,
medtem ko sta leva in desna stena ogreti na razlièno
temperaturo. Zaradi temperaturne razlike obstaja
toplotni tok v tekoèini. Ker je gostota tekoèine
odvisna od temperature, se pojavijo vzgonske sile, ki
poganjajo tekoèino. Ob topli steni se tekoèina dviguje,
ob hladni spu�èa. Hitrost gibanja newtonske tekoèine
je funkcija Rayleighevega �tevila Ra = gb(T

t
-T

k
)L3/

a
0
u. V na�em primeru smo izbrali Ra = 103. Tok

newtonske tekoèine (l
1
 = 0) smo primerjali z

nenewtonskimi tokovi za vrednosti napetostnega
sprostitvenega èasa l

1
 = 0,06, 0,07 in 0,08. Masna

A cavity is filled with an incompressible
viscoelastic fluid. Two different rheological
models are employed: the quasilinear Maxwell
model in case A and the upper-convected Maxwell
model in case B. Both are described in detail in
section 3.

The top and bottom walls are insulated, while
the left-hand and right-hand walls are heated to
different temperatures. Due to the temperature
difference a heat flow occurs through the fluid.
Because the density of the fluid depends on the
temperature, the fluid starts moving upward at the
hot wall due to buoyancy, and downward at the cold
wall. The velocity of the fluid depends on the
Rayleigh number Ra = gb(T

t
-T

k
)L3/a

0
u. In our case

Ra = 103 was selected. The Newtonian fluid flow (l
1
 =

0) was compared to the non-Newtonian flow for
different values of the relaxation time parameter l

1
 =
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0.06, 0.07 and 0.08. The mass density is given by the
equation of state r = r

0
(1+bT).

gostota je podana z enaèbo stanja r =r
0
(1+bT)

idealnega plina.

Sl. 2. Naravna konvekcija nenewtonske viskoelastiène tekoèine modelirana z zgornje konvektivnim
Maxwellovim reolo�kim modelom (l

1
=0,07); vektorji hitrosti (levo), tokovnice (sredina) in izolinije

vrtinènosti (desno)
Fig. 2. Natural convection of non-Newtonian viscoelastic fluid modeled with upper-convected Maxwell

rheological model (l
1
=0.07); velocity vectors (left), streamlines (middle), and vorticity lines (right)

Preglednica 1. Primerjava vrednosti Nu  �tevila med newtonsko tekoèino in razliènimi modeli nenewtonske
tekoèine
Table 1. Comparison of Nu   number for Newtonian fluid flow and different models of non-Newtonian fluid
flow

 Davis MRE - A MRE - B 
l1 0 0,6 0,7 0,8 0,6 0,7 0,8 

Nu  1,117 1,136 1,134 1,132 1,176 1,162 / 

Geometrija problema in robni pogoji so
prikazani na sliki 1. Raèunska mre�a je sestavljena iz
80 robnih elementov in 400 notranjih celic, kar pomeni
mre�o 20×20 celic z razmerjem 6 med najdalj�im in
najkraj�im elementom. Vse izraèune smo izvedli kot
ustaljene, pri èemer smo prehodni pojav simulirali z
zelo velikim èasovnim korakom (Dt = 1016).
Podsprostitev smo definirali s podsprostitvenim
parametrom J, ki je zna�al v primeru simulacije
newtonskega toka J = 0,001 in v primeru izraèuna
nenewtonskih tokov J = 0,0001. Konvergenèni kriterij
je vedno predstavljala napaka v velikosti  = 10-6.

Slika 2 prikazuje vektorsko polje hitrosti,
tokovnice in izoèrte vrtinènosti za zgornje
konvektivni Maxwellov reolo�ki model (B) pri
vrednosti parametra l

1
 = 0,07. Slike 3, 4, 5 in 6

prikazujejo hitrostne profile v
y
 vzdol� vodoravne èrte

in hitrostne profile v
x
 vzdol� navpiène èrte skozi

geometrijsko sredi�èe kotanje. Izvedena je primerjava
newtonske primerjalne re�itve MRE na gostoti mre�e
32×32, ki se odlièno ujema z re�itvijo Davisa ([2] in
[3]),  z nenewtonskimi re�itvami MRE na �e omenjeni
raèunski mre�i 20×20.

Na slikah 3 in 4 je nenewtonska tekoèina
modelirana kot navidezlinearna (A), na slikah 5 in 6
pa so prikazani rezultati zgornje konvektivnega
Maxwellovega modela viskoelastiène tekoèine (B).
Opazimo razmeroma velik vpliv elastiènosti tekoèine

The geometry and boundary conditions of the
problem are shown in Fig. 1. The computational mesh
is composed of 80 boundary elements and 400 internal
cells, i.e. 20×20 cells with a ratio of 6 between the
longest and the shortest element. All the simulations
were performed as steady with the transient
phenomenon simulated using an extremely large time
step (Dt = 1016). The underrelaxation parameter J  (in
the case of a temperature computation defined by Ti+1

= JTi+1 + (1- J)Ti and analogous for other field
functions) was set to J = 0.001 in the case of Newtonian
flow and J = 0.0001 in case of non-Newtonian flows.
The convergence criterion was selected as e = 10-6.

Fig. 2 shows the velocity vectors, the
streamlines, and the vorticity lines for the upper-
convected Maxwell rheological model (B) for the
relaxation-time parameter being fixed at l

1
 = 0.07. Figs. 3,

4, 5, and 6 show velocity profiles v
y
 along a horizontal

line and velocity profiles v
x
 along a vertical line, through

the geometric center of the cavity. The comparison
between a BEM reference solution obtained on mesh
density 32×32, which is in excellent agreement with the
Davis solution ([2] and [3]), and BEM non-Newtonian
solutions obtained on mesh density 20×20 is performed.

On Figs. 3 and 4 the non-Newtonian fluid is
modeled as quasilinear (A), while in Figs. 5 and 6 the
upper-convected Maxwell model (B) is used. It is easy
to see a relatively strong influence of the
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viscoelasticity in the case of the upper-convected
rheological model. For the rheological model (12), not
only the Stokes derivative of the extra-stress tensor
is acting, but also an extra term is employed, adding
the momentum transport similar to the twisting and
stretching mechanism of exchange in the vorticity
transport equation (21).

Table 1 shows the comparison of the values
of the average Nusselt number Nu  for the Newtonian

v primeru zgornje konvektivnega reolo�kega modela.
V reolo�kem modelu (12) se ob Stokesovem odvodu
dodatnega napetostnega tenzorja oziroma tenzorja
gostote toka gibalne kolièine pojavi dodaten èlen, ki
opravlja prenos gibalne kolièine na naèin, ki ga lahko
enaèimo z raztezno - obraèalnim mehanizmom v
prenosni enaèbi vrtinènosti (21).

V preglednici 1 je prikazana primerjava
vrednosti povpreènega Nusseltovega �tevila Nu  za

Sl. 3. Nenewtonska tekoèina kot Maxwellova
navidezlinearna viskoelastièna tekoèina (A).
Hitrostni profili v

x
 vzdol� navpiène èrte skozi

geometrijsko sredi�èe kotanje.
Fig. 3. Non-Newtonian fluid as Maxwell

quasilinear viscoelastic fluid (A). Velocity profiles
v

x
 along a vertical line through the center of

cavity.
(0 : l

1
=0; 6 : l

1
=0,06; 7 : l

1
=0,07 in/and 8 :

l
1
=0,08)

Sl. 4. Nenewtonska tekoèina kot Maxwellova
navidezlinearna viskoelastièna tekoèina (A).
Hitrostni profili v

y
 vzdol� vodoravne èrte skozi

geometrijsko sredi�èe kotanje.
Fig. 4. Non-Newtonian fluid as Maxwell

quasilinear viscoelastic fluid (A). Velocity profiles
v

y
 along a horizontal line through the center of

cavity.
(0 : l

1
=0; 6 : l

1
=0,06; 7 : l

1
=0,07 in/and 8 :

l
1
=0,08)

Sl. 5. Nenewtonska tekoèina kot Maxwellova
zgornje konvektivna viskoelastièna tekoèina (B).

Hitrostni profili v
x
 vzdol� navpiène èrte skozi

geometrijsko sredi�èe kotanje.
Fig. 5. Non-Newtonian fluid as Maxwell upper-

convected viscoelastic fluid (B). Velocity profiles
v

x
 along a vertical line through the center of

cavity.
(0 : l

1
=0; 6 : l

1
=0,06 in/and 7 : l

1
=0,07)

Sl. 6. Nenewtonska tekoèina kot Maxwellova
zgornje konvektivna viskoelastièna tekoèina (B).

Hitrostni profili v
y 
vzdol� vodoravne èrte skozi

geometrijsko sredi�èe kotanje.
Fig. 6. Non-Newtonian fluid as Maxwell upper-

convected viscoelastic fluid (B). Velocity profiles
v

y
 along a horizontal line through the center of

cavity.
(0 : l

1
=0; 6 : l

1
=0,06 in/and 7 : l

1
=0,07)
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newtonsko tekoèino in za razliène vrednosti
napetostnega relaksacijskega èasa (l

1
) pri izbranih

Maxwellovih reolo�kih modelih nenewtonske tekoèine.

6.2 Tok v kanalu oblike Z

Kot drugi numerièni primer smo preuèili tok
viskoelastiène tekoèine v zavitem kanalu oblike Z.
Uporabljeni reolo�ki model je Maxwellov zgornje
konvektivni model (B). Izbran testni primer je
zapletena kombinacija vstopno - izstopnega
problema, ostrih robov in dodatnih nelinearnosti
zaradi modeliranja toka nenewtonske tekoèine. Slika
7 prikazuje geometrijsko obliko kanala z robnimi
pogoji. Pri vstopu v kanal smo predpisali razviti profil
laminarnega toka s povpreèno hitrostjo 1,0 m/s
( )1,0 /inv m s= . Pri izstopu smo definirali izstopne
robne pogoje. Trdne stene zaznamujejo brezzdrsni
robni pogoji neprepustnega roba.

fluid and for different values of the relaxation time
(l

1
) in the case of the Maxwell non-Newtonian

rheological models.

6.2 Flow in Z channel

As a second numerical example, the flow of a
viscoelastic fluid in a bent channel with a Z shape is
examined. The Maxwell upper-convected rheological
model (B) was selected. Flow in a bent channel
represents a complicated combination of the inlet-outlet
problem, sharp edges, and extra nonlinearities as result
of viscoelastic non-Newtonian fluid flow.  The geometry
of the channel with the boundary conditions prescribed
is shown in Fig. 7. At the inlet to the channel, a laminar
parabolic velocity profile with an average velocity of 1.0
m/s ( )1.0 /inv m s=  was prescribed. At the outlet,
outlet velocity conditions were given. At the solid walls
a no-slip velocity condition was specified.

Sl. 7. Kanal oblike Z. Geometrija in robni pogoji
Fig. 7. Flow in Z channel. Geometry and boundary conditions

Sl. 8. Raèunska mre�a pri modeliranju toka viskoelastiène tekoèine v kanalu oblike Z
Fig. 8. Computational mesh for simulation of viscoelastic fluid in Z channel

Sl. 9. Tok nenewtonske viskoelastiène tekoèine v kanalu oblike Z modelirane z zgornje konvektivnim
Maxwellovim reolo�kim modelom (l

1
=0,06); tokovnice (levo) in izoèrte vrtinènosti (desno)

Fig. 9. Non-Newtonian viscoelastic fluid flow in Z channel. Upper-convected Maxwell rheological model
with (l

1
=0.06); streamlines (left) and vorticity lines (right)
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Enakomerno raèunsko mre�o je sestavljalo 200
robnih elementov in 900 notranjih celic. Prikazana je
na sliki 8.

Reynoldsovo �tevilo in Weissenbergovo
�tevilo sta definirani kot:

kjer sta v in l
1
 kinematièna viskoznost tekoèine in

napetostni sprostitveni èas ter je ( )outv  karakteristièna
hitrost (povpreèna izstopna). Karakteristièna linearna
izmera L pomeni polovico vi�ine izstopne odprtine. V
skladu z navedenimi definicijami je tok v kanalu blizu
Stokesovemu z vrednostjo Reynoldsovega �tevila
Re = 0,7. Vrednost Weissenbergovega �tevila,
odloèilnega za konvergenco numeriènega algoritma,
je zna�ala We = 0,12. Vse izraèune smo ponovno izvedli
kot ustaljene, pri èemer smo prehodni pojav simulirali
z zelo velikim èasovnim korakom (Dt = 1016).
Podsprostitev smo definirali s podsprostitvenim
parametrom J, ki je zna�al v primeru simulacije
newtonskega toka J = 0,01 in v primeru
nenewtonskega toka J = 0,001. Konvergenèni kriterij
je bila kot vedno napaka v velikosti e = 10-6.

Sliki 11 in 12 prikazujeta profile hitrosti v
x
 in v

y

vzdol� navpiènice skozi sredi�èno toèko geometrijske

A uniform computational mesh consists of 200
boundary elements and 900 internal cells. It is shown
in Fig. 8.

The Reynolds and Weissenberg numbers
were defined according to convention as:

(59)

(60)

where v and l
1
 are the fluid kinematic viscosity and

the relaxation time, respectively, and ( )outv  is a
characteristic velocity (average at the outlet). A
characteristic linear dimension L is defined as half
of the outlet opening. Throughout the channel,
creeping flow was assumed with Re = 0.7. The value
of the Weissenberg number, which is crucial for
achieving the stability of the numerical alghoritm
according to the literature, was chosen to be We =
0.12. All the simulations were again performed as
steady with a large time step (Dt = 1016).
Underrelaxation was defined with the
underrelaxation parameter J set to J = 0.01 in the
case of Newtonian flow and J = 0.001 in the case of
non-Newtonian flow. The convergence criterion was
selected as e = 10-6.

Figs. 11 and 12 show the velocity profiles v
x

and v
y
 along a vertical line through the center of the

Sl. 11. Profil hitrosti v
x
 vzdol� navpiènice skozi

sredi�èno toèko geometrije kanala
Fig. 11. Velocity profile v

x
 along a vertical line

through the center of the channel
(0 : l

1
=0 in/and 6 : l

1
=0,06)

Sl. 12. Profil hitrosti v
y
 vzdol� navpiènice skozi

sredi�èno toèko geometrije kanala
Fig. 12. Velocity profile v

y
 along a vertical line

through the center of the channel
(0 : l

1
=0 in/and 6 : l

1
=0,06)

Sl. 10. Primerjava tlaènih polj v kanalu oblike Z. 0 : l
1
=0 (desno) in 6 : l

1
=0,06 (levo)

Fig. 10. Comparison of pressure fields in Z channel. 0 : l
1
=0 (right) and 6 : l

1
=0.06  (left)

outv L
Re

n
=

1 outv
We

L

l
=
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oblike kanala. Primerjamo tok newtonske tekoèine
(l

1
 = 0) s tokom viskoelastiène tekoèine (Maxwellov

zgornje konvektivni model) pri vrednosti (l
1
 = 0,06).

Slika 10 ka�e primerjavo tlaènih polj omenjenih
tokov.

6.3 Tok v simetriènem kanalu z nenadno zo�itvijo 4:1

Predstavljeni numerièni algoritem smo testirali
tudi na vstopno-izstopnem problemu toka
viskoelastiène tekoèine v simetriènem kanalu z
nenadno zo�itvijo 4:1, katerega geometrijska oblika je
predstavljena na sliki 13.

channel. A comparison of the Newtonian fluid flow
(l

1
 = 0) and the non-Newtonian viscoelastic fluid

flow (Maxwell upper-convected model) at (l
1
 = 0.06)

is shown. Fig. 10 presents the pressure fields in both
cases.

6.3 Flow in a 4:1 planar sudden-contracted channel

The developed numerical alghoritm was tested
for the test case of analysing the inflow-outflow
viscoelastic fluid problem in a planar channel with a
4:1 sudden contraction. A detailed presentation of
the flow geometry is given in fig. 13.

Sl. 13. Kanal z nenadno 4:1 zo�itvijo
Fig. 13. Channel with a 4:1 abrupt contraction

Sl. 14. Kanal z nenadno 4:1 zo�itvijo. Vektorji
hitrosti (zgoraj) in vrtinèno polje (spodaj)

Fig. 14. Channel with a 4:1 abrupt contraction.
Velocity vectors (above) and vorticity field

(below)

Sl. 15. Kanal z nenadno 4:1 zo�itvijo. Izoèrte
hitrosti v smeri koordinatne osi x (zgoraj) in izoèrte

hitrosti v smeri koordinatne osi y (spodaj)
Fig. 15. Channel with a 4:1 abrupt contraction.
Velocity lines in coordinate direction x (above)

and velocity lines in coordinate direction y (below)

Oba dela kanala (vstopni in izstopni) merita v
dol�ino L

1
 = L

2
 = 10H

2
, kar zado�èa za popolno razvitje

hitrostnega profila. Tokovne razmere v kanalu podobne
geometrijske oblike so podrobno predstavljene v [6].
Izmera H

2
 je doloèena kot polovica vi�ine izstopnega

kanala (H
2
 = 0,125). Reynoldsovo �tevilo in

Weissenbergovo �tevilo sta definirani enako kakor v
prej�njem primeru. Tok v kanalu je zelo blizu
Stokesovemu z vrednostjo Reynoldsovega �tevila Re

The inlet and outlet lengths were both L
1

= L
2
 = 10H

2
 to ensure fully developed flows in

these regions. The flow field in a channel of
similar geometry is described in detail in [6]. The
dimension H

2
 is defined as the half-width of the

downstream channel (H
2
 = 0.125). The Reynolds

and Weissenberg numbers are defined as in the
previous case. Throughout the channel, almost
creeping flow was assumed with Re = 0.001. The
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= 0,001. Vrednosti Weisenbergovega �tevila smo
spreminjali od We = 6,4×10-3 (l

1
 = 0,1)  do We = 51,2×10-3

(l
1
 = 0,8), kar je podobno navedenemu v [1].

Za numerièno modeliranje smo uporabili
diskretizacijo, sestavljeno iz 560 neenakih notranjih
celic, zgo�èenih okoli ostrih vogalov pri zo�itvi kanala.
Pri vstopu v kanal smo predpisali razviti parabolièni
profil laminarnega toka s povpreèno hitrostjo 0,002
m/s ( )0,002 /inv m s= . Ta vrednost ustreza
izstopnemu paraboliènemu profilu z
( )0,008 /outv m s= . Na trdnih stenah smo predpisali
brezzdrsne hitrostne robne pogoje. Na zaèetku
modeliranja (t = 0) je bilo raèunsko obmoèje
popolnoma napolnjeno z mirujoèo tekoèino. Ustaljeno
stanje smo modelirali s èasovnim korakom (Dt = 1016),
medtem ko je vrednost podsprostitvenega parametra
zna�ala J = 0,01. Konvergenèni kriterij smo nastavili
na e = 10-6.

Sliki 14 in 15 prikazujeta vektorsko polje
hitrosti, polje vrtinènosti ter izoèrte hitrosti v
koordinatnih smereh x in y v ustaljenem stanju
viskoelastiènega toka l

1
 = 0,8 za Re = 0,001 in

We = 51,2×10-3.

7 SKLEP

V prispevku je predstavljena metoda robnih
elementov za modeliranje toka viskoelastiène
tekoèine. Razlièni Maxwellovi modeli prikazujejo
�iroko uporabnost MRE. Kljub dodatnim
nelinearnim izvirnim èlenom razvita shema ohranja
vse prednosti modeliranja nestisljivih viskoznih
tokov z MRE [5]. Kot testni primer rabijo naravna
konvekcija viskoelastiène tekoèine v zaprti
kotanji, tok v kanalu oblike Z in tok v kanalu z
nenadno zo�itvijo 4 : 1. Na podlagi rezultatov
ugotavljamo, da je razvita shema stabilna in
natanèna.

Weissenberg number varied from We = 6.4×10-3

(l
1
 = 0.1)  to We = 51.2×10-3 (l

1
 = 0.8), similar to

[1].
The computational mesh used for the

simulations consisted of 560 non-uniform internal
cells refined around the sharp corner of the inlet to
the exit channel. At the inlet to the main channel the
laminar parabolic velocity profile with an average
velocity of 0.002 m/s ( )0.002 /inv m s=  was
prescribed corresponding to the outlet parabolic
velocity profile with ( )0.008 /outv m s= . At the solid
walls a no-slip velocity condition was specified. At
the beginning of the simulation (t = 0) the
computational domain was filled with quiescent fluid.
The steady state was modeled with the time step
(Dt = 1016), and with the underrelaxation parameter
set to J = 0.01. The convergence criterion was
selected as e = 10-6.

Figs. 14 and 15 show the velocity vector field,
the vorticity field and the velocity isolines in both
coordinate directions x and y in the steady state of the
viscoelastic non-Newtonian upper-convected Maxwell
fluid flow l

1
 = 0.8 for Re = 0.001 and We = 51.2×10-3.

7 CONCLUSIONS

The boundary-domain integral approach to the
solution of viscoelastic fluid motion problems is presented.
Different Maxwell fluid models are used to show the
applicability of the proposed BEM model. All the attractive
features of the BEM model, based on the application of
different fundamental solutions already established in
viscous fluid dynamics, are preserved [5]. The numerical
scheme is verified using test cases of a viscoelastic fluid�s
natural convection flow, viscoelastic flow through the Z
channel, and a 4 : 1 abrupt-contraction-channel
viscoelastic flow. The computational results show that
the scheme is stable and accurate.
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